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Abstract Let M be a compact connected oriented Riemannian manifold. The purpose
of this paper is to investigate the long time behavior of a degenerate stochastic differ-
ential equation on the state space M x R”"; which is obtained via a natural change of
variable from a self-repelling diffusion taking the form

t
dXt ZUdBt(Xt)—/ VVXS(Xt)de[, Xo:x
0

where {B;} is a Brownian vector field on M, ¢ > 0 and V,(y) = V(x,y) is a
diagonal Mercer kernel. We prove that the induced semi-group enjoys the strong
Feller property and has a unique invariant probability u given as the product of the
normalized Riemannian measure on M and a Gaussian measure on R"”. We then prove
an exponential decay to this invariant probability in L2(x) and in total variation.
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1 Introduction

Let M be a smooth (i.e ¥°°) Riemannian manifold, V : M x M — R a smooth
function and w : [0, co[— [0, oo[ a continuous function. Adopting the terminology
now coined in the literature we define a Self Interacting Diffusion with potential V
and weight function w to be a continuous time stochastic process (X;);>¢ living on M
defined by the stochastic differential equation

dX; =odB(X;) — VVi(X;)dt, (H
where o > 0, {B,} is a Brownian vector field on M and

t
Vi(x) = w,/ V(Xs, x)ds, 2)
0

The case M compact and w; = ¢! has been thoroughly analyzed in a series of papers
by the first named author in collaboration with Raimond [4—-6] and Ledoux [4]. In par-
ticular, it was shown that long term behavior of the normalized occupation measure
U = % f(; dx,ds can be precisely related to the long term behavior of a deterministic
semi-flow defined on the space of probability measures over M. Pemantle’s survey
paper [26] contains a comprehensive discussion of these results among others and
further references. Some extensions to noncompact spaces have been considered by
Kurtzmann in [23,24] and other weight functions decreasing to zero by Raimond in
[30].

When w doesn’t converge to zero, say w; = 1, the literature on the subject mainly
consists of case studies under the assumption that M = R (or Rd) and V(x,y) =
v(y — x). Self attracting processes, that is xv’(x) > 0 (or (x, v'(x)) > 0 in RY),
have been considered by Cranston and Le Jan [7], Raimond [29], Herrmann and
Roynette [17], Herrmann and Scheutzow [18] and typically converge almost surely.
For self repelling processes, that is xv'(x) < 0, the process tends to be “transient”
and strong law of large numbers and rate of escapes have been obtained under various
assumptions by Cranston and Mountford [8], Durrett and Rogers [13], Mountford
and Tarres [25]. In [32], Tarres, Toth and Valké consider the situation when v is
a sufficiently smooth function having a nonnegative Fourier transform. Under this
condition and other technical assumptions, they show that the environment seen from
X;, that is the mapping x +—> f(; v'(x + X; — X;)ds, admits an ergodic invariant
Gaussian measure.

In this paper we will pursue this line of research and investigate the long term
behavior of (1) under the assumptions that:

(i) (Strong interaction) w; = 1.
(i) (Compactness) M is smooth, finite dimensional, compact, oriented, connected
and without boundary.
(iii) (Self repulsion) V is a Mercer kernel. Thatis, V(x,y) = V(y, x) and

|| venswrosdy > o
MJIM
for all f € L?(dx), where dx stands for the Riemannian measure.
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Self-repelling diffusions on a Riemannian manifold

By Mercer Theorem, V can be written as

V(x,y) =D aiei(x)ei(y) 3)

where ¢; > 0 and {e;} is an orthonormal (in L2(dx)) family of eigenfunctions of the

operator f + V f, where Vf(x) = [ V(x,y)f(y)dy.
Thus, if one interpret the sequence

U(x) = (Vaje;(x));

as a feature vector representing x in [2,

Vix,y) = (¥@), ¥()p

can be thought of as a similarity between the feature vectors W(x) and W(y). The
process is therefore self-repelling in the sense that the drift term —V V; (X;) in equation
(1) tends to minimize the similarity between the current feature vector W(X;) and the
cumulative feature fé W (X,)ds.

Here we will focus on the particular situation where

(iii’) (Diagonal decomposition) The sumin (3)is finite and the {e; } are eigenfunctions
of the Laplace operator.

Our motivation for such a restriction is twofold. First, for a suitable choice of n and
(a;), the feature map

v:M— R",
x = (Vajer(x), ..., Janen(x))

is a quasi-isometric embedding of M in R”. We refer the reader to the recent paper
(Portegies [28]) for a precise statement (Theorem 5.1), and further interesting discus-
sions and references on embedding by eigenfunctions. In particular, for some ¢ > 0

1 ) d(x, y)*

—Vix,y) = EII‘I’(X) -y =d +8)T’

where d stands for the Riemannian distance on M. Hence, with this choice of (a;),

the smaller is V; (X;) the larger is the cumulative quadratic distance f(; d*(X,;, X,)ds.
Secondly, under hypothesis (iii)’, an invariant probability measure of the process

(X¢, Vi(x)) can be explicitly computed. It turns out that this will be of fundamental

importance for our analysis.

A motivating example: the periodic case

Let M = S! = R/277Z denote the unit circle and let V : M x M — R be the map
defined by
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1
V(x,y)=cos(y —x)=1-— Edz(y,x),

where d(y, x) = |¢/¥ — ¢'*].
Noting that VV, (y) = —sin(y — x), (1) can be rewritten as

t
dX; =odB; +/ sin(X;) cos(Xy) — cos(X;) sin(X;)dsdt. (@)
0

Setting U; = fot cos(X,)ds and V, = fot sin(X,)ds we get the following SDE on
S! x R?:
dX; = odB; + (sin(X;)U; — cos(X;)V;)dt
dU; = cos(X;)dt. (@)
dV; = sin(X;)dt

Some motions are shown in (Figs. 1, 2). This system enjoys the following properties,
summarized by the next Theorem, which proof follows from Theorems 5, 6, 7 and
Proposition 1. Given y = (x, u, v) € S' x R?, we let (Yly)tzo = ((Xty, U/, V,y)),zo
denote the solution to (5) with initial condition ¥, = y. Here S! is identified with
R/27Z.

Theorem 1 The Markov process induced by (5) is a positive Harris process and
admits a unique invariant probability given as

dx _ exp(—u?/2)

2
—v2)2
p(dxdudv) = = ® du@ S22
T

V27 V2r

Furthermore, the law of Y; converges exponentially fast to  in L*>(j) and in total
variation.

Fig. 1 Evolution of the coordinate (Uy, Vy) after time 7 = 750, where o is respectively 0.1, 1 and 4

Fig. 2 Evolution of the angle X after time 7 = 100, where o is respectively 0.1, 1 and 4
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Self-repelling diffusions on a Riemannian manifold

Remark 1 A similar result holds for the decoupled SDE when V (x, y) = Z?:] aj
cos(j(y —x))anda; > Oforall j =1,...,n, by setting U;(t) = fot cos(jX;s)ds
and V;(r) = f(; sin(j Xy)ds.

Theorem 2 Almost surely, the solution of (4) with initial condition (X, Uy, V) =
(0, 0, 0) does not converge on S! and a fortiori on R. However, on R,

X,
T—>0 a.s. ast — oo.

Proof Lete > 0 and set R;f = Upez(@k+ j)m — e, Qk + j)m +¢) x R%, j=0,]1.
Then by positive Harris recurrence of (X;, Uy, V;);, we have that

X, e [ J(@k+ j)m —e. @k + j)m + &),
keZ

infinitely often for j = 0, 1. This proves the first assertion.
Applying now Corollary 1 in Sect. 3 to the function f(x, u, v) = sin(x)u —cos(x)v
gives us

o1
lim -
t—o0 t

t
/ f(Xs’Usts)dsz/ fx,u, v)uldx, du,dv) =0 Pgo0a.s.
0 St xR2

Consequently,
X B;

1 t
=0 +_/ f(Xm Us, Vy)ds
t t tJo

converges IP(g 0,0y almost surely to 0. O

The zero noise limit

We point out that (5) is -for ¢ < 1- arandom perturbation of the following ordinary
differential equation (ODE)

Xl‘ = Sin(Xt)U, - COS(X;)Vt
U = cos(X;) (6)
Vl = Sin(X[)

Below (Fig. 3) is a typical motion for (6). The dynamics of (6) can be fully described
as follows:

Let Z : S! x R? > S! x R? be the map defined by Z(x, z) = (x, %,z) where
Py is the rotation of angle x. Let H : R? > [1, oo] be the map defined by

LW +v? —log(v?), if v #0,
oo, ifv=0.

H(u,v):[

Some level sets are shown in (Fig. 4). Set H, = H~'(c). Then Hy is the line v = 0,
while for ¢ < oo, H, has two components H." and H, obtained from each other by
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20+
20 5 10 05 00 05 10 15 20

Fig. 3 Evolution of (U;, V;) after time T = 1000 (left) and evolution of X; until time T = 70 (right).
Both simulations started with initial condition (x, u, v) = (0, 0, 2)

Fig. 4 The left picture shows level sets of the function H whereas the right picture shows the full twisted
strip (in black) and two torus TC+, with ¢ = +/2 (in green) and ¢ = 2 (in blue) (color figure online)

reflection along the line v = 0. For ¢ > 1/2, HC+ is a closed curve around (0, 1), and
H{, = {0, D).

Giveno € {—, +}andc € [1, oo[ set T = ACKES HY)and T = A S x Hy).
Then T¢ P is a closed curve, TY is, for ¢ > 1, a torus and T is a full twisted strip.
Furthermore

S'xR*= ) T!UTw (7

c>l,ae{—,+}
Theorem 3 The foliation (7) is invariant under the dynamics (6). More precisely,

(i) TY 12 consists of a periodic orbit having period 27 ;

(ii) For ¢ > 1/2 the orbits on TS are either all periodic or all dense in TS. Fur-
thermore, the set of ¢ such that the orbits on T are periodic is a countable and
dense subset of 11/2, ool;

(iii) On T the solution to (6) with initial condition (xg, ug, vo) is given by

(X, Uy, Vi) = (x0, uo + £ cos(xp), vo + ¢ sin(xp)).
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The proof is the purpose of the appendix.

Remark 2 To determine whether or not the orbits on T% are periodic, we introduce
(see appendix) some function 7 > :]1/2, oo[—>]2ﬁ, ﬁﬂ[ which is continuous and
decreasing and prove that the orbits on T¢ are periodic if and only if 2‘; € Q. Details

are given in the appendix.

2 Description of the model

Let us start by fixing some notation. Throughout all the paper, we let V denote the
gradient on M, A the Laplacian on M and for some vector field 2~ on a manifold
A, we denote by 2" (f) the Lie derivative of f along 2; f being a smooth function.

For a smooth function V : M x M — R and for a Borel measure u, we let
Vu : M — R denotes the function defined by

Vi (x) =/ V(u, x)pu(du).
M
We then consider the model

N
dX; =0 > Fj(X)odB —VVu,(Xpdr,  Xo=x, 8)
j=1

where o > 0, (B(l), e, B(N)) is a standard Brownian motion on R, o denotes the
Stratonovitch integral, { F;} is a family of smooth vectors fields on M such that

N
> Fi(Fif)=Auf fe€>
i=1

and p; is the random occupation measure defined by

'
/L,:/ Sx,ds.
0

Note that there exists at least one such family {F;} since by Nash’s embedding Theo-
rem, there exists N € N large enough such that M is isometrically embedded in RV
with the standard metric (see Theorem 3.1.4 in [20] or Proposition 2.5 in [4]).

In this paper, we suppose that the function V has the following form

V(x,y) =D ajej(x)e;(y), ©)

Jj=1
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where (e;) j=1,... » are eigenfunctions for the Laplacian associated to non zero eigen-
values A1, ..., A, < O such that

/ ej(x)ex(x)dx = S j,
M

where 6y _; is the Kronecker symbol and dx stands for the Riemannian measure on M.
We also assume thata; > Oforall j =1,...,n.

Due to the particular form for V, we can obtain a “true” stochastic differential
equation by introducing the new variables Uy ; = fé ex(Xs)ds. Therefore we get the
following system on M := M x R”

[ dX, =0 3| Fi(X) odB” —3"_ a;Ve;(X)Uj dt (10)

dUp: = ex(Xp)dt, k=1,....n

with initial condition (x, 0, ..., 0).
In the rest of the paper, we will work with the system (10) and prove that:

1. There exists a unique global strong solution for the system (10);

2. Strong Feller property holds;

3. The system admits a unique invariant measure which is given explicitly as the
product of the uniform probability on M and a Gaussian probability on R";

4. The law of the solution converges to u exponentially fast.

The paper is organized as follows. In the next section, we present the main results and
the proof of point 1.
In Sect. 4, we provide the proofs of points 2 and 3. To this end, we introduce a
property, called condition (E’) and prove that it implies the Strong Feller property.
In Sect. 5 is given the proof of an exponential decay in L?(M, ), where p is the
unique invariant probability whereas a proof for an exponential decay in the Total
Variation norm is presented in Sect. 6.

3 Presentation of the results

Recall that M = M x R". Throughout, we denote by %p(M) the set of function
f:M— R: (x,u) — f(x,u) which are continuous and such that f(x,u) — 0
when ||u|| — oo, and by CKC]‘ (M) the set of function which are k times continuously
differentiable with compact support.

We equip 6o (M) with the supremum norm

[ flloo = supyenmlf (¥

@ Springer



Self-repelling diffusions on a Riemannian manifold

Let Go, G1, ..., Gy be the vector fields on M defined by

—Z?ZlajVej(x)uj

e1(x)
Go(x,u) = . ,
en(x)
andforj=1,...,N,

(IFJ‘(X)

0
Gj(x,u) = . s

0

with x € M and u € R". So (10) can be rewritten as:

N
ay, = ZGj(Yt)odB,j + Go(Yy)dt. (11)
j=1

Proposition 1 For all y = (x, u) € M there exists a unique global strong solution
(Y,y),>0 to (11) with initial condition de =y = (x, u). Moreover, we have

Y} =(X],U)) e M x B(u, Kt), (12)
where K = (maxyepy >j_ ¢j(y)*)"/* and B(u, R) = {v € R" : |[v —u| < R}.

Proof Existence and uniqueness is standard since Gy is locally Lipschitz and sub-
linear (see for example [31, page 383]). Concerning (12), note that we have

n

t n

Z(Uj,t - Mj)z < t/ Zej(Xs)zdS

j=1 0 j=1
n

2 2
<t max e; < 0Q;
< T E] j()’)
]:

which proves (12). O

Throughout, we let (P;);>o denote the semi-group induced by (11). Recall that for
any bounded or nonnegative measurable function f : Ml — R, P; f is the function
defined by

P f(y) =E(f(¥;)) forall yeM. (13)
Lemma 1 The semi-group (P;);>0 is Feller, meaning that

1. Forallt >0, P(Gy(M)) C Gy (M).
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2. Forall f € Go(M), lims—o | Prf — flloo = O.

Proof By Proposition 1, for all T > 0, (¥;"),c[0.7] lies on a deterministic compact set
depending only y and 7. Hence, by standard results (see eg Theorem IX.2.4 in [31]),
Yy Y,y is continuous. Thus, by dominated convergence, y — P; f(y) lies in 6 (M)
for all f € 6o(M).

In order to prove the second point, it suffices to show that lim, o P; f(y) = f(y)
(see Proposition II1.2.4 in [31]). This follows again from continuity of # > ¥, and
dominated convergence. O

The next result gives further informations on the semi-group.

Proposition 2 The set %CZ(M) is stable for P;, t > 0, ie forallt > 0, P; (%Z(M)) C
€2 (M).

Proof Let f € %62 (M). The fact that P; f has a compact support is a consequence of
Eq. (12). Let us now prove that P; f is twice continuously differentiable.
Lety = (xg,u) € Mand R > 0.Fory € M x B(u, R), we have, by Proposition 1,

(Y] )o<s<i © M x B(u, Kt + R). (14)

Pick a sn}ooth function ¢ : R” — R4 which is 1 on the ball B(u, Kt 4+ R), 0 outside
the ball B(u, Kt + R + 1) and ¢ (v) < 1 for all v.
Consider now the SDE defined by

N
dY, =" Gj(Y,) odB] + Go(Y,)dt, (15)
j=1

where éo(x, v) = Go(x,u + ¥ (v)(v — u)). Let us denote by 13, its associated semi-
group. The fact that Gy is smooth and locally Lipschitz implies that Gg is smooth
and Lipschitz. By Nash’s embedding Theorem and proceeding in the same way as in
Proposition 2.5 in [4], we can extend (15) to a SDE on RN x R and f to a function
in €2(RN x R™). Therefore, in view of subsection 3.2.1 in [9] and of Proposition 2.5
in [10], it follows that P f is a function of class €2 for all s > 0. Since

P f(y) = Pxf(y) forall 0<s<r andall y e M x B(u, R), (16)

it follows that Py f is of class €2 on M x B(u, R).
Consequently, P, f € ‘502 (M). O

The infinitesimal generator of (P;);>¢ is the operator

ZL:D(Z) = CoM) : f > 1tif101 @, (17)

where D(Z) .= {f € Go(M) : ’f f converges in 6y(E) when ¢ | 0}. Then (see
for example Theorem 17.6 in [22]) for all f € D(Y),

t t
Pf—f= /0 L(P,f)ds = /0 PL(Z f)ds (18)
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We briefly recall the following result which characterize the elements of D(.Z):

Theorem 4 (Propositions VII.1.6 and VII.1.7 in [31]) For g, h € Go(M), the follow-
ing assertions are equivalent:

1. h € D(ZL) and Lh = g.
2. Forall y € E, the process

t
ny?) - / (¥))ds
0

is a martingale with respect to the filtration F; = o (¥Y{ 10 < s < 1).

Since the definition of the infinitesimal generator is implicit, it is convenient to intro-
duce a more tractable operator: the Kolmogorov operator.

Definition 1 The Kolmogorov operator associated to (10) is the operator defined on
%" bounded functions having first and second bounded derivatives by

2 n n
L= %AM - ;akuk(wk(x), Ve V1w + kZ_;ek(x)auk,

with the convention (A f)(x, u) = (Ap f (., u))(x) and (., .) 7y stands for the inner
product on the tangent bundle of M.

The link between the infinitesimal and the Kolmogorov operator is given by the
next proposition.

Proposition 3 Let f be a € bounded function having first and second bounded
derivatives, then f € D(Z) and

Lf =%F

Proof 1Tt follows from It&’s formula and Theorem 4. O

Definition 2 Let ® : R” - R:u = (uy, ..., u,) — In(C(P)) + %Zzzl akl)»k|u,%
with

1l - “ 27
C(®) =/ exp| —= O axlrklui Jdu = < 0.
R 2 ,; ¢ 1} IAila;

Recall that A; < 0 is the eigenvalue associated to the eigenfunction ¢; of Ay;. On M,
we define the probability measure

pu(dx @ du) = v(dx) @ e~ *Wdu =: p(y)dy, (19)

dx
Judz

with y = (x, u) and v(dx) = is the uniform probability measure on M.
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Remark 3 Note that u(dy) does not depend on the noise term o.
We can now state our first main result.

Theorem 5 Let (P;);>0 be the semi-group associated to the system (10) and
P;(yo, dy) its transition probability. Then

(1) The semi-group (Py);>q is strongly Feller (meaning that P, f is a bounded con-
tinuous function for whatever bounded measurable function f) and there exists
at>((0, 00), M, M) function p;(yo. y) such that P;(yo, dy) = pi(yo, y)dy for
all yo € M and (L} — 3;)p;(y,2) =0,

(2) The probability u(dy) = ¢(y)dy, where ¢ is given in Definition 2, is the unique
invariant probability. Moreover for all y € M and for all bounded measurable
function f, we have

tlim P f(y) :/ f@u(dz).
—00 M

Furthermore, the process (Y;); is positive Harris recurrent, ie for all Borelian
set R such that W (R) > 0, then

m y
/ lR(Y,})dt =o0a.s
0
forall y € M.
(3) im0 fog P12, ¥) — @()|dy = 0 for all z € M.

Remark 4 The fact that u is independent of the parameter o implies that it is also an
invariant probability of the deterministic system obtained with o = 0. However, in that
case itis not necessarily unique (compare with Theorem 3, where there exists infinitely
many compact disjoint invariant sets, thus infinitely many ergodic probabilities.)

As an immediate consequence of the Harris positive recurrence property, we have

Corollary 1 Forall f € L'(p),

1 t
—/ f(Ysy)ds—>/ S u(dy)
tJo M

almost surely for any y € M.
Proof Apply Theorem 3.1 in [3] to the positive and negative part of f. O
The next results establish exponential rate of convergence of (F;);>0 to u.

Theorem 6 For everyn > 0and g € L*(1)
‘ <V1+2n)g - /M gyl 2 e ™.
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where
_.n Kio?
1491+ Ky?+ Kzot'’
with
1 A\
K= 3 ;
42+ (1 + Ny)*) \1+ A
(TN DT 1A
2T T A+ M)
L gD?
T+ 0+ N2
A = min |A;|a;
i=l1,...,
and

n

—2— : sup Ve ll3
min{[A;l, j=1,....0) j=y.n

n
44+ hilai + 41D et oo
i=1 i

Remark 5 Note that if g € L?(u), then it is not clear at first glance that P,g is
meaningful. However it is. In order to prove it, set i;(y, z) = p:(y, 2)/¢(2). Due to
the properties of p;(y,.) and ¢ for all # > 0 and x € M (see Theorem 5, Proposition
1 and Definition 2), then 4, (y, .) has compact support. Thus, by the Cauchy—Schwarz
inequality, we obtain

E(lgl(¥;) = /M 1812 pe (v, 2)dz = /M 181(2)h: (v, 2)p(dz) < Nglp2¢ 12 (s I 2y

(20)
Furthermore, we have P;g € L?(11). Indeed by Jensen inequality and invariance of 1,
we have fi,(Pr9)*(Du(dy) < fog Pr(g?)(Mndy) = i 8> (0u(dy) < oo.

Since both 1 (dy) and P, (yg, dy) have smooth densities with respect to the Lebesgue
measure for all yo € M and in view of the third point of Theorem 5, we would hope to
get a convergence speed for the total variation norm. Once again the answer is positive
as shown by the following theorem.

Theorem 7 Forall zo € Mandt > 1,
1P (0. d2) — n(d2) 7y < /142101, 20, 2) = Ul p2(e 7Y,
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P1(20,2)

2 and

where h(1, zg, z) =

- n Kio?
T 1414 Kyo?+ Kzot

W is the probability given in Theorem 5 and the constants K; < oo, j =1,2,3, are
the same as in Theorem 6.

The proofs of Theorem 6 and 7 are postponed to Sects. 5 and 6.

4 Proof of Theorem 5

We emphasize, from Eq. (11), that the Kolmogorov operator L can be expressed in
Hormander’s form (as a sum of squares):
|

L= Gi+Go, @1

24

where G?( f) = G;(G;f). The proof mainly relies on classical results by Kanji
Ichihara and Hiroshi Kunita in [21] dealing with this type of operator.

Proof of assertion (1): the Strong Feller Property

Throughout, we use the following notation. If 4" is a smooth manifold (such as M, M
or R™), W : €°°(A) — €°° (/) alinear map (typically a differential operator) and
f: AN >R : x> (fix),..., fr(x)) a smooth map, we let W(f) : 4/ — R"
denote the map defined by

W(f)(x) = WD), ..., W(f)(x)).

Given two smooth vector fields A and B on .4 recall that the Lie-bracket of A and B
is the vector field on .4 characterized by

[A, B](f) = A(B(f)) — B(A([))
forall f € €°°(A4). In case .4 = R™ then for all x € R™
[A, Bl(x) = DB(x)A(x) — DA(x)B(x)

where DA(x) (resp. DB(x) ) stands for the derivative of A (resp. B) at x.
Let % = {G, ..., Gy}. Define then recursively %, k > 1, by

G = Y1 U{lB,G;], B €%, and j=0,...,N.}
Let then ¥, = Uk20 % and for all (x, u) € M

Go(x,u) ={V(x,u):V €Yy}
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Using the terminology of [21], we say that

Definition 3 The dynamics (11) satisfies the ellipticity condition (E) if forall (x, u) €
M, %0 (x, u) spans T(x )M = T, M x R".

The next result rephrases Lemma 5.1 (ii) and Theorem 3 (i) and (iii) of [21].

Lemma 2 [If (10) satisfies (E) then the induced semi-group (Py) is strongly Feller
and there exists a €°°((0, 00), M, M) function p,;(yo,y) such that P;(yy,dy) =
Pt (Yo, y)dy for all yo € M and (L} — 9;) p;(y, z) = 0.

Remark 6 Note that when o = 0, the condition (E) is never satisfied since % is
reduced to {0}; hence %, = {0}.

Let @y = {F1,..., Fy}and forall k > 1
,SZ(]CZJZ{](_lU{FjB, Be o and j=1,...,N}, (22)

where F; B is the operator on ¢ °°(M) defined by (F;B)(f) = F;j(B(f)).
Let then oo = (Jy>0 @ and forall x € M

oo (x) = {W(e)(x) : W € P}

where ¢ : M — R”" is the map defined by e(x) = (e (x), ..., ey (x)). Note that while
Yo is a set of vector fields on M, @ is a set of differential operators of all orders on

E°(M).

Definition 4 We say that the condition (E’) is fulfilled if and only if for all x € M,
oo (x) spans R”.

Lemma 3 Suppose o > 0. Then, condition (E') implies condition (E).

The proof relies on the following lemma.

Lemma4 Let ¢ : R" — R" be a smooth function and let F(x,u) = [A(()x)] and

Gx,u) = [BE’&)”)

B : R"™" — R™ are smooth functions. Then

i| be two vector fields on R™+ where A : R™ — R™ and

[F. G1(x.u) = [[A’ B(., u)](m} |

Ae)(x)
with B(.,u) : R™ — R™ : x — B(x, u)
Proof Let (x,u) € R™ x R". We then get that

DF(x,u) = |:DOA 81| (x,u)
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and
DG(x,u) = [Dgf DSB} (x, u).
Hence
[F,Gl(x,u) = DG(x,u)F(x,u) — DF (x,u)G(x, u)
_ [DXB(x, u)A(x) — DA(x)B(x, u)i|
De(x)A(x)
et
as stated. O
Proof of Lemma 3 Let
w=][]F, G.....inefl,....N}. (24)
j=1
By definition of G, and Lemma 4 (used in a local chart) it follows that
Gw(x,u) =[G, [....[Gi,Gol...]l = o! [W(j)(x)} (25)
Thus, by hypothesis and the definition of G; for j =1,..., N,
{Gi(x,u),...,GNx, )} U{Gw(x,u) : W € o}
spans T, , M. This set being a subset of ¥, (x, u), this proves the lemma. O
Lemma 5 Suppose that {ey,...,e,} are eigenfunctions associated to the same

nonzero eigenvalue of A yy. Then condition (E') holds true.

Proof Let(U, (x1, ..., xy))bealocal chart with U anopensetin M.Let Dy, ..., Dy,
be the vector fields defined on U by D;(f) = E)ix, f. Define <72 like <7, by replacing

Fi,...,Fyby Dy, ..., Dy, and set 72 (x) = {W(e)(x) : W € &L} forall x € U.
We claim that <72 (x) spans R”. Suppose to the contrary that there exists some x* € U
and some vector ¢t € R"\{0} such that ,Qfolg(x*) Ctt. Let f(x) = > i tiei(x). Then
f is an eigenfunction of Ay and for all W € </

W(H ") =W (Z rie,») (") = (W(e)(x™), 1) = 0.

i=1
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In other words, f vanishes to infinite order at x*. But by a result of Aronzajn (see
[2]), every nonzero eigenfunction of the Laplacian on a C* manifold with C* metric,
never vanishes to infinite order. This proves the claim.

It remains to show that o7 (x) spans R”. Since Fj(x), ..., Fy(x) span Ty M for
all x, there exist smooth real valued maps ¢;;, 1 <i <m,1 < j < N, defined on U
such thatforallx e Uand 1 < j < N

N
Dj(x) = D ajx(x)Fr(x).

k=1

Thus

N
Dj(e)(x) = Zaj,,-(x)F,- (e)(x) € span(Foo(x)).
i=1

Now, for all ¥, & € €°°(M) and all H € @,,, we have

HYg)(x) =y (x)H(E)(x) + Ex)H (Y)(x).

Thus,

N
Dj (ot ) () Fi(e)(x) + D e} x (x) Dj Fi(e) (x)
1 k=1
N
Di(aj )X Fr(e)(¥) + D, o (0)e j(x) Fi Fi(e)(x) € span( oo (x))
1 k=1

M=

DiDj(e)(x) =

=~
Il

I
M=

=~
Il

By recursion, it comes that szfog (x) C span(“x(x)) and since ;zfog (x) spans R", so
does 2o (x). O

Lemma 6 Condition (E’) holds.

Proof Let A be the set of distinct eigenvalues of {ef,...,e,}. For A € A let
{ed, ..., eﬁ()\)} C {e1, ..., ey} be the set of eigenfunctions having eigenvalue A and

let ¢ = (ei‘, R eﬁ‘l(k)).
Letx € M. By Lemma 5 there exist WIA, R er‘(k) € s such that the matrix

Ry = (W} (€)@ i<ij<ntn (26)
has rank n(}). _
Given a polynomial P (x) = Zl;=0 ajx’, welet

k
P(Ay) = Al 27)
j=0
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where Aﬁ,[ is the operator defined recursively by A?M f = fand Aﬁ ! f= A&(A mf)
with f € €%(M). Note that forall 1 <i < n(})

P(Ay)(e}) = P(Me}. (28)
Now let P*(x) = [Tocniap @ —@). Fori € Aandi =1,...,n(1), set
H = W} P*(Apm). (29)

Then one has that H}(e;f)(x) = 0 for o # A and Hi)‘(ej?)(x) = PA()L)WiA(e;)(x).
Thus, the matrix

H = (HiA(E?)(x))AeA‘ i=1,...n(%)

can, after a reordering if necessary, be written as a diagonal block matrix
(P*(M) Ry (x))ren-
It is then easy to see that H has rank n. O

This later lemma combined with Lemmas 2 and 3 proves assertion (1).

Proof of assertions (2) and (3). Invariant probability measure and Harris
Recurrence

Recall that a probability measure j is invariant for the semi-group (FP;);>q if

/ Pf(u(dy) = / FOIny)
M M

for all f € 6o(M).

Existence of an invariant probability measure We will switch between the two notations
y € M and (x, u) € M x R" which represent the same point. Setting

2 n n

o

L* = =My + > arudivg (Ver(x).) — D er(x)dy,. (30)
k=1 k=1

we then observe that

n n

Lo(y) = > apupdivg (Ver (1)) = D ex(X)du, ()

k=1 k=1
n n
= > aruphier()p(y) + D ex(¥)a relurp(y)

k=1 k=1
=0.
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By Propositions 2 and 3 together with Theorem 4, we get for f € ‘KCZ (M)

t
/(sz(y)—f(y))u(dy)=/ / L P f(y)u(dy)ds
M 0 /M

t
_ / / LP, f(y)p(dy)ds
0 JM

Noting that for all g, h € €2 (M)

/Lg(y)h(y)dy=/ g(V)L*h(y)dy,
M M

we obtain

t
/ (Pf ) — FONuldy) = / / Py f(y)L*o(dy)ds = 0
M 0 JM

Since <KCZ(M) is dense in Go(M) for ||.| o, it follows that wu(dy) = ¢(y)dy is an
invariant probability as stated.

Uniqueness of the invariant probability In order to do this, we begin by showing that
W is an ergodic probability; that is, if a subset A C M satisfies P14 = 14 u —a.s
forall # > 0, then w(A) is either O or 1.

Let us denote by f the function P;14. Then f(y) € {0, 1} for u-almost y € M and
f is continuous by point 1 of Theorem 5. Since M is a connected space and y has full
support, it follows that f is either equal to O or 1; and therefore u is ergodic.

Since two distinct ergodic probabilities are mutual singular, the strong Feller prop-
erty imply that they must have disjoint support. Since p has the whole space, which is
connected, as support, the uniqueness of u follows. The second part of the statement
is Theorem 4.(i) in [21].

The proof that the process is Harris recurrent follows from the proof’s lines of
Proposition 5.1 in [21]; which also proves the third point.

5 Exponential decay in L2(n)

The goal of this section is to prove the exponential decay in the L?(x) norm. The
proof heavily relies on the hypocoercitivity method analyzed by M.Grothaus and
P.Stilgenbauer in [16] whose roots lie in the series of paper [11], [12] and [15] initiated
by Dolbeault, Mouhot and Schmeiser.

We emphasize that in the particular case where M = S, n = d + 1 and
(ej)j=1,...a+1 are the eigenfunctions associated to the first non-zero eigenvalue, our
model coincides with the one studied in section 3 in [16].

For an operator 7' on some Hilbert space H, we denote by D(T) its domain and
T* its adjoint.
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We begin to recall the Data (D) and Hypotheses (H1)-(H4) introduced in [16].
For convenience we have chosen to replace certain hypotheses from [16] by slightly
stronger ones (see the Remark 8 below) which are sufficient for our purpose.

Definition 5 (The Data (D)) Let H be a real Hilbert space and let (P;) be a strongly
continuous semigroup on H with generator (£, D(.£)) and core D C D(.%). We
suppose that

(i) There exist a closed symmetric operator (S, D(S)) and a closed antisymmetric
operator (A, D(A)) such that D C D(S) N D(A), A(D) C D and Zp =
Sip — Ap.
(iii) There exists a closed subspace F' C D(S) such that S = 0 and P(D) C D
where P is the orthogonal projection P : F @ F- — F : f + g > f for all
(f,g) € Fx FtL.

By density of D C D(A), closedness of A and the fact that P(D) C D C D(A),
AP is closed and densely defined. Hence, by Von Neumann’s Theorem, (AP)*AP is
self-adjoint, closed and densely defined. Thus (I +(AP)*AP) : D((AP)*AP) - H
is invertible with bounded inverse. Set

By = (I +(AP)*AP) ' (AP)* on D((AP)*AP). 31)

In the following we let (, )y denote the inner product on H and | - || g the associated
norm.

Definition 6 (Hypotheses (HI)—(H4))

(H1) PAPp=0
(H2) (Microscopic coercivity). There exists A > 0 such that forall f € DN F*L,

(=Sf, = M fI.

(H3) (Macroscopic coercivity). There exists A, > 0 such that for all f €
D((AP)*(AP))NF,
IAf I3 = A2l £113- (32)

(H4) (Boundedness of auxiliary operators). The operators (BpS, D) and
(ByA(I — P), D) are bounded and there exists constants N; and N, such
that forall f € F- N D
(H4, a)
| BoSfllw < Nill fllm (33)
and
(H4, b)
1BoASfla < Nall flln (34)

If furthermore (I — P A2P)(D) is dense in H, then conditions (H3) and (H4, b) are
implied by the following conditions, as shown by Corollary 2.13 and Proposition 2.15
in [16].
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(H3’) Equation (32) holds forall f € DN F.
(H4’) (b)Forall fe DNF
1A% fllg < Naligllu (35)
where g = (I — PA%P)f.
Theorem 8 (Theorem2in[12], Theorem 1in[11], Theorem2.18 in[16]) Assume that

the assumptions of Definitions 5 and 6 hold. Then there exist constants k1, k2 € (0, 00)
explicitly computable such that for all g € H andt > 0,

IPgla < Kkie™glln (36)

Remark 7 Following the proof’s line of section 3.4 in [11] and the beginning of the
proof of Theorem 2.18 in [16], one obtains

1+e, Ar
= | <JV1+2 d kp=gy————, 37
K1 —e, +2n and ky = ¢ 20+ Ay (37)

= — % 550 (38)

T 1+ n max(1, gg)’

with

and
2A0 A

T U+ A+ N+ MY

Remark 8 In case (P;) is a Markov semigroup with invariant probability w, inducing
a strongly continuous semigroup on L2 (1), a natural choice for H is

(39)

0]

Li(pw) = [f €L (w): /fdu = 0] :

This choice will be adopted later. In this case, conditions (D6) and (D7) from [16]
are automatically satisfied and Theorem 8 implies that for all f € L?(u)

5.1 Application to the proof of Theorem 6

Pf— / fdu|  <we s - / Fdil 2.

L2(p)

Throughout we let
H=L}(n) = [f € L*(M, ) : /Mf(y)u(dy) = 0]
and

Lie™®) = [f e L>(R", ¢ ®) : / f)e *Way = 0]
Rn
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where p and @ are like in Definition 2. Both H and L(z)(e_d’) are equipped with the
associated L? inner product and norm.

The map : : L%(e_‘b) <> H defined by 1(g)(x, u) = g(u) injects isometrically
L%(e_q’) into H. We let

F=1(Lje™®)

and P : F @ F+ — F denote the orthogonal projection onto F. Alternatively P can
be defined as

(Pf)(x, u) =/Mf(x,bt)V(dX)- (40)

Using the notation introduced in Sect. 3 we let (P;) denote the semigroup defined by

P f(y) = E(f(Yry))

for every bounded Borel map f : Ml — R; where (Y,y ) stands for the solution to (11)
with initial condition ¥ = y.

Lemma 7 (P;) induces a strongly continuous contraction semigroup on H.

Proof By invariance of i and Jensen inequality P, defines a bounded operator on H
with norm less than 1 (as already proved in Remark 5).
Lete > 0and f € L2(,u). By density of (M) in L2(,u), there exists g € 6o(M)
such that || f — gll;2(,) < &. Thus, by the contraction property
WP f — flle2qy S WPef — Pigllipzgey + 1P — gl + 18 — fll2

2e 4 || Prg — gllco-

N IN

Hence, by Feller continuity of (P;) (see Lemma 1)
limsup | P f — fllp2¢u) < 2e.
t—0

O

Remark 9 Note that the conclusion of Lemma 7 hold true for any Feller Markov
semigroup having p as invariant measure. This will be used later.

Let (£, D(¥)) denote the infinitesimal generator of (P;) (now seen as a strongly
continuous semigroup on H) and let

D=%¢*M)NH.

Proposition 4 There exist a closed symmetric operator (S, D(S)) and a closed anti-
symmetric operator (A, D(A)) such that

(1) D isacorefor S, A and £ invariant under S, A, £ and P.
@ii) F Cc D(S)and S|r = 0.
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(i) Forall f € D

o2

S(f) =5 Auf. (41)

A(f) =—=Go(f) = Zajuj(Vej(X), Virm —ej(x)d; [ (42)

i=1

and

ZLf =Lf =Sf — Af. (43)

This later proposition shows that conditions of Definition 5 are fulfilled.
Let n1 (M) = 11 denote the spectral gap of M. That is

n(M) := inf {/ |Vh|?v(dx) : h € H\(M), / hv(dx) =1, / hv(dx) = o]
M M M
(44)
where ||h||> = (h, h)7 and (., )7 is the scalar product on the tangent bundle. By
a classical result in spectral geometry, compactness of M ensures that 1 > 0 and
equals the smallest non zero eigenvalue of —A ;.

Proposition 5 Hypotheses (H1)—(H4) in Definition 6 hold with

Al =——, A= min |}la;,
2 i=l,..., n

o2 &
Ny = EZI‘MH’
]:

and

n

=2— . sup || Ve;ll3
min{|A;], j = 1,...,n} - tieo

n
44> hilai + 41D etlloo
i=1 i

,,,,,

Remark 10 Since N1 > #m, then 2A1 <2+ (1 + N1 + Nz)z. Hence ¢g < 1,
where g is defined by (39).

5.2 Proof of Propositions 4 and 5

Proof of Proposition 4 We first recall some classical results that will be used throughout.

Proposition 6 (See e.g Corollary 1.6, Proposition 2.1, Proposition 3.1, Proposition
3.31in [14]) Let K be the generator of a strongly continuous contracting semi-group
(Ty); on some Banach space 7. Then

1. K is closed and densely defined.
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2. The resolvent set of K contains (0, co) and (Al — K)_lg = fooo e_“Ttgdt, for
all g € 7€ and X > 0.

3. A subspace D of D(K) is a core for K if and only if it is dense in J¢ and
(M — K)(D) is dense in € for some A > O.

4. Let D be a dense subset of 7 suchthat D C D(K).If T;(D) C D forallt > 0,
then D is a core for K.

Similarly to (P;), let (P,S ) and (PIA) be the semigroups respectively induced by the
following stochastic and ordinary differential equation on M:

N
Ay = Z G;(Y)odB/,
j=1
and
arp
dt

Note that (PtA) is not merely a semigroup but a group of transformation defined as

= —Go(Y/). (45)

PAF(Y) = (fov)(y) (46)

where {1} is the flow induced by (45). The proofs given in Lemma 1, Proposition 2
and Remark 9 show that, not only ( P;) but also (PZS ) and (PIA) are Feller, leave ‘502 (M)
invariant and admit p as invariant probability. Thus, by Remark 9 and Proposition 6
they induce strongly continuous semigroups on H whose generators, denoted S and
A are closed, densely defined and admit ‘602 (M) N H as a core.

Since for all f € F, P,S f = f, assertion (ii) of Proposition 4 is satisfied. Further-
more, the definition of ., A and S easily imply assertion (iii) as well as invariance
of D under the generators and under P. The end of the proof is given by the two
following lemmas.

Lemma 8 D is a core for £, S and A.
Proof Let G be one of the operators .Z, S or A. It is easily checked that for all
[ ez

IAf 2y = ClIV flloo

and

0.2
1SF 200 = - 1Am Flloo

for some C > 0 independent of f. Thus G maps continuously the space %Cz MYNH
equipped with the €2 strong topology, into H. By standards approximation results
¢>° (M) is dense into <KCZ(M) for the € strong topology (see e.g. [19, Chapter 2]).
Since ‘562 (M)NH isacore for G, (I —G) (%02 (M)N H) isdensein H (see Proposition
6). Thus (I — G)(D) is dense in H and D is a core. O
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Lemma9 S is symmetric and A* = —A.

Proof Let f, g € D. Then

(Sf7 g)H

i / / (A fgvidve s = -7 / / (V. Ve rpv(dx)ePde
M M

O'2 )
7// (Amg) fv(dx)e” “dé = (f, Sg)n
M

Since D is a core for S, this proves the symmetry of S.
For f, g € H, we obtain from invariance of u,

(PAf, @)n = /M(f o Y)(Mg(yuldy) = /M FWiNEW—1 o Y (y)u(dy)
(47
= /M FO(@gov-)(Muldy).  (48)
Hence (PA)* = PA . In particular, ((P)*) is strongly continuous and admits —A
as infinitesimal generator. Now, when a semigroup and its adjoint are both strongly
continuous, the generator of the adjoint equals the adjoint of the generator. This follows

for instance from Theorem 1.5 in [27] combined with Proposition 6 2. Thus A* = —A.
[m}

Proof of Proposition 5 For all f € D let

Aj(f)x,u) =ajuj(Vej(x), Ve flrm —€j(x)dy; f. (49)

so that Af. = Z?:l Ajf. .Similarl.y to A, A; enjoys the same properties as A. In
particular, it leaves D invariant and is antisymmetric:

(Ajfa g)Lz(/L) = _(fv Ajg)Lz(;,L)

forall f, g € D.
Finally, we introduce the following operators

T =+ (AP)*(AP))"" onH (50)
Bj = —-T(PA;) onD (51)

where I denotes the identity operator. Recall that By was introduced to be the operator
By =T(AP)* on D((AP)*AP).

Hypothesis (H1) is immediate because for all f € D, A;Pf = —e; (x)i)ul. (Pf) and
Jyej(x)v(dx) =0, thus PA;Pf = 0.
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Hypothesis (H2) follows directly from the variational definition of the spectral gap
(44). Indeed forall f e DN F*

—(Sf Preg

—%oz/w/M(AMf)fv(dx)e—q’W)du

=30 [ ] 9asPoaneVdu = Do £,
Fork=1,...,nlet
o = |Aglag,

so that
l - 5
d(u) = 3 k_gl aruy + In(C(P)).

Let (P,OU) denote the Ornstein—Uhlenbeck semi-group on L%(e_q’) defined as
POV f(u) = / f (7@ + diag(v/1 — -2 ) O (52)

or, equivalently, P,OU f ) =E(f(U})) where U/ is the solution to the linear equation
on R"

dU} = —o;U}dt +v2dB], i=1...n,

with initial condition Ué’ = u and independent Brownian motions B, ..., B".
Let Loy denote the generator of (P2Y) on L3(e~?®). The set

D=%¢ ®R"YNLiEe®)
is a core! Loy and for all fe D
Louf=—(VO,Vf)+Af

The next Lemma is similar to Corollary 2.13 and Proposition 3.13 in [16],

Lemma 10 (i) Forall f € F

PA2f=loL0Uol_1(f)

! This is a classical result and can easily be verified as follows. Formula (52) shows that the set C]fo (R™)

of bounded C*° functions with bounded derivatives is stable under (PtOU); hence a Core by Proposition
6. Furthermore for each f € Cp°(R") it is easy to construct a sequence f, € CZ°(R") such that f; — f

and Loy fu — Loy f in L2(e~®).
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(ii) (I — PA2P)(D) is dense in H.
(iii) (H3) holds with Ay = min{ag : k = 1...n}

Proof (i) Let f € FN D. Then
n n n n n
Af = AAN =D A [ DA =D Ak ejdu, )
k=1 k=1 j=1 k=1 j=1
n n n
= > || Ver- D Valejdu, f) axy — 0y | D ejou, f | e
k=1 Jj=1

j=1 ™

= D> fau(Ver, Vet — D (05, ejex (53)

k,j=1 k,j=1

Therefore

PA*f = Z 8ujfakuk/ (Ver, Ve)rmdv — Z (32 ukf)/Mejekdv

k,j=1 k,j=1

=Zau,fa,u,~|xj|—Z(au,u,ﬁ Zau,fa,u, Z(
j=1 j=1
(54)

This proves the first assertion.

(i) (I—PA*P)(DNF*) = DNFtisdensein F* because F- = (I—P)(H), (I -
P)(D) C DNF*and Disdense. Also, (I —PA*P)(DNF) = 1(I— LOU)(D) is
dense in F because, Dbemgacore for Loy, (I — LOU)(D) isdensein L2 ole™ @y,
This proves (ii).

(iii) Using antisymmetry of A, assertion (i) and the Poincaré inequality for the
Gaussian measure e~ ®® dy (seee.g [1,chapter 1]) we getthatforall f € FND,

IAf I3 = IAPFI3, = (=PA2Pf, fu = ((f), Lout(f) 2o,

= min(@) [t (20 = min(e;) || £ I-

\

This proves (H3'), hence (H3). O
Lemma 11 For f € DNF, we have ||Af||L2( ) =D ”Akf”LZ(m ||Vf||L2(M)
Proof Let f € DN F. Since f does not depend on the x-variable, A; f = —e;dy, f.
The result follows from the fact that the eigenfunctions (e;)j—1,... , are orthonormal
in L2(M, dx).

The next Lemma is inspired from Lemma 2.4 in [16]
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Lemmal2 Forj=1,...,nand f € D,

1
1Bj £l < ZIC=P)fln-

Proof The proof is quite similar to the proof of Lemma 2.4 in [16]. Let f € D and
define ¢ = B; f. Thus g € D((AP)*AP) and

—PAjf =g+ ((AP)"AP)g. (55)

Because (I — PA2P)(D) isdense in H (see Lemma 10(ii)), there exists a sequence
(g») C D such that

lim g, — PA’Pg, = g + (AP)*(AP)g. (56)
n—oo

Since P(D), A(D) C D, it follows from Lemma 2.2 in [16] that

— PA’Pg, = ((AP)*(AP))gy. (57)
Thus, by continuity of 7,
lim g, =g (58)
n—0oo
and from (57)
li)rgo(AP)*(AP)gn = (AP)"(AP)g. (59
n

Thus, taking the scalar product of (55) with respect to g, on both side provides
lim —(PA;f gm — llgnllly — 1APgally = 0.

Now, using successively antisymmetry of A ;, Cauchy Schwarz (and Young) inequal-
ities and Lemma 12,

—(PAjf.g)n = (I =P)f,AjPgn)n = II = P)fllullAjPgnlln  (60)

1 1
< gl - P)flI% + 1A Pgull3; < il P)flI3 + 1APg, 1% (61)

Thus, letting n tends to oo, leads to

1
gl < - P)flI%. (62)

Lemma 13 (H4 a) holds with Ny = % 3"_ |31,
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Proof Let f € DN F*. Since [y, Aj f(y)u(dy) = 0, one has

—PAf =) —PAjf=> Plajuj(Ve;, Ve f)rm — jdu, f)

j=1 j=1

n
=Z|:/M(V€j,vxf)TMajujdl)—/Mejaujfdv:|.

j=1

Since S(D) C D), then

2 n

o
—PASf:—TZ[A(VEj,VXAMf)TMajujdV—/MejaujAMfdv:|.
j=1

Because

/(Vej,vaMf)TMdvz—/ AMe]'AMdeZ—)»j/ ejAy fdv
M M M

= lj/ (Vej, Vi f)rmdv
M
and

/ejaujAMdeZ/ ejAMaujfd\J:/ AMejaujdeZ)»j/ ejaujfdv
M M M M

forall j =1,...,n, it follows that
0% <
PASf = — D aj(PA) .
j=1
By antisymmetry of A (resp. A;) and Lemma 2.2 in [16], for all g in D, (AP)*g =
—PAg (resp. (A;P)*f = —PA; f). Hence

2 n
BoSf = T(AP)*Sf = —TPASf = % > 3B
j=1

Applying the triangle inequality, one has
0% <
1B0SF 2 < 5 D 1Aj11B; £l 2

j=1

and the result follows from Lemma 12. O

@ Springer



M. Benaim, C.-E. Gauthier

The following estimate can be compared with the a priori estimates obtained in [12]
and discussed in Appendix A1 of [16] (lemmas A3, A4, AS, A7 and Proposition A6)
for a more general elliptic equation. Note, however, that here we provide an elementary
proof allowing precise estimates by making use of the I and I, operators combined
with the specific form of Loy .

Lemma 14 Let f € D and
g=U—-Lou)f (63)

Then

Lo l[[Hess(f)l2ll 2oy < Hlglr2e—)
2. [IVOL.AV flall 2oy < 2(/4+ 200 aillgll 2oy,

where |.|y stands for the usual Euclidean norm and |Hess(f)|% = Zij |3u,»ujf|2.

Proof From (63), we have f = R;g, where R; is the resolvent operator of Loy .
Thus

||f||L2(ef<l>) < ||g||L2(e*<")

and

ILou flir2e-oy < 2118l L2¢—2)-

Let I" be the “carré du champs” operator defined by

1
LW, ¥2) = E[LOU(l/fl Y2) —Y2Louyt — YiLoun] (64)

and

1
Do) = EF(l//, V) —¥Louy). (65)
It is known (see for instance Subsection 5.3.1 in [1]) that

(i) T(f, f) = IV f]5 and
(i) Ta(f) = |Hess(f)|% +(Vf, Hess(®)V f) > |Hess(f)|%

by positive definiteness of Hess(®). Therefore, by invariance and reversibility of
—ow) 4
e u,

N9 120220, = / O Fe- @y

:/—fLOUfe_¢(”)du
I f L2y ILou fll 2~y (by the Cauchy-Schwarz inequality)

<
< 2llgl72 -9, (66)
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and
/ Po(f)e”*du = ILov f 11720y < 4gl72(-0)- (67)

b, 17,1

This last inequality implies (i). Seth = |V f> so that 9, ;h = V7] 2’ —. Following the

line of the proof of Lemma A.18 in [33] and noting that A® = z:’z | o, one obtains

n
/|vq>|§h2e*¢du < Zai/hze*“’du +2\/(/ |Vc1>|§h2e—d>du)(/ IVh3e=®du).
i=1
(68)
2
Using the Young’s inequality 2ab < 8%a* + g—z with 82 = 1/2, one has

n
/|vq>|§h2e—¢du < 2Zai/h2e—¢du +4/ |Vhl3e™®du. (69)
i=1

Since
n 2
. f
VA3 = (—) 32 f)?
’ g Vi)
n
<D 0r 1)
=1
< |Hess(f)13, (70)
we obtain

n

VRV fl2l72,-a) < 2(2 ai) / IV fle”Pdu+4 / |Hess(f)|3e™du

i=1

n
< 4(Zai +4) 181172 -a): (71)

i=1

Corollary 2 Hypothesis (H4') (b) holds with

n
Ny =2— , sup Vel
min{|A;[, j=1,...,n} =1, nee

n
44> o +41D e lloo
i=1 i

Proof Let f € F N D. To shorten notation we identify f and :~'(f) e D. Then
equation (53) and Cauchy—Schwarz inequality implies
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1A% £ < Z |au,f||Ve,|M

J.k=1

D0 flIVe)lu (Z(akumwkm)x + Z(au,ume,eu

j=l1 k,j=1

uk|Vek|M + Z B jue e jex|
k,j=1

n n

< | D@ f1Veilm)? Z(aiuimwiﬁﬁ|Hess<f)|2(2e,-2)

i=1 i=1 i

< i sup | Veil|3 1V £ 12| VL + [Hess (2]l D €] lloo,
1

i

where A, = The result then follows from the preceding lemma. 0O

min{|A \] 1.,

6 Exponential decay in the total variation norm

The idea for proving the exponential decay in total variation consists on translating
our problem to a setting for which the arguments used for the exponential decay in
L?(w) remain valid.

Let zo € M. Since for all # > 0, P;(z9,dz) = p:(z0,z)dz where p;(zo,.) is a
smooth function and that the invariant probability © has a smooth density ¢, one has

I P (z0, d2) — n(dz)llrv = /M |p1(z0. 2) — @(2)dz.

Because ¢ > 0, we can define a function A (¢, zg, .) by

D120, 2)
¢(z)

h(t,z0,2) =

By Proposition 1, P;(zg, dz) has a compact support, ie p;(zo, .) has a compact support.
Hence so does h(¢, zg, .). Moreover the smoothness of ¢ and p;(zg,.) implies the
smoothness of A (, zo, .). Consequently, h(¢, zp, .) € LZ(M, w) and

/Ipt(zo,z)—w(z)ldz=/|h(t,zo,z)—llu(dz)

1

2
< (/(h(r, 20.2) — l)zu(dz))

= 1h(t, 20, ) = 1l 20 (72)

Since fM h(t, zo, y)u(dy) = 1 for all ¢ and zp, we have a similar formulation to the
one of Theorem 5.
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So, in order to give the exponential rate of convergence, we will show that A (z, zo, .)
is solution to the abstract Cauchy problem 9;u(t) = Zu(t) in Lz(u) where .% is an
operator for which the arguments used for . remain valid.

In the following, we denote by &, (resp. p;) the function A, (zo, .) (resp. p:(zo, -))

Since 9; p¢ (20, -) = L*(ps(z0, -)) by Theorem 3.(iii) in [21] (recall that L* is defined
by (30)), then

0
ah, = t Dt
@
_ L*(py)
@
o2 ¢ dive(Ver(X)pr) <o Oy i
- 7AMh, + Zakuk - - z ek (x) (73)
k=1 k=1
Because 9y, ¢ = —aguk|rile,
b
AP ke + aguhgl .
@
Moreover,
divy(Ver(x)ps)
xR p L Ay (e)hs + (Ver(x), Vih)rm.
Hence,
0'2 ! “
Oihe = — Dy + > @ (Ve (), Vehrar = 3 duhier (x)
k=1 k=1
= Lzht.

Thus, h; = T (t — 1)hy, where T'(¢) is the semi-group whose infinitesimal generator
restricted to C2°(M) is L. Because

n
Ly, = S—i—ZAk,
k=1

whereas
n
L=S— Z Ag,
k=1

L, is the adjoint operator of L in L?(11). So all the arguments used for proving Theorem
6 for L work for L,. Applying Theorem 6 to L, with g, = h;1| gives the result.
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Appendix: A deterministic study
In this Appendix, we study on S! x R? the ODE

X; = (sin(X))U; — cos(X)V;)
U, = cos(X;) (74)
V, = sin(X,)

in order to prove Theorem 3. Since the vectorial field F defined by

(sin(X)U — cos(X)V)
F(X,U,V)= cos(X) (75)
sin(X)

is smooth and sub-linear,it induces a smooth flow ¢ : R x (S1 X Rz) — S xR2 A
first and important observation is

Proposition 7 [f the initial condition for the ODE (74) is
(X0, Uo, Vo) = (Xo, cos(Xo), sin(Xo)),
then
¥ (Xo, Uo, Vo) = (Xo, cos(Xo) (¢ + 1), sin(Xo)(t + 1)) Vt € R.
In particular, the line
(X,Y,Z)eS" x R? : X = Xo, 3t € R such that (Y, Z) = (cos(Xp)t, sin(Xo)t)}

is invariant under .

Proof By the hypothesis, we have X(0) = 0. Hence X (1) = X for all € R.
Therefore, U(t) = cos(Xg)(t + 1) and V (¢) = sin(Xo)(t + 1)

An immediate consequence is

Corollary3 If X (0) > 0 (respectively X 0) < 0), then X (t) > 0 (respectively
X(t) <0)forallt.

Proof We proceed by contradiction. Hence, by continuity of X , there exists fy such
that X (7p) =0. Then the two last Propositions imply that X(f) = 0 for all ¢. In
particular X (0) = 0, which is a contradiction.

X X X
ul|==8 U = cos(X)U +sin(X)V |. (76)
v \% —sin(X)U + cos(X)V
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Note that (u, v) is obtained from (U, V') by a rotation of angle —X. Then, in the new
variable, the ODE (74) becomes the ODE

X(t) = —v() (77)
@) =1—v()?
I v(t) = u()v() (78)

Let
Tw? + 0% —log(v?), ifv#0,

oo, ifv=0. (79

H(u,v) = [

Proposition 8 The function H is a first integral for the ODE (78).

Proof Letvg # 0. Deriving H with respect to ¢ and applying the chain rule, we obtain

dH( ) = (uit + vv) v
—H(u,v) = (uu + vv) — —
dt v

:(u—uv2

=0

—vuv) —u

m}

Note that H is convex, reaches its global minimum in (0, 1) and takes the value
1/2 at these points.
Forc € [1/2, oo, let

HF=H '(¢)n{v>0)}, H =H '(¢)n{v <0}
and set Hy, = {v = 0}. Then, we define T¢ = S! x HY for o € {4+, —} and
Too = S! X Huo.

Since the function H is strictly convex on {v > 0} and {v < 0}, we observe that
Tf“/z is a closed curve, T¥ a torus and T a cylinder.

A first result is

Proposition 9 Ler (x(t), u(t), v(t)) be a solution of the ODE defined by (77) and
(78).

1) T‘f/z is a periodic orbit with period 2, o € {4, —}
(i) On Ty, the dynamic takes the form (x(t), u(t), v(¢)) = (x(0), u(0) +1t, 0).

For c > 1/2, let T, be the period of (78) on HY

(i) If )% € Q, then every trajectory on TS is periodic with period qT, if the

irreducible fraction of ng) writes g.

@iv) If%ﬁ") ¢ Q, then every trajectory on' S' x H=1(c) is dense either on TrorTr.
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Proof Points (i) and (ii) follow immediately from (77), (78) and the function H.
Without loss of generality, we assume that x(0) = 0. Let ¢ > 1/2. Because for

m € N*, we have
mT, mT,
/ x(t)dt = —/ v(t)dt
0 0

T,
—m / v(t)dt
0

m / %(t)dt,
0

= mx(T,) (80)

x(mT,)

we obtain that when (u(¢), v(¢)) is back to its initial condition, then x (¢) does a rotation
of angle x(T,). Hence if * (T ) = p , with ¢ € N*, p € Z and such that the fraction is
irreducible, then

2pw = qx(T¢)
=x(qT,).

This proves (iii).

If % ¢ Q, then (x(¢T¢))gen is dense on S!. Now, assume without lost of gen-
erality that v(0) < O and let T be the first time such that x(7") = 2m. We claim that
(u(nT),v(nT)),eN is dense on H . Indeed, if it is not the case, then it is periodic
since H, is a closed simple curve. This implies that (x (), u(¢), v(¢)) is periodic with
period ngT. Thus, there exists ¢ € N such that ngT = ¢T,. Therefore, by (80), we
have 2nom = x(gT,) = gx(T,); so that X(T) ”0. This is a contradiction.

The density of (x(g7¢))4en on S'and the one of (u(nT),v(nT)),eNyon H. implies
the density of ((x(z), u(z), v(¢)));>0 on T . This proves (iv). O

From now, we assume without lost of generality that v(0) < O (the case v(0) > Obeing
symmetric). In order to derive properties of ¢ — T, (see Proposition (9)), we change
the time scale by use of # — x(¢). This is possible because it is strictly increasing.
We denote by y the inverse function of x. Since we have assumed that x(0) = O, it
follows that y(0) = 0.

Setus(t) = u(y(t)) and v(¢) = v(y(¢)). Therefore (u2, v2) is solution to the ODE

y - R

in(t) = (20 - 55) 8D
V(1) = —ua(t)

with initial condition (#(0), v(0)). Observe that H is still a first integral for this system.

Proposition 10 Let (x (1), u(t), v(t)) be a solution to the ODE defined by equation

(77) with initial condition (0, ug, vo) and let (t, u(t), v2(t)) where (uz(t), v2(t)) is
the solution to the ODE defined by Eq. (81) with initial condition (ug, vo).
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Then (x(t), u(t), v(t)) is periodic in S! x R2 iff (t,ux(t), va2(t)) is periodic in
St x R2.

Further, if T is the period of (x(t),u(t),v(t)), then x(T) is the period of
(t, uz(t), v2(1)).
Proof Straightforward. O

Denote by 7. > the period of (u2(t), v2(t)), where ¢ = H (42(0), v2(0)) > 1/2. Then

Too = x(To). (82)

An immediate consequence of Propositions 9 and 10 is that (¢, u(¢), v2(2)) is
periodic if and only if

T.
2 Q. (83)
27

In the rest of this Appendix, we study the “period-function”

f:(1/2,400) = Ry e Ten. (84)

First notice that (0, 1) and (0, —1) are stationary points for the ODE (81).
Let (1o, vo) € R x (0, 00). By symmetry of H along the line v, = 0, what follow
remains true for vg < 0.
Set ¢ = H (ug, vo). Since H is a first integral, then H (u(¢), v2(t)) = c for all ¢.
Using the fact that v, = —uy, we have that

1., v3
51}2 + 5~ log(v) | =c. (85)

Set ¢ (v) = % — log(v)). Below (Fig. 5) is given its graph.

0 T T T T T T T T T 1
00 05 10 15 20 25 30 35 40 45 50

Fig. 5 Graph of the function ¢

@ Springer



M. Benaim, C.-E. Gauthier

Since the curve H~!(c) is symmetric along the line u» = 0, we have that

Tc,2 _/62 dv (86)
2 o V2lc—9)’

ie. o 4
Toh=~/2 / @ 87
2 o V=) (&7

where 0 < ¢; < 1 < ¢p < o0 are the roots of the function v — ¢ (v) — c.
Denote by A the inverse function of ¢ restricted to [1, oo) and by g the inverse
function of ¢ restricted to (0, 1). By a change of variable, we then obtain

/02 dv _ ¢ W)dv (88)
1 V=@ Ji Jle—v)
and
/1 dv _ ¢ g (v)dv . (89)
o Ve=9w) L Jle=v
Therefore

f(O)=Ten = «/E/C -8, =/ AW)A(c — v)dv = (A x A)(c), (90)
i (c—v) R

where * stands for the convolution product, A(v) = \/E(h’ —gH W)y 2 and

A(W) = F-1s0.
Hence
f(©) = (A% A)(o). 1)
Since g(v) € (0, 1) and h(v) > 1 forv € (1/2,¢), then g’'(v) = m < 0 and
1 . 1 1
h(v) = oy > 0. Using the fact that A’(v) = _51”>0«/_1T3’ we have
f(e) <0 forall 1/2 <c < oo. (92)

Our next goal is now to study the limiting behaviour ¢ — 1/2 and ¢ — oo

Lemma 15 Letc > 1/2 and let c| and c; the two roots of the function v — ¢ (v) —c.
Then

C C
Tc,2>2ﬁ[\/ ‘ +\/ 2

1+¢; 14+

Proof By convexity of ¢, we have PW—dlen) ¢’(c1). Hence

v—Cy

Ve—¢w) < V=¢/(c)Vv—c1.
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Therefore
oodv ] Pdv L VT-a
o NC=¢W) T V=T eD) Joy Sv—c1 T V=¢len)
Since —¢'(v) = - — v, —¢'(c1) = (1 — c%)/cl and thus

/1 dv S5 cl
a vVe—g T NV d+ce)

Once again convexity of ¢ implies Ple)=¢) @' (c2),sothatc—¢ (v) < ¢ (c2)(cr—

c)—v
v). By proceeding as above, we obtain

/02 dv S5 [
1 Ve—¢) T V4
Hence
1 dv €2 dv c C
:Tczﬁ/ +/ >Vl Ly 2,
1 2 [c1 ve—o¢w) i «/c—¢(v)] [ L+cy 1+Cz]

O
Lemma 16 lim._, 1,2 f(c) = V2.
Proof We have c1,c» — 1 as ¢ — 1/2. Thus, it implies that log(v) ~ (v — 1) —
%(v — 1) for v € (c1, ¢2) and therefore
1 2 1 2
¢d(v) = E(v—1~|—1) —log(v) =~ §+(v—1) .
But
/CZ dv / dv
o e towonr Jes 1= @/ Je= 12
cr—1
_/\/ET du
=/ >
cl 1]/ 1 —u
. c—1 n . 1—0c
= arcsin | —— arcsin { ———
Je—1/2 Je—1/2
Since for ¢ sufficiently close to 1/2, ¢ = ¢(1 +c¢; — 1) = 5 + (¢ — 1)2, then
lime_ /2 < f‘l =1,j=1,2.

2
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Thus, lime— 172 [1* \/#771)2 = 7 and therefore

hm f(c)_ hm TC2_ lim

&) d
ﬁ/ v _
—1/2 c—>1/2 cl /C _ % _ (U _ 1)2

(93)

O

Remark 11 One can prove that /27 is the period of the orbits from the linear ODE

[ u(t) = 2v(t) 04)

v(t) = —ul(t).
But this is nothing else than the linearized system at (0, 1) from the ODE (81).
Summarizing all these information concerning 7, », we obtain

Proposition 11 The “period-function” [ : (1/2,00) — Ry : ¢ = T¢ 2 is continu-
ous, decreasing, bounded from below by 2+/2 and converge to ~/2 when ¢ tends to
1/2.

Proof The decreasing property comes from (92) whereas the continuity follows from

(90). While ¢ converges to 0 and C—Z S converges to 1 when ¢ tends to oo, then Lemma

15 combined with the decreasing property implies that f(c) > 2+/2 forall ¢ > 1/2.
Since f isdecreasing, thensup,...|, f(¢) = lim¢—1/2 f(c) = V27 . Below (Fig.6)
is the graph of the period-function. O

4.4
4.2
4.0
3.8
3.6 -

3.4

32 T T T T T T T T 1
0.5 1.0 1.5 2.0 25 3.0 3.5 4.0 4.5 5.0

Fig. 6 Graph of the function ¢ — T >
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