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A Bakry-Emery Criterion for Self-Interacting
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Abstract. We give a Bakry-Emery type criterion for self-interacting diffusions
on a compact manifold.
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Let M be a smooth compact connected Riemannian manifold without bound-
ary and V : M x M — R a smooth function. For every Borel probability measure p

on M let Vi : M — R denote the function defined by Vu(z) = / Viz,u)u(du),
M

and let V(V i) denote its gradient.
A self-interacting diffusion process associated to V' is a continuous-time sto-
chastic process { X; } which is a solution on M to the stochastic differential equation

1
dXy = dWy(Xe) = 5V(Vie)(Xe)dt, Xo =z € M,

where (W;) is a Brownian vector field on M, and p; = %fot 0x.ds is the empirical
occupation measure of {X;}.
This type of process with reinforcement was introduced in [2] and further

studied in [3], [4], with the ultimate goal to:

(a) provide tools allowing us to analyze the long term behavior of {u.},

(b) understand the relations connecting this behavior to the nature of V', and,

(c) the geometry of M.
Let P(M) denote the space of Borel probability measures over M, A the Riemann-
ian probability on M and Pqq(M) C P(M) the set of measures having a continuous
density with respect to A. Let Xy be the vector field defined on P.q(M) by

Xv(p) = —p+1y(p)
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where
dly (p) _ e Vr
dx [ e VEON(dy)

Point (a) was mainly addressed in [2] where it was shown that the asymptotic be-
havior of {y;} can be precisely! described in terms of the deterministic dynamical
system induced by Xy .

Depending on the nature of V, the dynamics of Xy can either be convergent,
globally convergent or non-convergent, leading to a similar behavior for {pu;}. A
key step toward (b) is the next result recently proved in [4].

Theorem 1. Suppose V is a symmetric function. Then the limit set of {u:} (for the
topology of weak* convergence) is almost surely a connected subset of X;I(O) =
FiX(Hv).

In (the generic) case where the equilibrium set X;,'(0) is finite, Theorem 1
implies that {u:} converges almost surely. If furthermore, X‘;l(O) reduces to a
singleton {p*}, then {u:} converges almost surely to p* and we say that {u:} is
globally convergent.

A function K : M x M — R is a Mercer kernel provided K is continuous
symmetric and defines a positive operator in the sense that

/ K (. 9) f(2) () Md)A(dy) > 0
Mx M

for all f € L?(\). The following result is proved in [4].

Theorem 2. Assume that (up to an additive constant) V is a Mercer Kernel. Then
{u+} is globally convergent.

Example. Suppose M C R™ and V (z,y) = f(—||z—v]||?) where ||-]| is the Euclidean
norm of R” and f : R — R is a smooth function whose derivatives of all order
f', 1", ... are nonnegative. Then it was proved by Schoenber [6] that V' is a Mercer
Kernel.

As observed in [4] the assumption that V is a Mercer Kernel seems well suited
to describe self-repelling diffusions. On the other hand, it is not clearly related to
the geometry of M (see, e.g., the preceding example).

The next theorem has a more geometrical flavor and is robust to smooth
perturbations (of M and V). It can be seen as a Bakry-Emery type condition [1]
for self-interacting diffusions and is a first step toward (c).

Theorem 3. Assume that V is symmetric and that for oll x € M,y € M,u €
T.M,vcTyM

Ricy(u, u) + Ricy (v, v) + Hessy , V ((u,v), (u,v)) > K(||u||2 + ||v||2)

where K 1is some positive constant. Then {u:} is globally convergent.

I'We refer the reader to this paper for more details and mathematical statements.
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Proof. Let Puc(M) denote the set of probabilities which are absolutely continuous
with respect to A and let J be the nonlinear free energy function defined on P,.(M)
by

J(1) = Ent(n) + 2 /N  Viauldou(d)

dp
Ent(u :/ log (—) di.

The key point is that X;,'(0) is the critical set of J (restricted to Peq(M)) as shown
in [4] (Proposition 2.9). On the other hand, the condition given in the theorem
makes J a displacement K-conver function in the sense of McCann [5]. Let us
briefly explain this latter statement.

Let dYV denote the L? Wasserstein distance on P(M) (see, e.g., [7] or [8]).
Given 1%, vt € P,.(M) McCann [5] proved that there exists a unique geodesic
path t — vt in (P,.(M),dY) and that v* is the image of ¥ by a map of the form
Fi(x) = exp,, (t®) where & is some vector field. Moreover,

dy¥ (0,4 = /M d(z, Fy(z))*° (dz).

where

Set j(t) = J(') = e(t) + 2 with e(t) = Ent(v!) and

o(t) = / V() (dx) (dy) = / V(E(2), Foy))0 (dz)°(dy).
M x M M x M

Sturm [7] recently proved the beautiful result that
d%e(t) = / Ric(Fy(z), Fy (z))v° (dzx)
M
1
where 9%e(t) := lim iélf 8—2(6(t +5) — 2e(t) + e(t — s)). Clearly

O0t) = [ sV (B i), (o), Fo)) (o) ().

Hence, under the assumption of Theorem 3,
K
>

9%5(t) = ([E (@)1 + [[Ee ()| [)v° (dae) (dy) = Kdy' (v°,v")?.

A x M
In particular, j is strictly convex. It then follows that J (respectively Xy ) has a
unique minimum (respectively equilibrium). O

Ezxample. Let M = S™ C R™*! be the unit sphere of dimension n,f : R — R a
smooth convex function and

V(,y) = f(~lle —ylI*) = 9(z,9))
with g(t) = f(2t — 2). By invariance of A under the orthogonal group O(n + 1)
it is easily seen (see, e.g., Lemma 4.6 of [2]) that VA is a constant map. Hence
A € X,,1(0) and here, global convergence means convergence to .



22 Michel Benaim and Olivier Raimond

For all (z,y) € M x M, (u,v) € T,M x T,M,

HeSS(m’y)V((UJJ)? (U7U>> = g”(<$,y>) (<;C7’U> + <y7u>>2
+9' ({2, 9)) (2w, ) = ([[ul® + [ o|*) (2, 9)) -

Set t = (x,y) and assume (without loss of generality) that ||u||> + ||v]|? = 1. Then
|2{u,v)| <1 and the last term on the right-hand side of the preceding equality is
bounded below by —tg'(t) — |¢’(¢)|. Therefore the condition of Theorem 3 reads

tg'(t) +1g' () <2(n—1) (1)
while Theorem 2 would lead to
g (1) > 0vkeN, |t <1. (2)

Remark that condition (1) makes J a displacement-convex function while (2)
makes J convex in the usual sense. Of course, none of these conditions is opti-
mal. For instance, suppose that g(t) = at. Then (1) reads |a|] < n — 1, and (2)
reads a > 0. On the other hand, this example can be fully analyzed and it was
shown in [2] that p; — X for @ > —(n + 1) while {u;} converges to a “Gaussian”
measure with random center, for a < —(n + 1).
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