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Energy Capacity Inequalities via an Action Selector

Urs Frauenfelder, Viktor Ginzburg, and Felix Schlenk

ABSTRACT. An action selector for a symplectic manifold (M,w) associates
with each compactly supported Hamiltonian function H on M an action value
of H in a suitable way. Action selectors are known to exist for a broad class
of symplectic manifolds. We show how the existence of an action selector
leads to sharp energy capacity inequalities between the Gromov width, the
Hofer—Zehnder capacity, and the displacement energy. We also obtain sharp
lower bounds for the smallest action of a closed characteristic on contact type
hypersurfaces.

1. Introduction and main results

Consider an arbitrary symplectic manifold (M,w). We set I = [0, 1] and denote,
for each subset A of M, by H(I x A) the set of smooth functions H: I x M — R
whose support is compact and contained in I xInt A. We abbreviate H = H(I x M),
and denote by H(A) the set of those functions in H(I x A) which do not depend
on t € I. The Hamiltonian vector field of H € H defined by

(1.1) w(Xm,,-) = —dH; ()

generates a flow ¢!, with time-1-map ¢p. For H € ‘H, the set of contractible
1-periodic orbits of ¢!, is denoted P°(H). Given x € P°(H), let D(z) be the set
of smooth discs #: D? = {z € C | |2|] £ 1} — M satisfying Z(e®) = z(t). We shall
identify the map Z with its oriented image and write [ w = [, (£)"w. For H € H,
the action functional Ay on P°(H) = {(z,z) |z € P°(H),7 € D( )} is defined as

/ w + / H (t,z(t)) dt,
and its action spectrum is

S(H) = {Au (2) | (x,7) e P°(H)}.

Note that for a € ¥°(H) the set a + w(ma(M)) also belongs to ¥°(H). As a
consequence, 2°(H) need not be closed and is dense in R if w(we(M)) is dense. For
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H € 'H we abbreviate )
Et(H) = H(t,x)dt
(H) /0 max H(t, z) dt,
and we recall that for H, K € H the composition @ o i is generated by
—1
(H#K) (t,2) = H(t,2)+ K (£ (9h) " (@)
We say that a Hamiltonian H € H(M) is simple and write H € S(M) if
(P1) H >0,
(P2) H|y = max H for some open non-empty set U C M,

(P3) the only critical values of H are 0 and max H.

We emphasize that simple Hamiltonians are, as is clear from (P3), “normalized” to
have minimum equal to 0. Furthermore, we say that H € S(M) is Hofer—Zehnder
admissible and write H € S5, (M) if the flow %, has no non-constant, contractible
in M, T-periodic orbit with period T' < 1.

1.1. Axioms for an action selector. A weak action selector o for (M,w)
is a map o: H — R satisfying the following axioms.

(AS1) o(H) € ¥°(H) for all H € H;

AS2) o(H) >0 for all H € S(M) with H # 0;
AS3) o(H) < ET(H) for all H € H;

4) o is continuous with respect to the C°-topology on H;

5) o (H#K) <o(H)+ ET(K) for all H, K € H.
An action selector o for (M, w) is a weak action selector which in addition to (AS2)
satisfies
(AS2%) o(H) =max H for all H € S, (M).

A symplectic manifold (M,w) is called weakly exact if [w] vanishes on mo(M).

(
(
(AS
(AS

REMARK 1.1. If (M, w) is weakly exact, a weak action selector for (M,w) is an
action selector for (M,w).

PRrROOF. Given H € S, (M) on a weakly exact symplectic manifold (M,w),
we have X°(H) = {0,max H}, and hence axioms (AS1) and (AS2) imply o(H) =
max H. O

REMARK 1.2. If ¢ is an action selector for (M,w), then (AS3) is a consequence
of the other axioms.

PROOF. Axioms (AS5) and (AS27") applied to H = 0 yield
o(K) = 0 (0#K) < 0(0) + E¥(K) = ET(K)
for all K € ‘H. O

An ezhaustion of a symplectic manifold (M,w) is an increasing sequence of
submanifolds M; C M exhausting M, that is,

MyCMyC---CM;C---CM and |JM; =M.
By a (weak) action selector for an exhaustion (M;) of (M,w), we mean a col-

lection o; of (weak) action selectors for (M;,w). While a (weak) action selector
for (M, w) obviously restricts to a (weak) action selector for any of its exhaustions,
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the restriction of 0;11 to M; is not assumed to agree with o;, whence it is unclear
whether every (weak) action selector for an exhaustion of (M,w) fits together to a
(weak) action selector for (M,w); see 3. (ii) and (iii) in Appendix A. The existence
of a (weak) action selector for exhaustions of (M,w) as defined here is sufficient
for our purposes in this paper and can sometimes be established even when it is
unknown whether a global (weak) action selector for (M,w) exists; see 3. (iii) in
Appendix A.

EXAMPLES OF (WEAK) ACTION SELECTORS.

1. (RZ", wo) . Let wg = )", dg; A dp; be the standard symplectic form on R2™,
Action selectors oy and ogz for (R?",wg) have been constructed by Viterbo in
[43] and by Hofer and Zehnder in [20, 24]. The constructions of oy and opz are
outlined in Appendix A.

2. Weakly exact closed symplectic manifolds. After work on selector-like
invariants for standard cotangent bundles over a closed base by Oh [31, 32], an
action selector opgg was constructed for weakly exact closed symplectic manifolds
by Schwarz in [39] by making use of the Piunikhin—Salamon—Schwarz isomorphism.
Examples of such manifolds are (products of) closed surfaces of positive genus. The
construction of opgg is outlined in Appendix A.

3. Weakly exact convex symplectic manifolds. A compact symplectic
manifold (M,w) with boundary OM is said to be convez if there exists a Liouville

vector field X (i.e., Lxw = dixw = w) which is defined near M and is everywhere
transverse to M, pointing outward. A non-compact symplectic manifold (M, w)
is convex if it admits an exhaustion by compact convex submanifolds. Examples of
weakly exact convex symplectic manifolds are cotangent bundles (T*B,wq) over a
closed base B endowed with the standard symplectic form wy = >, dp; A dg;, and
unit-ball bundles therein, and, more generally, Stein manifolds and Stein domains,
see 3. (i) in Appendix A. Other examples are twisted cotangent bundles over closed
orientable surfaces of genus at least 2, see [9, 11]. Building on [39] and [45], an
action selector opgg for (exhaustions of) weakly exact convex symplectic manifolds
was constructed in [9].

4. Rational strongly semi-positive closed symplectic manifolds. A
2n-dimensional symplectic manifold (M, w) is strongly semi-positive if it satisfies
one of the following conditions.

(SP1) w(A) = Aer(A) for every A € ma(M) where A > 0;
(SP2) ¢1(A) =0 for every A € ma(M);

(SP3) the minimal Chern number N > 0 defined by ¢; (m2(M)) = NZ is at least
n — 1.

Here, ¢; = c¢1(w) is the first Chern class of any almost complex structure on TM
compatible with w, see [28, Section 4.1]. Examples are symplectic manifolds of
dimension < 4, complex Grassmannians, and Calabi—Yau manifolds. A symplectic
manifold (M, w) is rational if w (w9 (M)) is a discrete subset of R. The action selector
opgs from [39] for weakly exact closed symplectic manifolds has been extended to
a weak action selector opsgg for rational strongly semi-positive closed symplectic

manifolds in [29].
5. Rational closed symplectic manifolds. A construction of an action

selector ogy for all rational closed symplectic manifolds was proposed by Oh in
[33, 34, 35].
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REMARKS 1.3.

(1) In view of the action selector oop, our concept of a weak action selector
appears to be superfluous. The verification of (AS2T) for ooy, is, how-
ever, difficult already for rational strongly semi-positive closed symplectic
manifolds. We thus find it interesting to see which results can be formally
derived from the existence of a weak action selector.

(2) We have chosen a minimal set of axioms for a (weak) action selector
required for its applications that we have in mind: The existence of a
(weak) action selector for a given symplectic manifold will imply Theo-
rems 1 and 2 below. The selector-like invariants constructed in [31, 32]
and the (weak) action selectors ov, onz, opss and oop have many further
properties, and they lead to many other results in Hamiltonian dynamics
[9, 10, 12, 24, 31, 32, 34, 35, 37, 39, 43] as well as to some insight
into the algebraic structure of the groups of Hamiltonian and symplectic
diffeomorphisms of certain closed symplectic manifolds [7, 8, 37]. An
example of an additional property is sub-additivity:

o(H#K)<o(H)+o(K) for all H K € H.

This together with (AS3) is stronger than the axioms (AS3) and (AS5),
which are sufficient for our purposes. Sub-additivity holds for the selec-
tors ov, opss and oop, but has not been established for ogz. An addi-
tional property shared by all known (weak) action selectors and useful for
intuition is the monotonicity property

o(H) <o(K) for all H K € H with H < K.

OPEN PROBLEMS 1.4.

(1) It is not known whether every (exhaustion of a non-compact) symplec-
tic manifold admits a (weak) action selector. The simplest symplectic
manifold for which no weak action selector has yet been constructed is
the convex strongly semi-positive symplectic manifold (T*Sz,wo + 7'('*0‘),
where ¢ is an area form on S2.

(2) Is every weak action selector an action selector?

(3) Do axioms (AS1)—(AS5) uniquely determine (weak) action selectors? This
would imply that every (weak) action selector for an exhaustion of (M, w)
fits together to a (weak) action selector for (M,w). More specifically,
the action selectors oy, onz, opss and ooy are all defined by a variational
procedure (see Appendix A), and so it should be possible to compare them:
Do ov, opz and opgg agree on (Rzn,wo)? Does opgg agree with oo on
weakly exact or strongly semi-positive closed symplectic manifolds?

1.2. A sharp energy capacity inequality. Given a symplectic manifold
(M,w) one can associate to each subset A of M various symplectic invariants.
1. The Gromov width. The Gromov width of A is defined as

cc(A) = sup {mr? | B>"(r) symplectically embeds into (M,w)} .

Here, B*"(r) denotes the open ball in (R?",wy) of radius r. The Gromov width,
which was introduced by Gromov in [15], measures the symplectic size of (M, w) in
a geometric way; it corresponds to the injectivity radius of a Riemannian manifold.
Darboux’s theorem states that every point of a symplectic manifold has an open
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neighborhood which is symplectomorphic to some ball B?"(r), and hence cq(A)
vanishes only if A has empty interior.

2. Hofer—Zehnder capacities. Hofer—Zehnder capacities, in contrast with
the Gromov width, measure the symplectic size of a set from the perspective of
Hamiltonian dynamics on this set. We consider two variants. For each subset
A C M let S(A) be the set of simple functions in H(A). We say that a function
H € S(A) is HZ-admissible if the flow ¢f; has no non-constant T-periodic orbit
with period T < 1, and as before H € S(A) is HZ®-admissible if the flow %, has
no non-constant T-periodic orbit with period T" < 1 which is contractible in M.
Set

Suz(A) = {H € S(A) | H is HZ-admissible} ,
Spz(A, M) = {H e S(A) | H is HZ -admissible} .
Following [23, 24] and [26, 39|, we define the Hofer—Zehnder capacity and the
mp-sensitive Hofer—Zehnder capacity of A C (M,w) as
cuz(A) = sup{maxH | H € Suz(A)},
cuz(A, M) = sup{maxH | H € Sgy (A, M)}.
Both cpz(A) and ¢y, (A, M) vanish if and only if A has empty interior.

REMARKS 1.5.
(1) The definition of the Hofer—Zchnder capacities Cuz(A) and Cf (A, M)
given in [23, 24] and [26, 39] uses the larger class
F(A) = {H € H(A) | H satisfies (P1) and (P2)}.

Of course, cuz(A4) < Cuz(A) and cfz(A, M) < C{z(A,M). It follows
from [23] that equalities hold for convex subsets of (RQ”, wo), and we do
not know examples with cpz(A) < Cuz(A) or ¢, (A, M) < Cjz(A, M).

(2) The main virtue of the Hofer—Zehnder capacity Chz(A) is that
Cuz(A) < oo implies almost existence of periodic orbits near any com-
pact regular energy level of an autonomous Hamiltonian system on A, and
similarly for C5, (A4, M). As we shall show in Appendix B, this continues
to hold for cyz(A) and ey, (A, M).

(3) Corollary 1 below remains valid for Crz and Cf; when (AS21) is required
to hold for the larger classes Fuz(A) and Fg, (A, M) of Hofer-Zehnder
admissible functions from F(A). The action selectors oy, onz, opgs and
oon from Examples 1, 2, 3 and 5 do satisfy this stronger axiom.

3. Displacement energy. An invariant with both geometric and dynamical
features is the displacement energy introduced in [19, 25]. The Hofer norm || H]||
of H € H is defined as

1
|H|| = /0 (;g}\%H(t,x) - migj{{H(t,x)) dt,
and the displacement energy e(A, M) = e(A, M,w) € [0, 00] is defined as
e(A, M) = inf{||H|| | H € H, eu(A) N A =0}
if A is compact and as

e(A,M) = sup{e(K,M) | K C Ais compact}
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for a general subset A of M.

Since the invariants cq, cuz and cfjy, and e are defined in different ways, re-
lations between them lead to many applications. It is easy to see that cg(4) <
cuz(A), see e.g. [24], and it follows from definitions that cgz(4) < cfz(A, M). In
order to compare cf; (A, M) with e(A, M), we introduce further invariants. Fol-
lowing [43], we make the

DEFINITION 1.6. Assume that (M,w) admits a weak action selector o. For
each subset A of M the spectral capacities cy(A, M) and ¢ (A, M) are defined as

co(A,M) = sup{o(H)|HeS(A4)},

(A,M) = sup{o(H)|HeH{IxA)}.
Of course, ¢, (A, M) < (A, M), and ¢, (A, M) = ¢°(A, M) provided that o is
monotone and that A C M if M is closed. If M is closed, ¢? (M, M) = oo, because
then H(I x M) contains the constant functions and o(const) = const. (Indeed,
(0) < 0 by (AS3) and ¢(0) > 0 by (AS2) and (AS4), so that o(0) = 0. This,
together with (AS1), (AS4) and the fact that w (mo(M)) is countable, implies that
o(const) = const.) Since simple Hamiltonians have minimum 0, this argument does

not apply to ¢,. However, for all closed M for which we know ¢, (M, M), even this
capacity is infinite.

The following result, proved in Section 2, is an elaboration of an observation
in [13].

THEOREM 1. Consider a symplectic manifold (M,w) and an arbitrary subset
A of M.

(i) If o is a weak action selector for (M,w), then

co (A, M) < (A, M) < e(A,M).
(ii) If o is an action selector, then c¢§, (A, M) < ¢y (A, M), so that
ca(A) < enz(A) < cpzr(A, M) < e (A, M) < P(A,M) < e(A,M).

COROLLARY 1. Assume that an ezhaustion of (M,w) admits an action selector.
Then

cG(A) < cnz(A) < ciz(A, M) < e(A, M)
for every subset A of M.

PrOOF OF COROLLARY 1. The first two inequalities in the corollary are clear.
Let (M;) be an exhaustion of (M,w) with action selectors o;. For every i with
A C M;, Theorem 1 (ii) yields

etz (A, M) < ¢ (A, M;) < e(A,M;),
and so we readily find ¢y, (A, M) < e (A, M). O
REMARK 1.7.
(1) Theorem 1 and Corollary 1 are sharp. Indeed, let
@: B*"(3r) — (M,w)
be a Darboux ball. For A = ¢ (B*"(r)) we have cg(A) = e(A, M) = .
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(2) It would be interesting to know whether in the situation of Theorem 1 (ii)
there exists an example with ¢f,(A, M) < c¢-(A,M). A more specific
version of this problem is posed in 1.12 below.

(3) (i) The assertion of Corollary 1 was first obtained by Hofer, [20], for

(R?™ wy), see also [24, Section 5.5]; in fact, our axioms for a (weak)
action selector are extracted from [24], and our proof of Theorem 1
closely follows [24]. Later on, the energy-capacity inequality

CI?IZ (AaM) < 26(A7M)

was established for subsets of weakly exact symplectic manifolds
which are closed [39] or convex [9], and it was pointed out in [13] how
to remove the factor 2 in this inequality at least for open manifolds
M.

(ii) The energy-capacity inequality ¢ (A) < 2e(A, M) was proved in [25]
for every subset A of any symplectic manifold (M,w). This inequal-
ity implies that the Hofer norm on the group of compactly supported
Hamiltonian diffeomorphisms is non-degenerate. In view of Corol-
lary 1, it is conceivable that the factor 2 can always be omitted. ¢

Let Z?"(r) be the standard symplectic cylinder B%(r) x R?"=2 C (R*",wy).
Another consequence of Theorem 1 (ii) is

COROLLARY 1.8. Assume that o is an action selector for (RQ”,wo). Then for
all >0,

Co (BQ"(T)) =cy (Z2"(7")) =7r? and © (BQ"(T)) =c° (ZQ"(T)) = 7r2.

1.3. An estimate for the smallest spectral value. A hypersurface S in
(M,w) is a smooth compact connected orientable codimension 1 submanifold with-
out boundary contained in M \ OM. A closed characteristic on S is an embedded
circle in S all of whose tangent lines belong to the distinguished line bundle

Lo ={(z,§) eTS|w(n) =0foralneT,S}.

Denote by P(S) the set of closed characteristics on S, and by P°(.S) the set of those
closed characteristics on S which are contractible in M. For x € P°(S) let D(x)
be the set of smooth discs Z: D? — M with boundary . The contractible action
spectrum of S is the set

¥°(S) = {/zw

If w|g = dA for some 1-form A on S, the full action spectrum is defined as

Z@A):{LA

Note that (S, \) is independent of the choice of X if H!(S;R) = 0. The sets X°(S5)
and X(5, \) are important collections of numerical invariants of S, see [4, 5]. Here,
we are interested in the “smallest” spectral value. If P°(S) or P(S) is non-empty,
we define

a(S) =inf{la| | @ € £°(S)} and a1(S,A) = inf {|a| | a € Z(S,\)}.

xeP%&weD@%.

x € P(S)}.
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If (M,w) is not rational, then af(S) = 0 for any hypersurface S C (M,w) with
P°(S) # 0, and our results for a; (S,A) will deal with hypersurfaces in weakly
exact symplectic manifolds. We shall thus assume in this paragraph that (M,w)
is rational. We shall also assume that S is a hypersurface of contact type. This
means that there exists a Liouville vector field X which is defined near S and is
transverse to S. Equivalently, there exists a contact form A on S (i.e., a 1-form A
such that d\ = w|s and A A (d\)"~! is a volume form on S). The equivalence is
given by txw = A. A hypersurface S is said to be of restricted contact type if it
is transverse to a Liouville vector field X defined on all of M. The contact form
A = 1xw is then globally defined and d\ = dixw = w so that (M,w) is exact. If
(M,w) is exact, then every hypersurface S of contact type with H(S;R) = 0 is of
restricted contact type.

EXAMPLES 1.9.

(1) Consider a hypersurface S of (Rzn, wo). It bounds a bounded domain U.
Then

U is convex
— U is starshaped
—> S is of restricted contact type
= S is of contact type.

Examples show that none of these arrows can be inverted, see [2, 18].
(2) Let T*B be the cotangent bundle over a closed base endowed with the
symplectic form wy = dXg, where A\g = >, pidg;.

(i) Assume that B is endowed with a Riemannian metric. Any regu-
lar energy level S, = {H = ¢} of a classical Hamiltonian H(q,p) =
1p|*> + V(q) is of contact type, see [1, Theorem 1.2.2], and if
¢ > maxV, then S, is of restricted contact type, see (iii) below.
If ¢ > max V, then X(S.) # 0, and if ¢ < maxV, then X°(S.) # 0;
see [24, p. 131] for a brief history of this existence problem and for
further references.

(ii) Assume that S is a hypersurface of contact type in (T* B, wy) and that
dim B > 2. Then X(S) # 0 if the bounded component of T*B \ S
contains B, see [21], and X°(S) # @ if B is simply connected, [44].

(iii) Assume that S is a hypersurface in T*B such that for each ¢ € B
the intersection S N 77 B bounds a strictly convex domain in 77 B
containing 0. Then S is transverse to the Liouville vector field
X(g,p) =2, piaim7 and hence S is of restricted contact type. More-
over, there exists a unique Finsler metric F': TB — R on B such
that S is the unit cosphere bundle {x € T*B | F*(z) = 1}, where
F*: T*B — R is the “dual norm” in each fibre, defined by

. p(4)
F(.p) 0;12%3 F(q,q)’
see [4, Section 4.a)]. The projection 7: T*B — B induces a bijection
between P(S) and the non-empty set of prime geodesics in the Finsler
metric F', and the action |f.L )\0| of z € P(S) equals the F-length of
m(x). In particular, aq(S,\g) is the length of the shortest closed
F-geodesic on B.
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(3) Let S be a smoothly embedded loop in the 2-sphere S? endowed with an
area form. Then S is of contact type, but not of restricted contact type.
It bounds two discs of areas a; and as, and a5 (S) = min (a1, az). O

The following two propositions seem to be well known; proofs are given for the
reader’s convenience in Appendix C.

PROPOSITION 1.10. Assume that S is a hypersurface of contact type in a weakly
exact symplectic manifold (M, w).
(i) If S is simply connected or if S is of restricted contact type, then 0 ¢ %°(.S)
and 3°(S) is closed. If P°(S) # 0, we thus have a$(S) > 0.
(ii) If S is of contact type, then 0 ¢ X(S,\) and X(S,\) is closed for any
contact form X\ on S. Thus, a1(S,\) > 0 if P(S) # 0.

PROPOSITION 1.11. Assume that (M,w) is a symplectic manifold, and that
U C M is a relatively compact domain whose boundary S is a hypersurface of
restricted contact type. If P°(S) # 0, then

0 < af(9) < iz (U, M),

and if P(S) # 0, then
0 < a1(S,A) < caz(U)
for any globally defined contact form .

For a convex bounded domain with smooth boundary in (Rzn7 wo), it holds that
a1(S) = eaz(U), see [23], and for the full Bordeaux bottle (which is star—shaped)
it holds that a1(S) < cuz(U), see [24, p. 99].

OPEN PROBLEM 1.12. Assume that a hypersurface S C B*(1) C (R?",wy)
bounds a star-shaped domain U. Then cuz(U) < ¢,(U) for any action selector o
for B4(1) in view of Theorem 1 (ii). Does equality hold for oy, ouz and opgs? Since
it is known that ¢,(U) belongs to £°(S) for every monotone action selector o, the
first step toward a solution of this problem would be to see whether cyz(U) € £°(S).

0

Our next goal is to find upper bounds of a5 (S) for contact type hypersurfaces S
which might not be of restricted contact type and which might not bound a domain
U. Since the interior of a hypersurface S is empty, ¢, (S, M) = 0. We thus consider
the outer spectral capacity

éo (S, M) = inf{c, (U,M) | S CU, U open in M}.

The index of rationality p(M,w) € (0, 00] of a rational symplectic manifold (M, w)
is set oo if (M, w) is weakly exact and is defined to be the positive generator of the
cyclic subgroup w(ma(M)) of R if (M,w) is not weakly exact. The following result
improves Corollary 11.2 in [9].

THEOREM 2. Assume that (M,w) is a rational symplectic manifold admitting
a weak action selector o, and consider a hypersurface S C (M,w) of contact type.
Then ¢, (S, M) < e(S,M), and if é, (S, M) < p(M,w), then P°(S) # 0 and

05(8) < 6 (S,M) < e (S, M).
COROLLARY 2. Assume that an exhaustion of the rational symplectic manifold

(M,w) admits a weak action selector, and consider a hypersurface S of contact type
such that e (S, M) < p(M,w). Then P°(S) # 0 and a5(S) < e (S, M).
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REMARKS 1.13.

(1) Again, Theorem 2 and Corollary 2 are sharp: For the circle S C (R?, wp)
bounding B?(r) we have af(S) = e(S,R?) = 7r2.

(2) Theorem 2 and Corollary 2 establish the Weinstein conjecture for a large
class of hypersurfaces of contact type. We refer to [13, 38] for the state
of the art of the Weinstein conjecture.

(3) Consider a contact hypersurface S in (RQ”,wo). Then S is contained in
a ball of radius Diam(S), where Diam(S) is the diameter of S. Since
e (B*(r),R*) = mr?, we find e(S,R?*") < 7 Diam(5)?, and hence

a1(S) < mDiam(S)?,
improving the estimates in [9, 22]. %

We finally consider a billiard table U C R™ with smooth boundary, i.e., U is
a bounded domain in R™(q) with smooth connected boundary. The length of a
billiard trajectory on U is measured with respect to the Euclidean length, and the
Euclidean volume is vol(U). Let D™ be the closed unit ball in R™(p). Combining
a generalization of Corollary 2 with the construction in [46], we shall obtain the
following result of Viterbo, whose proof in [46] uses the fact that U x D" C (RZ”, wo)
can be approximated by domains with boundary of restricted contact type.

PROPOSITION 1.14 (Viterbo). Let U be a bounded domain in R™ with smooth
boundary. Then there exists a periodic billiard trajectory on U of length

I < e(UxD"R*™) < C, (vol(U))"/",
where Cy, is a constant depending only on n.

Acknowledgements. We are grateful to Peter Albers, David Hermann and
Matthias Schwarz for most helpful discussions. We thank Dietmar Salamon for
sending us Chapter 12 of the forthcoming book [29]. Part of this note was written
when the third author was visiting Hokkaido University; he wishes to thank Kaoru
Ono for his warm hospitality. The first and third author thank Hokkaido University
and Leipzig University for their support.

2. Proofs

2.1. Proof of Theorem 1. (i) Assume that (M,w) is a symplectic manifold
admitting a weak action selector o. The support supp H of H € H is defined as
the closure of the set

U {x € M | Hi(x) #0}.

te[0,1]

The main ingredient in the proof of Theorem 1 is

PRrROPOSITION 2.1. Assume that H, K € H are such that ¢ displaces supp H.
Then o(H) < || K]

PRrROOF. We follow the argument in [9, 13, 24, 39]. Given a smooth function
A: [0,1] — [0,1] with A(0) = 0 and A(1) = 1, we define H* € H as

HMNt,2) = N(1) H(\(t), ).
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LEMMA 2.2. ¢ (H*) =o(H).
PRrOOF. The Hamiltonian flow of H” is a reparametrization of the flow of H:
Ol (z) = @?I(t)(:r), x e M.

Since A(0) = 0 and A(1) = 1, this reparametrization gives rise to a one-to-one
correspondence between one-periodic orbits of the flows: the orbit z* € P° (H ’\)
corresponds to x € P°(H) when

Moreover,

1 1 1
/H’\ (t, 2™ (1)) dt:/ )\’(t)H()\(t),o:()\(t)))dt:/ H (t,2(t)) dt,
0 0 0

and hence Ay (2%) = Ay (z) for all (z,2) € P°(H) = P° (H*). Consider now
the smooth family of functions A, : [0,1] — [0, 1] given by

A(t) = (1—=7)t+7A(t), 7T€][0,1].

Then H* = H and H* = H*. By the above, £° (H*") = X°(H) for all 7 € [0,1],
and according to [24, 39] and [33, Lemma 2.2], the Lebesgue measure of this set
vanishes. In view of (AS4), the map

[0,1] = X°(H), 7T+ O'(H)\T)
is constant. In particular, o (H*) = o(H). O

Utilizing Lemma 2.2, we can assume that H; = 0 for ¢t € [0,1/2] and K; = 0
for ¢ € [1/2,1]. With this parametrization,

(TH#K) (t,x) = TH(t,z) + K(t,x)

for all 7 € [0,1] and (¢t,xz) € I x M, and the time-1-flow of TH#K is the time-
1-flow of K followed by the time-1-flow of 7H. Since ¢y displaces suppTH =
supp H for each 7 € (0, 1], it follows that z(0) ¢ supp7H for each z € P°(K) and
each ¢ € P° (TH#K), and we conclude that P° (TH#K) = P°(K). Therefore,
Y (tH#K) = X°(K) for each 7 € [0, 1], and arguing as above we find o (H#K) =
o(K). The inverse ¢y of g is generated by K~ (t,z) = —K (t, 4 (z)). Notice
that K# K~ = 0. Combining this with (AS5), we conclude

o(H) = o (H#K#K™) < o (H#K)+E* (K~) = o(K)+ E* (K7).

Using

max K~ (t,2) = max (=K (¢, ¢ (z))) = — min K(t,2)

and (AS3), we finally obtain

IN

o(H) < o(K)+E" (K7) /O1 <maxK(t,g:) — min K(t,x)> dt

zeEM reM
[Lelp

as desired. O
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Consider again a symplectic manifold (M,w) admitting a weak action selector
o, and let A C M. In order to show that ¢”(A, M) < e(A, M), we can assume
that e (A, M) < oo. Fix § > 0 and choose K € H such that | K| < e(4, M)+
and ¢ displaces A. In particular, ¢ displaces supp H for any H € H(I x A).
Proposition 2.1 thus yields o(H) < ||K|| < e(A, M) + 6. Taking the supremum
over H € H(I x A), we find ¢ (A, M) <e(A, M)+ J, and since ¢ > 0 is arbitrary,
the claim follows.

(ii) Assume that o is an action selector for (M,w). In order to show that
ey (A, M) < ¢,(A, M), we need to prove that maxH < o(H) for every
H € 8, (A, M), and this holds by (AS27).

2.2. Proof of Theorem 2. We consider an arbitrary hypersurface S of a
symplectic manifold (M, w). Examples show that ¥°(S) can be empty, see [12, 14].
We therefore follow [22] and consider parametrized neighborhoods of S. Since S is
orientable and contained in M \ 9M, there exists an open neighborhood I of 0 and
a smooth diffeomorphism

Yv:SxI -UCM

such that ¢(x,0) = x for x € S. We call ¢ a thickening of S and set S. =
P (S x {e}).

THEOREM 2.3. Assume that (M,w) is a rational symplectic manifold admitting
a weak action selector o, and consider a hypersurface S of (M,w). Then é, (S, M) <
e(S,M). If é,(S, M) < p(M,w), then for every thickening ¢ of S and every 6 > 0
there exists € € [—0, 9] such that

Pe(S)#D and a1 (Se) <ép (S,M)+4d6<e(S,M)+ .

PRrROOF. By Theorem 1 (i), ¢, (U, M) < e(U, M) for every open neighborhood
U of S, and hence the first claim follows from taking the infimum. In order to prove
the second claim, we can assume that § > 0 is so small that

C = ¢,(S, M)+ < p:=pM,w).

Let 7 € (0,9) be so small that for the neighborhood U, = ¢ (S x (—7,7)) of S we
have ¢, (Ur, M) < C. We choose a smooth function f: R — [0, C] such that

f) = 0 ifte ]33,
ft) = ¢ ifte[-1,3],
ol # 0 ifte ]-3,-3[u]f. 5[

Define H € S(M) by

ft) ifzxeS,
H =
(@) { 0 otherwise.

By (AS2), we have o(H) > 0, so that
(2.1) 0<o(H) <c(Ur,M) < C < p.
By (AS1), there exists (z,z) € P°(H) such that o(H) = Ay (7).
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LEMMA 2.4. The orbit x is not constant.

ProoF. If z is constant, our choice of H yields H(z) € {0,C}. If H(z) = 0,
then

(2.2) 0 < o(H) = An (z) = —[w <,

xT

and if H(x) = C, then

(2.3) 0<0(H):AH(§:):—[w+C’<C’.

x

Since Z is a sphere, [ w € pZ, and so both (2.2) and (2.3) contradict C' < p. O

By construction of H and by Lemma 2.4, there exists € € (—7,7) C [~4, ] such
that (x,%) € P°(S.) and 0 < f(e) < C' and

0<U(H):f/_w+f(e)<c.

We conclude that | [ w‘ < C, so that ay (S¢) < é, (S, M) + 9, as claimed. O

Theorem 2 is an easy consequence of Theorem 2.3; we refer the reader to
[9, Section 11] for a detailed argument.

REMARK 2.5. Assume that S is a hypersurface of contact type bounding a do-
main U. An obvious modification of the proof of Theorem 2.3 shows that Theorem 2
holds for ¢, (U, M) as well. Tt is, however, easy to see that é, (S, M) < ¢, (U, M).

2.3. Proof of Proposition 2. Let U C R" be a bounded domain with smooth
boundary, and abbreviate e = e(U x D", R?"). We choose a smooth family W,
t € (0,1], of bounded domains in R?" with smooth boundaries S; such that

W, C Wy if t<t and ﬂ W, =U x D".
te(0,1]

In view of Theorem 2.3, we can find a sequence ¢, — 0 such that S;, carries a
closed characteristic vy, with f% Ao < e+ 1/k. Choose a parametrization () =

(6 (£), Pr(#)) : [0,1] = Sy, of 7. Since pi(t) = fi(t) 1Ly for a function fi > 1,

length(q) :/O ()] dt < /0 e, an()dt = [ 2o < et L.

Tk

We therefore find a subsequence ¢, converging to a billiard trajectory ¢ on U, see
[3], and length(gq) < e. The estimate e < C), (vol(U))l/" is proved in [46]. O
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Appendix A. Constructions of action selectors

In this appendix we outline the constructions of the (weak) action selectors ov,
OHYZ and OPSS-

A.l. oy and opnz for (R?™,wyp).

The selector ovy. The following description is taken from [17, 43]. The
construction of the action selector oy makes use of generating functions. For
HeH (RQ") the graph

Ly = {(z,0u(x))|zc RQ”}

of ¢y is a Lagrangian submanifold of (RQ” x R —wo @ wo). Under the symplec-
tomorphism

(Q7paQ7P) = <CI—;C272H_2P7P_PaQ_Q>

of (R2" x R —wq @wo) with the cotangent bundle T*A over the diagonal in
R2?™ x R?", the graph 'y is mapped to a Lagrangian submanifold of T*A which
outside a compact set coincides with A. Adding a point co to A = R?" 2 §27\ {c0}
one obtains a closed Lagrangian submanifold I' of 7%52%", which is Hamiltonian
isotopic to the zero section. According to a result of Sikorav, I" admits a generating
function quadratic at infinity. This means that for some N > 0 there exists a
smooth function S: $?" x RN — R such that

e 0 is a regular value of the fibre derivative 9¢S: S*" x RN — RV
o I'={(q,9,5(¢,€)) | (¢,€) € S°* x RV satisfies 0¢5(q, &) = 0};
e S(g,&) = Q&) away from a compact set for a non-degenerate quadratic
form Q on RV,
Critical points (g,§) of S correspond to 1-periodic orbits € P°(H), and if S is
normalized such that S(oo,0) =0, then Ay (x) = —S(q,§). For a € R set

S% = {(q,€) € S*" xRN | S(q,¢) < a}.

We denote by H, homology with real coefficients. It is shown in [40, 43], see also
[42], that the relative homology groups H, (Sb, S“) do not depend on the choice
of S, and it is easily seen that H, (5% S5~%) does not depend on a for a large
enough. Let i be the index of @, and for a large enough let 1 € H,; (5%,5%)
be the image of the positive generator of Hy (SQ”) under the Thom isomorphism
Hy (S%") = H; (5%, 5~). Consider the map

7§t H; (89,87 — H; (5%, 5%)
induced by inclusion. The action selector oy is defined as
ov(H) = —inf {\] j5(1) =0} .

It follows from classical Lusternik—Schnirelmann theory that oy (H) is a critical
value of —S and hence belongs to ¥°(H). Similarly, the axioms (AS2) to (AS5) are
translations of properties of special critical values of generating functions quadratic
at infinity, which can be verified by elementary but by no means trivial topological
arguments.
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The selector opz. The following description is taken from Section 5.3 of [24].
The action selector ogy is defined via a direct minimax on the space of loops

)| S Jk <oo}

E = HY/? = {gceL2 (SHR?™)
keZ

where

r = E ek27rJt$k’ g € RZn’
keZ

is the Fourier series of x and —J is the standard almost complex structure of
R2" = C™. The space E is a Hilbert space with inner product

<l’, y) = <:L‘0, y0> +2m Z |k| <xk7 yk>7
kEZ
and there is an orthogonal splitting
E=E &E°®aET, z=z" +2°+at,

into the spaces of x € E having only Fourier coefficients for £k < 0, k =0, k > 0.
The action functional Ay : C*° (S’l; RQ") — R extends to E as

Ap(x) = a(z) + b(x), x € E,

where a(z) = — [fw=1 ||x+||2—f |z~ || and b(z fo )) dt. The function
Ap: F — R is differentiable, and its gradient is glven by

VA (z) = 27 — 2~ + Vb(x).

Prompted by the structure of the gradient flows generated by such gradients, we
consider the group G of homeomorphisms h of E satisfying

e h and A~ map bounded sets to bounded sets;
e there exist continuous maps y*: F — R and k: F — E mapping bounded
sets to precompact sets and such that there exists r = r(h) satisfying

7 (@x) =0 and k(z)=0 forall z € E with |z| >r
and
h(z) = e @gt 4 g0 e @y 4 k(x) forall z € E.
The selector oy is defined as

ouz(H) = ;gr}_zlggflhr( )

where
F = (h(BY) | heq).
It follows from Schauder’s fixed point theorem that

h(EY)N(E- @ E°) #0 forall heG.

This intersection result implies that opz(H) is finite. Using the fact that Ag
satisfies the Palais—Smale condition one then shows that ouz(H) € ¥°(H). The
other axioms readily follow from definitions.
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A.2. opgs for weakly exact closed symplectic manifolds. The following
description closely follows [39]. The construction of the action selector opgg is along
the lines of the construction of oy, but instead of working with a finite dimensional
reduction S, one works with the action functional Ag on the full space L£° of
contractible loops. Notice that P°(H) is the set of critical points of Ag. Let
H € H be such that all z € P°(H) are non-degenerate in the sense that

(A1) det (id — dpj; (z(0)) # 0.

Then P°(H) is a finite set, and Ay is a Morse function on £°. The Morse indices
are, however, all infinite and hence do not lead to a change of topology of the
sublevel sets of A . Floer overcame this problem by constructing a relative Morse
theory for Apg, from which he extracted a Morse-type homology isomorphic to the
homology of M. It is called Floer homology and will serve as a substitute for the
homology groups H, (S, S™%) with a large.

Consider the Zs-vector space CF(M, H) freely generated by the elements of
P°(H). In order to define a differential on it, fix z,y € P°(H). For a generic
family J;, t € S, of almost complex structures on M for which g; = wo (id x J;) is
a Riemannian metric for each t, the set M(z,y) of solutions u € C* (R x S*, M)
of the elliptic partial differential equation

(A.2) Osu + Ji(u)(Opu — Xpy, (uw)) = 0
with asymptotic boundary conditions

(A.3) dim (s ) =a(), lim s t) = y(0),

is a smooth manifold. Notice that u € M(x,y) is a downward gradient flow line of
Ap with respect to the L%-metric on £° induced by the family g;. Let M!(z,y)
be the union of the 1-dimensional components of M(x,y). The real numbers act
on M!(z,y) by shift in the s-variable. Since (M,w) is weakly exact, M!(z,y)/R
is compact, and so one can set

n(z,y) = # {M'(z,y)/R} mod 2.
The linear map 0 on CF(M, H) defined as the linear extension of

(A.4) Or = Z n(z,y) vy, x € P°(H),
yEPC(H)

indeed satisfies 9 0 @ = 0, and the homology HF (M, H) of the resulting complex is
independent of the choice of the family J;. It is in fact independent of H as well,
and agrees with the homology H(M;Zs) of M.

One way of constructing an isomorphism from the homology H(M;Zs) to the
Floer homology HF(M, H) is as follows. The homology H(M;Zs) is canonically
isomorphic to the Morse homology HM(M; Z3) of M. A chain complex CM(M, F))
for this homology is generated by the critical points of a Morse function F' on M, and
the differential is as in (A.4), where now n(c, ¢') is the number (mod 2) of negative
gradient flow lines of F' (with respect to a generic Riemannian metric) connecting
critical points ¢,¢’ € Crit F. In order to relate HM(M;Z2) with HF (M, H), one
defines a chain map ¢: CM(M, F) — CF(M, H) by

o(c) = Z n(e,z)x, ¢ € Crit(F),

z€P°(H)
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where now n(c, ) is the number (mod 2) of mixed trajectories (v, u) from ¢ € Crit F
to x € P°(H) as in Figure 1.

Cc

7(0)

FIGURE 1. An element of M(c,z).

Here, v: (—00,0] — M is an integral curve of —VF i.e.,
is) = ~VF((s)),
and u: R x ST — M is a solution of the equation
Osu + Ji(u)(Oru — Xp(sya, (u)) = 0,
where 3: R — [0, 1] is a smooth cut off function such that
B(s) =0, s<0; ['(s)>0, seR; f(s)=1, s>1,
and the boundary conditions are
SEEHOO v(s) =¢, ~(0)= SEIEIOOU(SJ), Slirglo u(s,t) = ().

The map ¢ indeed commutes with the differentials and thus induces a map

o HM(M;Zy) — HF (M, H),

which turns out to be an isomorphism. The composition

H
i H(M;Zy) = HM(M; Zy) 2— HF(M, H)

is called the Piunikhin—Salamon—Schwarz (PSS) isomorphism.
The Floer chain complex CF(M, H) comes with a natural real filtration given
by the action functional: For A € R consider the linear subspace

CFNM,H) =< Y &Lu|&=0if Ag(z) > A
zeP°(H)

of CF(M, H). Since Ag decreases along solutions of (A.2), the boundary operator
9 preserves CF* (M, H) and hence descends to the quotient complex

CF(M, H)/ CF*(M, H).
Its homology is denoted by HF*(M, H). Let j*: HF(M, H) — HF*(M, H) be the

map induced by the natural projection CF(M, H) — CF(M, H)/ CFA(M7 H), and
let 1 be the generator of Hy, (M;Zy) = H(M;Zsy). Since Py is an isomorphism,

(A.5) opss(H) = inf {A e R| j* (PFss(1)) = 0}

is finite. Furthermore, it is clear that opgs(H) lies in 3°(H). So far we have defined
opss(H) for those H € H that satisfy (A.1). The function opsg is C°-continuous
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on this set; this is proved by using the compatibility ®fqq = PXH o & of the
PSS-isomorphisms with the canonical isomorphism

K" HF (M, H) — HF (M, K)

obtained by counting solutions of (A.2) with H replaced by (1 — 8)H + 8K and
with asymptotic boundary conditions x € P°(H), y € P°(K). Since the set of
H satisfying (A.1) is C°°-dense in H, the function opgg C°-continuously extends
to all of H, and one readily verifies that opss(H) € X°(H) for all H € H. The
explicit nature of the isomorphism ®pgg is also important for the verification of
the remaining axioms. The proof of (AS2) is difficult. One studies equation (A.2)
with H replaced by AH for each A € [0,1] and uses a cobordism argument similar
to the one used in proving d o @ = 0. Finally, the proof of (AS5) uses the product
structure on Floer homology given by the pair of pants product and a sharp energy
estimate for the pair of pants.

A.3. opgs for weakly exact convex symplectic manifolds. The con-
struction of opgg for weakly exact convex symplectic manifolds in [9] follows the
construction outlined above. We can assume that M is compact. Since M has
boundary dM, the set P°(H) contains infinitely many critical points for every
H € H. This problem is overcome by using the geometry of M near M. On a
neighborhood OM x (—¢, 0] with coordinates (z,r) the symplectic form w is d (e"a),
where o = (txw)|anr- Let Ho be the set of Hamiltonians on M which satisfy (A.1)
and which near OM are of the form H(z,r) = f(r) with f’(r) positive and so
small that the flow %, has no 1-periodic orbits near M. For H € Hp the set
P°(H) is finite, and the strong maximum principle for uniformly elliptic operators
implies that solutions of (A.2) and (A.3) stay away from OM. The Floer homology
HF(M, H) can thus be defined and, by using a yet stronger version of the maximum
principle, the isomorphism ®# from the Morse homology HM(M; Zs) to HF (M, H)
can also be constructed. Here, the Morse homology is defined via Morse functions
which are of the form F(z,r) = e™" near OM. After identifying HMy,, (M; Zy) with
Ha,, (M, 0M;Zy) =2 H(M; Zs), one defines opss(H) € X°(H) as in (A.5). Since H
lies in the C'™-closure of Hg and since opgg is C%-continuous on Hy, we obtain a
CP-continuous function opgs on H verifying axioms (AS1) and (AS2) for an action
selector. The remaining axioms are also verified as in the closed case.

Consider now an exhaustion My C Ms C --- of a non-compact convex weakly
exact symplectic manifold (M, w), and denote the action selector opgg for M; by o;.
The following examples shed some light on the problem whether an action selector
for an exhaustion of (M,w) fits together to an action selector of (M, w).

(i) Assume that (M \ M, w) is symplectomorphic to (OM; X (0,7r),d ("))
for some 7o € (0,00] and that M; = My UMy x [0,7;], 0 =r; <7ro < -+ < ree.
Then every H; € Hy(M;) extends to H;11 € Ho(M;1) with Hiyi(z,7) = f(r)
on M;+1 \ M;. The chain complexes CF(M;, H;) and CF(M;11, H;11) then agree,
and so 0,41 restricts to o; on M;. Examples are (Rgn,wo) exhausted by balls,
cotangent bundles (T*B,wy) over a closed base exhausted by ball bundles, and,
more generally, Stein manifolds (M, J, f). In the latter example, (M,J) is an
open complex manifold and f: M — R is a smooth exhausting plurisubharmonic
function without critical points off a compact subset of M. Here, “exhausting”
means that f is proper and bounded from below, and “plurisubharmonic” means
that w = —d (df o J) is a symplectic form with w (v, Jv) > 0 for all 0 # v € TM.
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Then the gradient X = V f with respect to the Kéhler metric w o (id x J) satisfies
Lxw = w. Furthermore, if the critical points of f are contained in, say, {f < 1}, the
manifold M is exhausted by the exact convex symplectic manifolds M; = {f < i}.

(ii) Assume that M;.; \ M; is diffeomorphic but not symplectomorphic to
OM; x (r;,7i41]. Then every H; € Ho(M;) extends to H;11 € Ho(M; 1) such
that the vector spaces CF(M;, H;) and CF(M;y1,H;+1) agree. Moreover, then
the homology groups of M; and M;,; agree, so that the Floer homology groups
HF (M;, H;) and HF (M,11,H;y1) also agree. However, solutions of (A.2) and
(A.3) for H;;1 used to define the differential 9;11 of CF(M;41, H;11) might en-
ter M;+1 \ M;, and so the differentials 9; and 0;41 might not agree. It is thus
unclear whether o; (H;) = 041 (H;+1), and so ;41 might not restrict to o; on M;.

An example of a symplectic manifold admitting an exhaustion of type (ii) but no
exhaustion of type (i) is the camel space M C (R4, wo) defined as

M = {y1 <0}U{y1 >0} U {a} + a3 + 45 <1, 5 =0},

cf. [6, Proposition 3.4.A]. It is not hard to find an exhaustion of type (ii): For
i > 1 consider the union of the two closed 4-balls of radius ¢ centered at y; = =i.
Smoothing this set appropriately near y; = 0 for each i one obtains starshaped
dumbbells M; with smooth boundary forming an exhaustion of M of type (ii), see
[30, Lemma 5.1] for details. Assume now that M admits an exhaustion (M;) such
that (M \ Mi,wp) is symplectomorphic to (M7 X (0,7 ),d(e"a)). Since M has
infinite volume, ro, = oo. Since M = M; U 9M; x (0,00) is diffeomorphic to the
standard R*, the interior of M; is also diffeomorphic to the standard R*, and so
M \ M; is diffeomorphic to S3 x R. In particular, H* (0M;;R) = 0. The primitive
A=1 2 Wo of wg on M \ M; therefore smoothly extends to all of M. The Liouville
vector field X defined by txwy = A then agrees with % on M\ M; and hence
integrates to a flow on M. A standard construction now shows that the identical
embedding of a dumbbell as above extends to a symplectic embedding of (R*,wy)
into M, but this contradicts the Symplectic Camel Theorem, see Lemma 4.1.7 and
Proposition 4.1.8 in [41]. The same arguments apply to camel spaces in (RQ”,wO)
for n > 3, where one then uses the Symplectic Camel Theorem proved in [43].

(iii) If M;yq1 \ M; is not diffeomorphic to dM; x (0,1], then any extension
Hii1 € Ho(M;11) of H; € Ha(M;) must have critical points on M; 11\ M;. Already
the vector spaces CF(M;, H;) and CF(M;11,H;y1) are thus different, and so it is
unclear whether o; (H;) = 011 (H;+1). An example is the orientable surface M of
infinite genus and with one end. More explicitly, M is the surface with exhaustion
M; C My C ---, where M, is a torus with an open disc removed and M1 \ Int M;
is a torus with two open discs removed, ¢ = 1,2,.... For every area form on M
we obtain an exact convex symplectic manifold, and it is unclear whether ;4
restricts to o; on M;, ¢ = 1,2,.... Higher-dimensional examples are products of
such surfaces and also Stein manifolds of infinite topology.

A.4. opgs for rational strongly semi-positive closed symplectic man-
ifolds. The construction of opgg for rational strongly semi-positive closed symplec-
tic manifolds is similar to the weakly exact case. If (M, w) is not weakly exact, the
action functional Ay is well-defined only on a suitable infinite cover of £°, however.
As a consequence, the set of critical points of Ay is infinite for every H € H. One
therefore needs to define the Floer chain complex over a certain Novikov ring, and
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the Floer homology will thus be a module over this ring. The strong semi-positivity
condition excludes bubbling off of pseudo-holomorphic spheres in the compactifi-
cations of the moduli spaces relevant to the definition of Floer homology, and it is
also used in the construction of the PSS-isomorphism. The selector opsg can then
be defined as before. Since (M,w) is rational, the spectrum X°(H) is a closed and
nowhere dense subset of R for all H € H, and so the axioms (AS1), (AS3), (AS4)
and (AS5) for a weak action selector can be verified as in the weakly exact case.
The verification of (AS2), however, makes use of the Poincaré duality for Floer
homology. It is available only if M is closed, and thus no weak action selector has
yet been constructed for convex strongly semi-positive symplectic manifolds.

Appendix B. Almost existence via cyz and cj,

In this appendix we explain why the finiteness of the symplectic capacities cyy
and cfy, leads to almost existence results for periodic orbits. We shall only look at
7, the argument for cyz being the same. Let (M,w) be a symplectic manifold.
For each € € [0,1] and each A C M we consider the set F¢(A) of functions in H(A)
satisfying

(P1) H =0,
(P2) Hl|y = max H for some open non-empty set U C A,
(P3€) the critical values of H lie in [0, e max H] U max H.

We denote by Fry (A, M) the set of those H € F¢(A) for which the flow %, has
no non-constant, contractible in M, T-periodic orbits with period T' < 1, and set

Ciig(A,M) = sup {max H | H € Fyjy(A, M)} .

Notice that Cfyy (A, M) = Ci,(A, M) and Cyp (A, M) = ¢§,(A, M). Moreover, we
claim that for every € € (0,1),

(B.1) (1 —e)Cyiz (A, M) < cfiy (A, M) < Cyy (A, M).

The second inequality follows from definitions. To prove the first inequality,
we need to show that for each H € Fp; (A, M) and each § > 0 there exists
K € S§5,(A, M) with max K = (1 — €)max H — §. The idea of the argument is to
take as K only “the upper part of H”. To be more precise, fix H € Fyy (A, M) and
§ €]0,(1 — e)max H[. Following [14, Section 6] and [38], we choose a surjective
smooth map f: [0,max H] — [0, (1 — €) max H — ¢] such that

f(t)=0 if te[0,emaxH] and 0< f'(t)<1 forall t€ [0,max H].

Set K = foH. Since |f'| < 1 and since the flow of H has no non-trivial contractible
periodic orbits with period T < 1, the same holds for the flow of K. Furthermore,
since H € Fyy(A, M), we have K € 8§, (A, M), and by construction max K =
(1 — €)max H — ¢, which completes the proof of (B.1).

COROLLARY B.1. Assume that A is a subset of a symplectic manifold (M,w)
such that cfz(A, M) < oco. Then almost every regular energy level of a proper
function on A carries a periodic orbit which is contractible in M.

PrOOF. The corollary is proved for C3, in [24, 27], and the argument given
there applies to Cjy, for every € € (0,1]. The corollary thus follows from the first
inequality in (B.1). O
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Appendix C. Proofs of Propositions 1.10 and 1.11

C.1. Proof of Proposition 1.10. (i) If S is simply connected, we choose a
contact form A on S; for x € P°(S) we can choose Z € D(z) contained in S, so that
fi w = fw A. If S is of restricted contact type, we choose a globally defined contact
form X; for z € P°(S) we find again that [ w = [ A. The Reeb vector field R on
S associated with A is defined by

tpw=0 and A(R)=1.

Choose a Riemannian metric on S such that the length of R is 1. Parametrizing
x such that #(t) = R, we see that [ X is the length of  and is hence positive. If
x; is a sequence in P°(S) with ij A — a, then the lengths ij A are bounded, and
hence a subsequence of x; converges to a closed characteristic € P°(5) of length
a, see [24, p. 109]. This proves that £°(5) is closed. The proof of (ii) is similar. O

C.2. Proof of Proposition 1.11. We prove the first statement in Proposi-
tion 1.11; the second statement can be proved in a similar way. The inequality
0 < a3(S) follows from Proposition 1.10 (i). We will show

(C.1) ai(s) < cuy (U, M)

for the capacity Cp, (U, M). It will then be clear from the proof that (C.1) holds
for all capacities Ciyy (U, M), € € (0, 1], introduced in Appendix B, and hence also
for ¢f, (U, M) in view of (B.1).

Step 1. A convenient thickening of S. Let X be a Liouville vector field on M
transverse to S = OU. Then X points outward. Let A = txw|s be the associated
contact form on S and let R be the Reeb vector field of A on S. Using the flow ¢
of X, which exists in a neighborhood of U for small ¢, we see that a neighborhood
of S is symplectomorphic to the thickening (—¢, €) x S with coordinates (¢, z) and
symplectic form

(C.2) wt,z) = d((1+ )M (x)).

Then the Liouville vector field is X (¢t,z) = (1 +¢)2. Set S; = {t} x S. Using
(1.1) and (C.2), we see that the Hamiltonian vector field Xy of H: (—¢,€) x S,
H(t,z) = t, points along S; and equals the translate of R on S;. Thus, the periodic
orbits of the flow of H on S; are exactly the periodic orbits of the Reeb flow on S.
Set Uy = UU(—t,t) x S. Then U; = len(Ht)(U), and hence the conformality of the
symplectic capacity Cf, implies that

(C.3) Chy (U, M) = (1+1t)Cqy (UM).

Step 2. Abbreviate C' = Cf,, (U, M). Arguing by contradiction, we assume that
a(S) > C. Let X°(R) be the set of periods of those periodic orbits of the Reeb
field R on S which are contractible in M. Since 3°(S) = £°(R), the number a3 (S)
is the infimum of ¥°(R), and so we find L > 1 such that

(C.4) 0, LC] N E°(R) = 0.
Fix a small § > 0. Using (C.4), we find K € F5,(U, M) such that
max K = (1 —e¢—90)C.
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Let F' be a smooth function on the shell (—¢, 0) x S such that F(x,t) = f(t), where
f: (—€,0) = R is a monotone decreasing function such that

f(t) = leC for t near —e,
f@& = 0 for t near 0,
lf'(t)] < LC forallt,

where [ > 1. We extend F' to the ambient manifold M in the obvious way: F' = leC
inside the shell and F' = 0 outside the shell. By the construction of the thickening
(—¢,€) x S, by (C.4) and by the choice of f, the function F' belongs to F, (U, M).
Since F' = leC on the support of K, the Hamiltonian H = K + F also belongs to
Faz (U, M). However,

maxH = (1—e—§+1e)C.

Since [ > 1, we can choose § > 0 so small that max H > C. This contradicts
H e 75, (U, M). O

REMARK C.1. In the above proof, the assumption that S is of restricted contact
type was used only to obtain identity (C.3). If S is a hypersurface of contact
type bounding U such that the functions ¢ — ¢, (Ui, M) and t — cuz(Uy) are
1-Lipschitz at 0, then Proposition 1.11 still holds for S.
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