The restricted three body problem and

holomorphic curves

Urs Frauenfelder, Otto van Koert






Contents

Chapter 1. Symplectic geometry and Hamiltonian mechanics

1.

NSOtk

Symplectic manifolds

Symplectomorphisms

Examples of Hamiltonians

Hamiltonian structures

Contact forms

Liouville domains and contact type hypersurfaces
Real Liouville domains and real contact manifolds

Chapter 2. Symmetries and Noether’s theorem

1.
2.

Poisson brackets
The planar Kepler problem

Chapter 3. Regularization of two body collisions

1.
2.

Moser regularization
The Levi-Civita regularization

Chapter 4. The restricted three body problem

1.

© 0N U WD

The restricted three body problem in an inertial frame

Time dependent transformations

The circular restricted three body problem in a rotating frame
The five Lagrange points

Hill’s regions

The rotating Kepler problem

Moser regularization of the restricted three body problem
Hill’s lunar problem

Euler’s problem of two fixed centers

Chapter 5. Periodic orbits

1.

SR i

Variational approach

Symmetric periodic orbits and brake orbits
Blue sky catastrophes

Periodic orbits in the rotating Kepler problem
The retrograde and direct periodic orbit
Lyapunov orbits

Chapter 6. Contacting the moon

1.

A contact structure for Hill’s lunar problem

Chapter 7. Global surfaces of section

1.

Disk-like global surfaces of section

3

S Cv Ut

13
14
16

19
19
25

29
29
31

35
35
36
37
38
43
44
45
49
o1

93
53
55
o7
99
64
70

(0]
(0]

79
79



4 CONTENTS

Obstructions

Existence results from holomorphic curve theory

Contact connected sum - the archenemy of global surfaces of section
Invariant global surfaces of section

Fixed points and periodic points

Reversible maps and symmetric fixed points

NSOt

Chapter 8. The Maslov Index
Chapter 9. Spectral flow
Chapter 10. Convexity

Chapter 11. Finite energy planes

1. Holomorphic planes
The Hofer energy of a holomorphic plane
The Omega-limit set of a finite energy plane
Non-degenerate finite energy planes
The asymptotic formula

Gl w o

Chapter 12. The index inequality and fast finite energy planes

Chapter 13. Siefring’s intersection theory for fast finite energy planes
1. Positivity of intersection for closed curves
2. The algebraic intersection number for finite energy planes
3. Siefring’s intersection number
4. Siefring’s inequality
5. Computations and applications

Chapter 14. The moduli space of fast finite energy planes
1. Fredholm operators

The first Chern class

The normal Conley-Zehnder index

An implicit function theorem

Exponential weights

Automatic transversality

SRR i o

Chapter 15. Compactness
1. Negatively punctured finite energy planes
Weak SFT-compactness
The systole
Dynamical convexity
Open book decomposition

ANl

Bibliography

80
83
84
86
87
88

91
103
119

133
133
135
137
139
140

145

153
153
154
158
159
164

169
169
174
177
179
181
186

189
189
190
191
193
197

199



CHAPTER 1

Symplectic geometry and Hamiltonian mechanics

1. Symplectic manifolds

The archetypical example of a symplectic manifold is the cotangent bundle of
a smooth manifold. Assume that N is a manifold, by physicists also referred to
as the configuration space. The phase space is the cotangent bundle T*N. The
cotangent bundle comes endowed with a canonical one-form A € QY(T*N) called
the Liouville one-form. It is defined as follows. Abbreviate by m: T*N — N the
footpoint projection. If e € T*N and £ € T,T* N, the tangent space of T*N at e,
the differential of the footpoint projection at e is a linear map

dr(e): T.T*N — Ty N.

Interpreting e as a vector in T;‘(e)N the dual space of Ty ()N, we can pair it with
the vector dm(e)§ € Tr(e) N and define

A(€) = e(dn(e)e).

In canonical coordinates (¢,p) = {q1,---,Gn,P1,--.,Pn} of T*N where n = dimN
the Liouville one-form becomes

Ng,p) =Y pida;.
=1

The canonical symplectic form on T*N is the exterior derivative of the Liouville
one-form

w =d\.

In canonical coordinates it has the form

w = idpi A dg;.
i=1

The symplectic form w has the following properties. It is closed, i.e., dw = 0. This
is immediate because dw = d?\ = 0. Further it is non-degenerate in the sense that
ifeeT*N and £ # 0 € T,T*N, then there exists n € T,T*N such that w(&,n) # 0.
These two properties become the defining properties of a symplectic structure on a
general manifold M, which does not need to be a cotangent bundle. Namely

Definition 1.1. A symplectic manifold is a tuple (M, w) where M is a manifold
and w € Q*(M) is a two-form satisfying the following two conditions
(i): w is closed.
(ii): w is non-degenerate.
The two-form w is called the symplectic structure on M.

5



6 1. SYMPLECTIC GEOMETRY AND HAMILTONIAN MECHANICS

The assumption that w is non-degenerate immediately implies that a symplectic
manifold is even dimensional. In other words an odd dimensional manifold never
admits a symplectic structure.

2. Symplectomorphisms

Symplectic manifolds become a category with morphisms given by symplecto-
morphisms defined as follows.

Definition 2.1. Assume that (My,w1) and (M, ws) are two symplectic mani-
folds. A symplectomorphism ¢: My — Ms is a diffeomorphism satisfying ¢*ws =
wi.

We discuss three examples of symplectomorphisms.

2.1. Physical transformations. Suppose that N; and Ny are manifolds and
¢: N1 — Ns is a diffeomorphism, for example a change of coordinates of the con-
figuration space. If € N; the differential

dé(x): Ty Ny — Ty(z)No
is a vector space isomorphism. Dualizing we get a vector space isomorphism
do(z)*: T(;;(I)NQ — T Ny.
We now define
dyp: T* Ny — T* Ny

as follows. If 71 : T* Ny — Nj is the footpoint projection and e € T* Ny, then

(1) d.p(e) := (dg(mi(e))") e

If Ay is the Liouville one-form on T* N7 and s is the Liouville one-form on T Ny
one checks that

(2) (de)™ A2 = A1
Because exterior derivative commutes with pullback we obtain
(d*gb)*WQ = (d*gﬁ)*dAQ = d(d*QS)*)\Q = d)\l = W1

which shows that d.¢ is a symplectomorphism.

Equation (2) might be rephrased in saying that d.¢ is an ezact symplectomor-
phism, i.e., a symplectomorphism which preserves the primitives of the symplectic
forms. The notion of exact symplectomorphism in a general symplectic manifold
however does not make sense, since usually the symplectic form w has no prim-
itive. In fact if the symplectic manifold (M,w) is closed, the non-degeneracy of
the symplectic form w implies that the closed form w induces a non-vanishing class
[w] € H3gp(M), the second de Rham cohomology group of M. In particular, w
cannot be exact.
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2.2. The switch map. The second example of a symplectomorphism is the

switch map
o: T"R"™ — T*R™.
Namely, if we identify the cotangent bundle T*R”™ with R2" with global coordinates
(¢,p) = (q1,---1GnsDP1,---,pn) and symplectic form w = Y " | dp; A dg; then the
switch map is given by
o(q,p) = (=p,q)

which is actually a linear symplectomorphism on R?”. Note that the switch map is
not a physical transformation. In physical terms the g variables, i.e., the variables
on the configuration space are referred to as the position variables, while the p
variables are referred to as the momenta. Hence the switch map interchanges the
roles of the momenta and the positions. We will see, that the switch map plays a
major role in Moser’s regularization of two body collisions. Note that to define the
switch map it is important to have global coordinates on the configuration space.

There is no way to define the switch map on the cotangent bundle T* N of a general
manifold N.

2.3. Hamiltonian transformations. The third example of symplectomor-
phisms we discuss are Hamiltonian transformations. Suppose that (M,w) is a sym-
plectic manifold and H € C*°(M,R). Smooth functions on a symplectic manifold
are referred by physicists as Hamiltonians. The interesting point about Hamiltoni-
ans is that we can associate to them a vector field X g € I'(T'M) which is implicitly
defined by the condition

dH = w(-,XH).

Note that the assumption that the symplectic form is non-degenerate guarantees
that Xy is well defined. The vector field X g is called Hamiltonian vector field. Let
us assume for simplicity in the following that M is closed. Under this assumption
the flow of the Hamiltonian vector field exists for all times, i.e., we get a smooth
family of diffeomorphisms

¢y M — M, teR
defined by the conditions

, d
O = idy, %(bﬁq(x) = Xpg(¢ly(x)), teR, x € M.

An important property of the Hamiltonian flow is that the Hamiltonian H is pre-
served under it. If one interprets the Hamiltonian as the energy then this means
the the energy is conserved.

Theorem 2.2 (Preservation of energy). For x € M it holds that H(¢'(x)) is
constant, i.e., independent of t € R.

Proof: Differentiating we obtain
d

d " o ¢ t
%H(d)H(x)) = dH(¢H($))dt¢H(33)

= dH(¢y(2)Xn (¢ (2))
= w(Xu, Xu)(¢y(z))
= 0
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where the last equality follows from antisymmetry of the two-form w. O

The next theorem tells us that the diffeomorphisms ¢%; are symplectomorphisms.
The intuition from physics might be that a Hamiltonian system has no friction.

Theorem 2.3. For every t € R it holds that (¢;)*w = w.
Proof: Note that

d * *

@(@531) w = (¢) Lxyw

where Ly, w is the Lie derivative of the symplectic form with respect to the Hamil-
tonian vector field. Using Cartan’s formula we obtain by taking advantage of the
assumption that w is closed and the definition of X g

Lx,w=txydw+dix,w=—d"H=0.

This proves the theorem. ([l

3. Examples of Hamiltonians

3.1. The free particle and the geodesic flow. Assume that (V,g) is a
Riemannian manifold. Define

. 1
Hy: T"N =R, (0,) = 5pl;

where |- |, denotes the norm induced from the metric g on the cotangent bundle of
N. In terms of physics this is just the kinetic energy.
The flow of this Hamiltonian is basically given by the geodesic flow of the metric
g on N. To describe this relation we assume for simplicity that N is compact, in
order to ensure that the flows exist for all times. If ¢ € NV and v € T; N we denote
by
q:R—> N

the unique geodesic meeting the initial conditions

0,(0) =q, 0:q,(0) =v.
The geodesic flow
\I!tg: TN - TN
is the map
(¢,v) = (gu(t), 9rqu (1))-
The metric g gives rise to a bundle isomorphism
O, TN - T*N, (q,v)— (g,9q4(v,)).

This allows us to interpret the geodesic flow as a map from the cotangent bundle
to itself
t._ tH—1.
by =@,V @ " T*N — T*N.
Theorem 3.1. The Hamiltonian flow of kinetic energy H, equals to geodesic
flow in the sense that ¢} . =% for every t € R.
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Proof: Recall that if ¢ € C*°([0, 1], N) is a geodesic, then in local coordinates
it satisfies the geodesic equation which is the second order ODE

(3) 07q" + Ffj(Q)atqiatqj =0.

Here we use Einstein summation convention. Moreover, the Ffj are the Christoffel
symbols which are determined by the Riemannian metric by the formula

1
(4) I, = 59%(91«1',]' + Gjk,i — Gijk)-
If we interpret the geodesic equation as a first order ODE on the tangent bundle
of N, i.e., if we consider (g,v) € C*°([0,1], TN) with ¢(t) € N and v(t) € Ty4)N,
then (3) becomes

()

We next rewrite (5) as an equation on the cotangent bundle instead of the tangent
bundle. For this purpose we introduce

Dot + T (q)v'? =0
Oyq = v.

Pi = Gij v,
Using the p’s instead of the v’s and the formula (4) for the Christoffel symbols
equation (5) translates to
(©) { 09" p; + %gek(gki,j; giki 9i3 k)9 Pm g’ " pn = 0

td = g”’Dj-

In view of the identity

Qij gje = 52
where ¢§; is the Kronecker Delta we obtain the relation

97 950+ 97gjer =0

from which we deduce

99 ==9"9" gom k-
Plugging this formula in the first equation in (6) we obtain
0 = gl0d"pi+9"0pi — = (959" + 979" — g% 9" ) Pmpn

2 )

= 9" pipi + 9" 0 — 5909 pp

. 1 ..
= ¢"0mi + 509" pipi

from which we get
Opr = greg" Orp;
1
= —§greg”“gf7$"pmpn
1
= _§6fg77]r€mpmpn
1 mn
= _§g,'r pmpn
Therefore the geodesic equation (6) on the cotangent bundle becomes
9q" = 9" ;.
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It remains to check that the right-hand side coincides with the Hamiltonian vector
field of Hy. In local canonical coordinates the Hamiltonian H is given by
1 ..
Hy(a,p) = 59" (@)pip;-
Its differential reads )
dH,y = 597pip;dd" + 9" p;dp;.
Hence the Hamiltonian vector field of H, with respect to the symplectic form w =
dq’ A dp; equals

1 .. 0 0
X = —— *J iDi ~—— Y T
H, 29,]€p Dj 8pk + g Dpj aqz
In particular, the flow of X is given by the solution of (7). This finishes the proof
of the Theorem. O

3.2. Mechanical Hamiltonians. Assume that (N, g) is a Riemannian man-
ifold and V' € C*°(N,R) is a smooth function on the configuration space referred
to as the potential. We define the Hamiltonian

) 1
Hyy:T'N 5 R, (g,p) = 5lpl5+V(9),

i.e., in the language of physics the sum of kinetic and potential energy.

In the special case where N is an open subset of R™ endowed with its standard
scalar product which we omit in the following from the notation the Hamiltonian
vector field of Hy is given with respect to the splitting T*R™ = R™ x R™

Xuy(q,p) = ( _vl‘),(q) )

where VV is the gradient of V| which in terms of physics can be thought of as a
force. Given (¢,p) in T*N C T*R™ if ¢,: R — N is a solution of the second order
ODE

atQ‘Jp(t) = —VV(g(t))
meeting the initial conditions
3 (0) = ¢, 0igp(0) =p
then the Hamiltonian flow of Hy applies to (g, p) is given by
¢§—IV (qap) = (qp(t)a 8tqp(t))

We discuss three basic examples of mechanical Hamiltonians. The first example is
the harmonic oscillator. Its Hamiltonian is given by

§ 1
H:T'R—R, (g,p) = 500" +7°).
Its flow is given by

% (q,p) = (qcost + psint, —gsint + pcost).
Note that the flow of the harmonic oscillator is periodic of period 1.
Our second example is the case of two uncoupled harmonic oscillators. In this
example the Hamiltonian is given by

H:T'R* =R, (q.p) = 50" +¢°) = 507 +7) + 503 + a3).
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Note that in this example the Hamiltonian flow is just the product flow of two
harmonic oscillators with respect to the splitting 7*R? = T*R x T*R. In particular,
the flow is again periodic of period 1. Moreover, note that if ¢ > 0, then the level
set or energy hypersurface of two uncoupled harmonic oscillators H~1(c) is a three
dimensional sphere of radius V2e.

Our third example is the Kepler problem. In this case the Hamiltonian is given
by

. 1, 1
H:T*(R"\ {0}) = R, (¢,p)— 3P - T

The from the physical point of view most relevant cases are the case n = 2, the
planar Kepler problem and the case n = 3. Using Moser regularization we will
see that for negative energy the Hamiltonian flow of the Kepler problem in any
dimension n can be embedded up to reparametrization in the geodesic flow of the
round n-dimensional sphere. In the planar case the double cover of the geodesic
flow on the round two dimensional sphere can be interpreted as the Hamiltonian
flow of two uncoupled harmonic oscillators via Levi-Civita regularization.

3.3. Magnetic Hamiltonians. Mechanical Hamiltonians model physical sys-
tems where the force just depends on the position. There are however important
forces which depend on the velocity as well. Examples are the Lorentz force in
the presence of a magnetic field or the Coriolis force. To model such more general
systems we twist the kinetic energy with a one form. The set-up is as follows.
Assume that (N, g) is a Riemannian manifold, V' € C*°(N,R) is a potential, and
in addition A € Q'(N) is a one form on N. We consider the Hamiltonian

N 1
Hyya:T'N =R, (0.0) = 5lp = Agf* + V(9)-

Because of its importance in the study of electromagnetism such Hamiltonians are
referred to as magnetic Hamiltonians.

3.4. Physical symmetries. The last class of Hamiltonians is less directly
associated to Hamiltonian systems arising in physical situations. However, their
Hamiltonian flows generate a family of physical transformations which are impor-
tant to study symmetries of Hamiltonian systems. Assume that N is a manifold
and X € T(TN) is a vector field on N. We associate to the vector field X a
Hamiltonian

Hx:T*N —- N

as follows. Denote by 7: T*N — N the footpoint projection. A point e € T*N
we can interpret as a vector e € T:(e)N . We can pair this vector with the vector

X(m(e)) € Tr(eyN. Hence we set
Hx (e) :=e(X(m(e))).

Assume that the flow ¢4 : N — N exists for every ¢ € R. Then the Hamiltonian
flow of Hx exists as well and is given by

while the symplectomorphism d,¢ for a diffeomorphism ¢ was defined in (1).
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A prominent example of such a Hamiltonian is angular momentum. Namely
consider on R? the vector field

X = qla% - qgaiq1 € I'(TR?).
Define angular momentum as the Hamiltonian
L:T*R* - R
given for (g, p) € T*R? by
L(q,p) == Hx(q,p) = p1g2 — p21.

Note that the vector field X generates the clockwise rotation, i.e.,
¢y = Ry
where
R;: R* — R?
is the counterclockwise rotation
R, (ql, q2) = ((cos t)q1 — (sint)qa, (sint)q; + (cos t)qg).
Therefore in view of (8) we obtain for the Hamiltonian flow of angular momentum

(9) ¢ =d.R_y: T*R* — T*R%
4. Hamiltonian structures

A Hamiltonian manifold is the odd dimensional analogue of a symplectic man-
ifold.

Definition 4.1. A Hamiltonian manifold is a tuple (X,w), where ¥ is an odd
dimensional manifold, and w € Q*(X) is a closed two form with the property that
kerw defines a one dimensional distribution in T>. The two form w is called a
Hamiltonian structure on 3.

Here is how Hamiltonian manifolds arise in nature. Suppose that (M,w) is a
symplectic manifold and H € C*°(M,R) is a Hamiltonian with the property that
0 is a regular value of H. Consider the energy hypersurface

Y =H'0)c M.

It follows that the tuple (¥, w|s) is a Hamiltonian manifold. Moreover, it follows
that in this example the one dimensional distribution ker w is given by

(10) kerw = (Xgls),

i.e., the line bundle spanned by the restriction of the Hamiltonian vector field to
3. Indeed, note that if x € ¥ and £ € T, X it holds that

w(Xp,§) = —dH(£) =0

where the last equality follows since £ is tangent to a level set of H. In particular,
the leaves of the distribution ker w|s; correspond to the trajectories of the flow ¢4,
restricted to 3. However, by studying the leaves of kerw|s instead of the flow
of ¢%;|s; we lose the information about their parametrization. One can say that
people studying Hamiltonian manifolds instead of Hamiltonian systems are quite
relaxed, since they do not care about time. This is often an advantage. Indeed,
by regularizing a Hamiltonian system one in general has to reparametrize the flow
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of the Hamiltonian. Therefore it is convenient to have a notion which remains
invariant under these transformations.

Given a Hamiltonian manifold (¥,w) a Hamiltonian vector field is a non-
vanishing section of the line bundle kerw. Again if ¥ = H~!(0) arises as the
regular level set of a Hamiltonian function on a symplectic manifold the restriction
of Xy to X is a Hamiltonian vector field. Note that if X is a Hamiltonian vector
field on (X,w) it follows from Cartan’s formula that the Lie derivative Lxw = 0,
so that w is preserved under the flow of X.

5. Contact forms

Definition 5.1. Assume that (X,w) is a Hamiltonian manifold of dimension
2n—1. A contact form for (X,w) is a one-form X € QY (X) which meets the following
two assumptions

(i): dA =w,

(ii): AAw" ! is a volume form on ¥.

Not every Hamiltonian manifold (X, w) does admit a contact form. An obvious
necessary condition for the existence of a contact form is that [w] = 0 € H3,(X).
The tuple (X, \) is referred to as a contact manifold. The defining property for A
is then the assumption

AA (@)™ >0,

i.e., AA (d\)""! is a volume form. Each contact manifold becomes a Hamiltonian
manifold by setting w = dA.

Given a contact manifold (X, \) the Reeb vector field R € I'(X) is implicitly
defined by the conditions

LrAA =0, A(R) = 1.

It follows that the Reeb vector field is a non-vanishing section in the line bundle
kerd\ = kerw C TX. In particular it is a Hamiltonian vector field of the Hamil-
tonian manifold (X, w) and we have

(11) kerw = (R).

If ¥ arises as the level set ¥ = H~1(0) of a Hamiltonian H on a symplectic manifold,
it follows from (10) and (11) that the Reeb vector field and the restriction of the
Hamiltonian vector field X g5 are parallel. In particular, their flows coincide up
to reparametrization.

On the contact manifold (3, A) we can further define the hyperplane field

E:=ker\ CTX.

This leads to a splitting

TY =@ (R).
Note that the restriction of d\ to & makes £ a symplectic vector bundle of degree
2n — 2 over X.

The hyperplane distribution £ is referred to as the contact structure. While the
contact structure £ is determined by the contact form A the opposite does not hold.
Indeed, if f > 0 is any positive smooth function on ¥, we obtain a new contact
form

Af = fAe QN (D).
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That Af is indeed a contact form can be checked by computing
A A (@A) = P AA (A > 0.
The two contact forms A and Ay give rise to the same contact structure
& =ker A =ker ;.

On the other hand the Reeb vector fields of A and Ay are in general not parallel
to each other. Therefore the Reeb dynamics of the contact manifold (X, Ay) might
be quite different from the Reeb dynamics of the contact manifold (3, A). This
explains as well that we cannot recover the Hamiltonian structure w = d\ from the
contact structure £ = ker \.

The study of contact manifolds is nowadays an interesting topic in its own right,
see for example the book by Geiges [40]. Different than in contact topology our
major concern is the Hamiltonian structure w = d\, since this structure determines
the dynamics up to reparametrization. From our point of view the contact form is
more an auxiliary structure, which enables us to get information on the dynamics
of the Hamiltonian manifold (3,w). Indeed, the contact form turns out to be an
indispensable tool in order to apply holomorphic curve techniques. Furthermore, we
will see that with the help of contact forms one can rule out blue sky catastrophes.

6. Liouville domains and contact type hypersurfaces

Contact manifolds can sometimes be obtained as certain nice hypersurfaces
in a symplectic manifold (M,w). To be more precise, we consider a hypersurface
S C M, and assume that there is a vector field X defined in a neighborhood of S
satisfying

(12) Lxw=w.

In other words, the symplectic form w is expanding along flow lines of X. So if ¢%
denotes the flow of X, then

(13) (¢%)"w =e'w.

We will call a vector field X satisfying (12) a Liouwville vector field. If X is a Liouville
vector field for w, then we obtain a 1-form A by A = txw. This 1-form is called the
Liouville form. We claim that

Proposition 6.1. Suppose that X is a Liouville vector field defined on a neigh-
borhood of a hypersurface S C M. Assume that X is transverse to S, so T,0M &
(Xg) =ToM for all x € M. Then (S, (txw)|s) is a contact manifold with contact
form (txw)|s.

Proof: To see this, abbreviate A = 1xw. Given x € ¥ choose a basis
{v1,..., 09,1} of T, X. We compute

AA (@A) o1, v2nm1) = ixw AW (V1 V2 1)
1
= Ew”(Xx,vl,...,vgn,l).

Because X h ¥ it follows that {X,,v1,...,va,—1} is a basis of T,,M. Because w is
non-degenerate it follows that

wn(Xra'Ula s 7’02n—1} 7£ 0
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and we see that A|y is indeed a contact form on X. O

A hypersurface ¥ satisfying the assumptions of the proposition is called a con-
tact type hypersurface. We will now define a class of symplectic manifolds that
come equipped with a contact type hypersurface. To explain this notion we assume
that (M, ) is an exact symplectic manifold, i.e., w = d\ is a symplectic structure
on M. An exact symplectic manifold cannot be closed, since for a closed symplectic
manifold [w] # 0 € H3z(M). We assume that M is compact, so it must have a
non-empty boundary.

Definition 6.2. A Liouville domain is a compact, exact symplectic manifold
(M, \) with the property that the Liouville vector field X, defined by txd\ = A, is
transverse to the boundary and outward pointing.

By Proposition 6.1 it follows that the boundary of a Liouville domain (M, )
is contact with contact form A|gas, so we have.

Lemma 6.3. Assume that (M, ) is a Liouwville domain. Then (OM, Monr) is
a contact manifold.

Given a Liouville domain (M, X) with Liouville vector field X, we claim that
(14) LxA=A
where L x denotes the Lie derivative in direction of X. To see this we first observe
that
ixA=w(X,X)=0
by the antisymmetry of the form w. Hence we compute using Cartan’s formula

LxA=dix)+itxd\=1xw=\.

This proves (14). We give two examples of Liouville domains which play an impor-
tant role in the following.

Example 6.4. The cotangent bundle M = T* N together with the Liouville one-
form is an example of an exact symplectic manifold. In local canonical coordinates
the Liouville one-form is given by A = > p;dq; and therefore the associated Liouville

vector field reads
- 0
X = i —-
D _rig,

i=1

Now suppose that ¥ C T*N 1s fiberwise star-shaped, i.e., for every x € N XNT;N
bounds a star-shaped domain D, in the vector space Ty N. Then X th X and
D =U,cn D2 is a Liowville domain with 0D = X.

Remark 6.5. If H: T*N — R is a mechanical Hamiltonian, i.e., H(q,p) =
%|p\§ + V(q) for a Riemannian metric g on N and a smooth potential V: N — R

and ¢ > maxV Then the energy hypersurface ¥ = H~(c) is fiberwise star-shaped.
Indeed,

dH(X)(q.p) = |pl}

and because ¢ > max V it follows that p does not vanish on X so that we get

dH(X)[s > 0.
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Example 6.6. On the complex vector space C™ with coordinates (z1,...,2,) =
(1 + iy1, ..., &y +iyn) consider the one-form

n

1
A= > ;(xidyi — y,dx;).

The pair (C™, ) is a (linear) symplectic manifold with symplectic form

w= i dx; N dy;
i=1

and Liouville vector field

n

1 0 0
X =53 (0 0 )

i=1 ¢
If ¥ € C™ is star-shaped, i.e., ¥ bounds a star-shaped domain D, then X X and
D is a Liouville domain with 0D = X.

7. Real Liouville domains and real contact manifolds

A real Liouville domain is a triple (M, A, p) where (M, \) is a Liouville domain
and p € Diff (M) is an exact anti-symplectic involution, i.e.,

o =id|ar, pTA= -\

Because the exterior derivative commutes with pullback we immediately obtain that

prw=—w

for the symplectic form w = dA, i.e., p is an anti-symplectic involution. It follows
that the Liouville vector field X defined by txw = A is invariant under p, meaning

pPX=X.

The fixed point set Fix(p) of an anti-symplectic involution is a (maybe empty)
Lagrangian submanifold. To see that pick z € Fix(p). The differential

dp(x): TyM — T, M
is then a linear involution. Therefore the vector space decomposes
T, M = ker(dp(x) — id) @ ker(dp(z) + id)
into the eigenspaces of dp(x) to the eigenvalues £1. Note that
T.Fix(p) = ker(dp(x) —id)

the eigenspace to the eigenvalue 1. Because p is anti-symplectic both eigenspaces
are isotropic subspaces of the symplectic vector space T, M, i.e., w vanishes on both
of them. Hence by dimensional reasons they have to be Lagrangian, i.e., isotropic
subspaces of the maximal possible dimension, namely half the dimension of M.
This proves that Fix(p) is Lagrangian. If p is an exact symplectic involution then
in addition the restriction of A to Fix(p) vanishes as well, so that Fix(p) becomes
an exact Lagrangian submanifold.
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Example 7.1. On C" complex conjugation is an involution under which the
exact contact form A\ = % St (widy;—yida;) is anti-invariant. Therefore if & C C™
is a star-shaped hypersurface invariant under complex conjugation then X bounds
a real Liouville domain. Note that the fixed point set of complex conjugation is the
Lagrangian R™ C C™. This explains the terminology real Liouville domain.

Example 7.2. Let N be a closed manifold and I € Diff(N) a smooth involution,
i.e., I = id|y. By (2) the physical transformation d,I: T*N — T*N is an ezact
symplectic involution on T* N, namely

(d )X = A

for the Liouville one-form \. Consider further the involution rhoy: T*N — T*N
which on every fiber restricts to minus the identity so that in canonical coordinates
we have

p1(g:p) = (¢, —p):
The involution T is an exact anti-symplectic involution which commutes with the
exact symplectic involution

prodyd =d.lop =:p;
so that pr is an exact anti-symplectic involution on T*N. Note that
Fix(pr) = N*Fix(I)

the conormal bundle of the fixed point set of I. If ¥ C T*N 1is a fiberwise star-
shaped hypersurface invariant under py, then X bounds a real Liouville domain. In
particular, if we take I the identity on N, then the anti-symplectic involution is just
pid = p1 and therefore the requirement is that 3 is fiberwise symmetric star-shaped.
Note that a mechanical Hamiltonian is invariant under the involution py1, so that
according to Remark 6.5 the energy hypersurface of a mechanical Hamiltonian for
energies higher than the maximum of the potential bounds a real Liouville domain.

Now assume that (M, A, p) is a real Liouville domain with boundary ¥ = 0M.
Denote by abuse of notation the restrictions of A and p to ¥ by the same letter.
Then the triple (3, ), p) is a real contact manifold, namely a contact manifold
(3, A) together with an anti-contact involution p € Diff(X), namely an involution
satisfying p*A = —A. The Reeb vector field R € T'(T'Y) is then anti-invariant under
p, l.e.,

p*R=—R.
The fixed point set of an anti-contact involution is a (maybe empty) Legendrian
submanifold of ¥, namely a submanifold whose tangent space is a Lagrangian sub-
bundle of the symplectic vector bundle £ = ker(\). Moreover, the flow ¢f: ¥ —
for t € R of the Reeb vector field satisfies with p the relation

(15) R =poodg op.
In order to see this, we compute
Pr=0"r=0,g=p "0dg op=pogp'op

where for the last equality we have used that p is an involution.






CHAPTER 2

Symmetries and Noether’s theorem

1. Poisson brackets

In order to simplify differential equations, it is important to identify preserved
quantities, also called integrals. More formally, if X is a vector field on a manifold
M, then we call L an integral of X if X (L) = 0.

The notion of Poisson bracket will be helpful. For a symplectic manifold (M, w)
we define the Poisson bracket of smooth functions F and G by

(16) {F,G} = w(XF,X(;) = —dF(Xg) = —Xg(F) ZXF(G)
We see directly from the definition that the Poisson bracket describes the time-
evolution of a function. Indeed, suppose that y(t) is a flow line of X . Then
dG o ~(t)
dt

From this energy preservation, see Theorem 2.2, follows because {H, H} = 0 (the
Poisson bracket is alternating). Before we turn our attention to conserved quanti-
ties, we first need to establish some properties of the Poisson bracket.

— Xr(G) = {F,G).

Lemma 1.1. Given smooth functions F,G on a symplectic manifold (M,w),
we have the following relation between the Lie bracket and Poisson bracket,

(Xr, Xl = X{pay-
Proof: We first rewrite the Lie bracket a bit:
d * d
(Xr, X¢] = Lx,. Xc = ah:oFltXF Xe = @|t=0XGonj‘F'

Now use this identity and the definition:

) d
UXp, XelW = @‘tsz(XGoFltXF )

_ %\t:o (~d(@o Fir)

= ( a6 FIE" ) = ~d(Xr(G)) = ~d(F. G}

U
In a Darboux chart (U,w = dp A dq) for (M,w), the Poisson bracket can be
written as

Opi 0q°  dq' Opi’
In a moment, we shall see that the Poisson bracket endows the space of smooth
functions on M with a Lie algebra structure. We briefly recall the definition.

OF 0G  OF 0G
{F’ G} = Z

19
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Definition 1.2. A Lie algebra consists of a vector space g together with a
binary operation [-,-] such that is bilinear, alternating, so [v,v] = 0 for allv € g
and satisfies the Jacobi identity, i.e. for all X,Y,Z € g, we have

(X, [Y, Z]| + [V, [Z, X]] + [Z,[X, Y]] = 0.
Proposition 1.3. The pair (C*°(M),{-,-}) is a Lie algebra.

Proof: We check the required properties. First of all, note that for a € R
and F,G € C*®(M), we have X,pt1c = aXr + X¢, since the Hamiltonian vector
field is the solution to a linear equation. Hence, {aF + G, H} = w(Xart+c, XH) =
aw(Xp, Xy) + w(Xe,Xu) = o{F,H} + {G,H}. The same argument works for
the second factor, so {-,-} is bilinear. Also, {F,F} = w(Xp,Xr) =0, so {-,-} is
alternating. Alternatively, we can also use Lemma 1.1. Finally, we check that the
Jacobi identity by computing the individual terms:

{FAG H}}y = Xp({G, H}) = Xp(Xa(H))

{GAH . F}} = -Xc({F H}) = —X¢(XFp(H))

{H,{F,G}} = —X(pc(H) = —[XF, Xc|(H)
We have used Lemma 1.1 in the last step. Summing these terms shows that the
Jacobi identity holds. O

Lemma 1.4. The function G is an integral of Xp if {F,G} = 0.

Proof: The function G is an integral if and only if Xp(G) = 0. This holds if
and only if 0 = —dF(X¢) = w(XF, X¢) = {F, G}. O

Remark 1.5. By Lemma 1.1 {F,G} = 0 implies that [Xr, Xg] = 0. On the
other hand, for G to be an integral of X, it is not enough to just have [Xp, Xg] = 0.
Indeed, consider (R?,wy = dp A dq) with the Hamiltonians F = p and G = q. Then
Xr = 04 and Xg = —0,, so [Xp,X¢g| = 0. However, G is linearly increasing
under the flow of X, so G is not an integral of Xp.

1.1. Noether’s theorem. Consider a smooth action of a Lie group G on a
symplectic manifold (M,w). Take a vector £ € g. Then we get a path exp(t§) in G
and act on M with this path. Take the derivative with respect to t to get a vector
field on M, namely

(17) Xe(x) = %h:o(e:ﬂp(tf) - x).

If we assume that the action preserves the symplectic form w, then X¢ is a sym-
plectic vector field.

Remark 1.6. Note that X, does not need to be a Hamiltonian vector field. For
instance the vector field Oy on (T?,d0 A de) is symplectic, yet not Hamiltonian.

We will now assume that X, is Hamiltonian, so there for each X, there is a
function He satisfying ix,w = dH¢. Then we get a map
prg— C®(M)
f — Hg.
This map has no reason to be nice. We haven’t said anything about shifting the
H¢’s by constants. Instead, we make the following definition.
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Definition 1.7. We say the action is Hamiltonian if the map p can be chosen
to be a Lie algebra homomorphism.

There are obstructions for actions to be Hamiltonian, but this will not be
relevant here. Instead, we point out a couple of examples

Example 1.8. We act with an SO(n)-matriz A on T*R™ by the formula A -
(¢,p) = (Aq, Ap), or in other words, the standard action on each component. This
action preserves the symplectic form.

The Lie algebra so(n) can be identified with skew-symmetric matrices together
with the usual commutator as Lie bracket.

Given a skew-symmetric n X n-matrixz L, we define the Hamiltonian

Hi(q,p) == p'Lg.
The Hamiltonian equations are
p=-0H,=—p'L=~L'p=Lp ¢=38HL= Ly,

which we can solve by exponentiating, so (q(t),p(t)) = (eltq, e*tp). This is precisely
the SO(n)-action on T*R™.

Theorem 1.9 (Hamiltonian version of Noether’s theorem). Suppose that G is
a Lie group acting Hamiltonianly on a symplectic manifold (M,w). If H : M — R
is a Hamiltonian that is invariant under G, then each § € g gives an integral He of

X, or equivalently {H, He} = 0.

Proof: Take £ € g. We get a vector field X¢ on M by formula (17), which is
the Hamiltonian vector field of the function H¢ by the assumption of Hamiltonian
action. The Hamiltonian H is assumed to be invariant, so by the formula for the
Poisson bracket we have

0=Xu (H)=—-Xu(He),
so H¢ is an integral of Xp. O
1.2. Harmonic oscillator. Consider the Hamiltonian
1 a?
H == 2 o2
SRR
on (T*R,d)\.) = (R?,wp). The Hamiltonian flow is hence the linear ODE
p=—a’q
q=p
p(0) = poq(0) = qo,

so we find the explicit solution
(p(t),q(t) ) = (pocos(at) — a - qo sin(at), % sin(at) 4 go cos(at).

If we don’t care about the parametrization, we can just observe that level sets are
ellipses, and that solutions lie on them. Later on, we will see several situations
where we can say where the solutions are, but not how they are parametrized. The
above Hamiltonian is called the harmonic oscillator, and it is one of the most basic
Hamiltonian systems.

Clearly, all solutions are periodic in this case: the period is given by 27 /a
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1.2.1. Several uncoupled oscillators. We can generalize the above example to
(R27, ). Define the Hamiltonian

This Hamiltonian describes n uncoupled oscillators. We have the ODE
pj = —ajq;
which can clearly also be explicitly solved: just use the above formula n times.

In this case, not all solutions are necessarily periodic. For instance, assume
that the frequencies a; are rationally independent, meaning there are no non-zero
rational numbers n; such that > nja; = 0. Then we see that the j-th coordinate
satisfies
p;(0)

a;

(p;(0) cos(a;t) — a; - q;(0) sin(a,;t), . .. sin(a,;t) + go cos(a;t).

Such a solution may not be periodic: the frequencies in the different coordinates
differ.

1.3. Central force: conservation of angular momentum. Suppose we
are given a Hamiltonian dynamical system H on T*R3. Define the angular mo-
mentum by

L:=qxp.

Consider the Hamiltonian
1
(18) H= §\p|2 +V(llall)

on R?™ — {0} x R?", where V : R — R is (smooth) function, possibly with some
singularities. Such a function V is called the potential for a central force, because
it only depends on the distance.

We will assume that n = 3, although this can be generalized.

Lemma 1.10. The angular momentum is preserved under the flow of Xgy. In
other words, the components of the angular momentum L = (L, Lo, L3) satisfy
{H,L;} =0.

Proof: By Example 1.8, the standard SO(n) action acts Hamiltonianly on
T*R™. The Hamiltonian for a central force is SO(n)-invariant, so Noether’s theo-
rem, Theorem 1.9, implies the claim. [l

Remark 1.11. The physical interpretation of preservation of angular momen-
tum is that flow lines of the Hamiltonian vector field Xy lie in the plane with
normal vector L.

1.4. The Kepler problem and its integrals. We shall consider the Hamil-
tonian

(19) H= S~ o
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on R?" — {0} x R?" with coordinates (q,p) and symplectic form w = dp A dq. The
physically relevant case is n = 2,3, and we shall first consider the case n = 3. The
equations of motion are

s 4
T
q=mp-
In other words, the force equals § = —#, so its strength drops of with the distance

squared.

The strategy is to find as many integrals as possible, and in fact the Kepler
problem turns completely integrable. We will define this notion later, but roughly
we can say that this means that there are so many conserved quantities that we
can convert the ODE’s into algebraic equations.

Lemma 1.12. The angular momentum L is an integral of the Kepler problem.

The Kepler problem has an obvious SO(3)-symmetry, or put differently the
force is central, so Lemma 1.10 applies.

Remark 1.13. In higher dimensions this Hamiltonian has a SO(n)-symmetry,
but we will not consider this more general (and unphysical) situation.

1.5. The Runge-Lenz vector: another integral of the Kepler problem.
The following integral depends on the specific form of Kepler Hamiltonian (19).
Define the Laplace-Runge-Lenz vector (also called Runge-Lenz vector)! by

A::prfi.

lq|

Lemma 1.14. The Runge-Lenz vector A is preserved under the flow of Xg. In
other words, the components of A = (Ay, As, As) satisfy {H, A;} = 0.

Unlike the preservation of angular momentum, this integral is not obvious from
a symmetry of the phase space. We will prove that A is an integral with a short
computation.

PrOOF. We compute the time-derivative of A,

A:pr—#pr'—i%-%ﬁ
lall ~ llgll* llall
q p q
=——= X (gxp)— =+ —=(qp)
llqlI lqll ~ llqll®
1

:w(*qx(qxp)*(qwz)pﬂqm)q):@'

In the second step we have used the Hamilton equations, and in the last step we
used the vector product identity

(uxv)xw=(u-whv— (v wu.

Lemma 1.15. The Runge-Lenz vector satisfies the identity
IA|I* =1+ 2H - ||L||*.

IThis integral was discovered by Jakob Hermann (1678-1733). We refer to [42, 43] for the
history of this vector.
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Proof: The following computation makes use of the fact that p and L are
orthogonal and the identity ¢ - p x L = det(q,p, L) = ¢ x p- L. We find

lal* 2

2
JAI? = [lp x LI* = ¢ p x L+ == = 1+ []pl*[|L]|* = S |IL]1?
lq] 4]l lq|
1 1
=1+2(zlpll> = —=)ILI*
2 llqll

(]
1.5.1. Solving the Kepler problem. Define the plane P;, = {v € R3 | (L,v) = 0}.
Lemma 1.16. The vector A lies in the plane Pr,.

Recall that (¢, L) = 0 and observe that

(A, L) = (px L, L) — (L L) =0 +0.

4
llall”
To describe the movement of the particle more explicitly, we apply a coordinates

change, namely a rotation to move the L-vector to the z-axis. Then L = (0,0,/)
for some ¢ > 0, and hence we can write

A= ([[A] cosg,[|A| sing,0).

Definition 1.17. The angle g is called the argument of the perigee (peri-
helion)?.

We now determine the radius as function of the angle ¢. Using the above
formula for A and the identity (p x L, q) = det(p, L, q), we find

lall + (A, q) = %

As before, we write ¢ in polar coordinates

@)+ (A, q) = (px L,q) = det(p, L, q) = (¢ x p, L) = ||L||*.

q = (rcos¢,rsing,0)
and by plugging this into ||q|| + (A, q) = ||L||?, we find

R 7 G
T+ Al cos(6— g)

It is common to call the quantity

(20)

f=0—g

the true anomaly, and || A|| is called the eccentricity. The geometric picture is
indicated in Figure 1.5.1. It is clear that from Equation 20 that the argument of the
perigee is the angle of the closest approach in a typical situation (here this means
L #0).

With the above computations, we can deduce the following classification result
for solutions.

2Perigee means close to the Earth. Perihelion means close to the Sun. If the heavy mass
describes the Earth, one uses perigee, if it is the Sun, one uses the word perihelion.
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FIGURE 1. A sketch of a Kepler orbit

2. The planar Kepler problem

The above discussion describes the spatial Kepler problem, so the planar prob-
lem follows as a special case. For later computations, it will be helpful to develop
some explicit formulas for the planar problem.

As before, we can assume that L = (0,0,¢). In polar coordinates for ¢'q¢>-
plane, there is a nice expression of £. We write (¢!,q?%,¢%) = (rcos¢,rsing, z).
The momentum coordinates (p,, py, p-) transform with the inverse of the Jacobian,
so if we denote the cotangent coordinates dual to (r, ¢, 2) by (pr,ps, =), then we

find
sin ¢ cos ¢

(pzapyvpz) = (COS¢'pr - , p¢7Sin¢'pr + r

The coordinate change for the g-coordinates is

Do Dz)-

4z = qrc0s(qe), 4y = qrsin(qg).

We are looking for a symplectic transformation, so, as mentioned, we just need

the inverse and transpose of the Jacobian of this coordinate transformation for the

p-part. It is, however, convenient to compute by using the fact that the canonical

1-form, A\ = p,dq, + pydgq, is preserved. This gives the equation p,dg, + pydg, =
Po

prdqy + pedqe, so we find p; = p,cosgy — . sin gy and p, = p,singy + % COS G-

The Hamiltonian is cylindrical coordinates is hence

1 p 1
H=-[p2+22)-—.
2<pr+q3> ¢

Remark 2.1. It is important to observe that py is the angular momentum. The
Hamiltonian equations clearly show that the angular momentum is preserved as we
expect for a central force.

Plug this into ¢ = ¢'ps — ¢®p1 and use the Hamilton equations ¢* = p; to find.

Lemma 2.2 (Kepler’s second law). We have

1,. 1 dArea
20T T
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where Area is the area swept out by an ellipse.

To get the claim about the area, just use that

¢2 r=ri b2 q
A= / rdg = —r2de.
g=61 Jr=0 =61 2
We assume that L # 0. The case L = 0 can be worked out separately: it
involves collision orbits.
Recall that the Hamiltonian for the planar Kepler problem is given by
(21) BTEN\ 0D SR (0p) = 507 -
We prefer to abbreviate the Hamiltonian for the Kepler problem by E, as an abbre-
viation for energy and not by H as usual. This is because we also have to study the
Kepler problem in rotating coordinates, the so called rotating Kepler problem, and
we prefer to save the letter H to denote the Hamiltonian in rotating coordinates.
The Kepler problem is rotationally invariant. Because rotation is generated by
angular momentum we obtain by Noether’s theorem

(22) {EvL} =0,

a formula, the reader is invited to check as well by direct computation. However,
the Kepler problem admits as well some ”hidden symmetries”. These hidden sym-
metries do not arise from flows on the configuration space R? \ {0} but from flows
which only live on phase space T*(R? \ {0}). We introduce the smooth functions

Ay, Ap: T (R*\ {0}) = R
given by

A1(g,p) = p2(p2ar — pra2) — 5y = p2L(a,p) — 4y,
As(q;p) = —p1(p2 — P142) — 5 = —p1L(g,p) — .

Lemma 2.3. The Poisson bracket of E with A1 and As vanishes, i.e.,
{E, A1} ={FE, A} =0.
Proof: The Hamiltonian vector field of E is given by

0
Xp=pig—+tP2s— —T3a_ T35 -

oq dq2 g Op1 |ql® Op2
The differential of A, is
2
dA, = Ldps + podL — é%dql n %dqz.

Using (22) we compute
@L  @p1 | qa1gepe

AL,E}=dA1(Xg) = ——5 — =+ + =0.
e T VAT

This proves that {F, A1} = —{A41,E} = 0 and that {E, A2} = 0 is shown by a
similar computation. O

The two integrals A; and As of the Kepler problem give rise to the vector
(23) A= (A1, Ay): T*(R?\ {0}) — R%

This vector is known as the Runge-Lenz vector.



2. THE PLANAR KEPLER PROBLEM 27

The Runge-Lenz vector can be used to give an elegant explanation why trajec-
tories of the Kepler flow follow conic sections. This is due to the following formula
(24) (A,q) = L* — |q

which follows immediately from the definition of A; and As. If A = 0 this means
that ¢ lies on a circle of radius L? with center in the origin. If A # 0 abbreviate

(4,q)

rlAf”

i.e., 0 is the angle between A and ¢q. With this notation (24) becomes
r(|Alcosf +1) = L?.

In particular, the length of the Runge-Lenz vector is the eccentricity of the conic
section the Kepler trajectory follows.

The eccentricity can be directly computed in terms of £ and L due to the
following formula

r:=|ql, 6= arccos

(25) A? =1+2EL%
In order to prove (25) we compute
A% = A7+ A

2 2
(sz - Q1> + (plL +2
lq| lq

|
2 — L
(P2111 p1(J2) T q

2712 2
= p’L?— N
lq q>
21
- 2L2(p—>+1
2 g
= 2FL?+1.

Formula (25) gives rise to the following inequality for energy and angular momen-
tum in the Kepler problem

(26) 2EL* +1>0.

Moreover, equality holds if and only it the trajectory lies on a circle.






CHAPTER 3

Regularization of two body collisions

1. Moser regularization

As we have seen in the discussion about the planar Kepler problem, the Ke-
pler problem admits an obvious rotational symmetry, namely under rotations of
the plane, SO(2), but also hidden symmetries which are generated by the Runge-
Lenz vector (23). These hidden symmetries played an important role in the early
development of quantum mechanics, in particular in Pauli’s and Fock’s discussion
about the spectrum of the hydrogen atom [35, 92]. In [86] Moser explained how
the Kepler flow can be embedded into the geodesic flow of the round sphere. This
explains the hidden symmetries because the round metric is invariant under the
group SO(3). In the case of the planar Kepler problem we obtain the geodesic flow
on the two dimensional sphere and the symmetry group becomes SO(3). In partic-
ular, the symmetry group is three dimensional, in accordance with the fact that we
have three integrals, namely angular momentum as well as the two components of
the Runge-Lenz vector. We refer to the works of Hulthén [61] and Bargmann [11]
for a discussion of these symmetries in terms of quantum mechanics. See also the
exposition [71] by Kim which explains the relation of the Runge-Lenz vector with
the moment map of the Hamiltonian action of SO(3) on the cotangent bundle of
the two dimensional sphere.

We first explain Moser’s regularization of the Kepler problem at the energy
value —1. Let E: T*(R?\ {0}) — R be the Kepler Hamiltonian (21), i.e., the map

(¢,p) — %pQ - \71|' Define

K(p.q) = ;(|q(E<—q,p> +1)+ 1)2 ~ 1(36*+ Dla))

Recall from Section 2.2 the switch map which is symplectic and interchanges the
roles of position and momentum. If we do this acrobatics in our mind, the Hamil-
tonian K is just the kinetic energy of the "momentum” ¢ with respect to the round
metric on S? in the chart obtained by stereographic projection. Hence by Theo-
rem 3.1 the flow of the Hamiltonian vector field of K is given by the geodesic flow
of the round two sphere in the chart obtained by stereographic projection. Note
that

2

dK|E71(—%)(P, q) = ‘Q|dE|E*1(—%)(7Q7p)~
In particular, because the switch map (p, q) — (—¢,p) is a symplectomorphism the
Hamiltonian vector fields restricted to the energy hypersurface £ 1 (—%) =K! (%)
are related by

Xklp-1-1(P, @) = la|Xelp—1(— 1) (—a,p).
That means the flow of X is just a reparametrization of the flow of Xg. In
particular, after reparametrization the Kepler flow at energy f% can be interpreted

29
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as the geodesic flow of the round two sphere in the chart obtained by stereographic
projection.

The energy hypersurface Eil(—%) is noncompact. This is due to collisions.
However, the geodesic flow in the chart on the round two sphere obtained by
stereographic projection extends to the geodesic flow on the whole two-sphere.
This procedure regularizes the Kepler problem. If we think of the two-sphere as
S? = R? U {oo}, then the point at infinity corresponds to collisions. Indeed, at a
collision point the original momentum p explodes which corresponds to the point
at infinity of S? after interchanging the roles of momentum and position. It is also
useful to note that the geodesic flow on the round two-sphere is completely peri-
odic. The Kepler flow at negative energy is almost periodic. Trajectories are either
ellipses which are periodic or collision orbits which are not periodic. Heuristically
one can imagine that by regularizing the Kepler problem one builds in some kind
of trampoline into the mass at the origin, such that when the body collides it just
bounces back. The corresponding bounce orbit then becomes periodic in accordance
with the fact that the geodesic flow on the round two-sphere is periodic.

To get a feeling what is going on on a more conceptional level it is also useful to
discuss regularization in terms of Hamiltonian manifolds. Recall that by going from
the energy hypersurface of a Hamiltonian in a symplectic manifold to the underly-
ing Hamiltonian manifold one loses the information on the parametrization of the
trajectories. Because during the regularization procedure one has to reparametrize
the trajectories it is conceptually easier to forget the parametrization at all and
just discuss the whole procedure via Hamiltonian structures. Given a noncompact
Hamiltonian manifold (¥,w) the question is if there exists a closed Hamiltonian
manifold (3,@) and an embedding

L: X — X
such that
U0 =w.

Consider now more generally the Kepler problem at a negative energy value
¢ < 0. In this case the Kepler flow is still up to reparametrization equivalent to
the geodesic flow of the round two sphere in stereographic projection. However
the symplectic transformation (p,q) — (—¢,p) now has to be combined with the

physical transformation (g, p) — (\/%26, v/ —2¢p). Note

2
1] ldl q 1 L1, ’
Koy = 3] - [m(~ L ) - Lo+ via)
(p.q) 2{ 20[ Ner P) |+ 5\ 5@ +1ldl
The two Hamiltonian vector fields on the energy hypersurface

Se:=E )= K '(—%)

T 4c
are related by
lq|
X = X _ q )
K\EC(P,Q) (_20)% E|EC( \/_TC,\/ cp)
respectively
2c

Xgls.(¢,p) = XK|ZC(\/%QC,—\/—72cq).

lq|
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Suppose now that v € C°(S1,¥,.) is a Kepler ellipse, i.e., a solution of the ODE
Oy (t) = TXE(y(t), tesS!

where 7 > 0 is the minimal period of the ellipse. We next express the period 7 in
terms of the energy value c. In view of the discussion above we can interpret v as
well as a simple closed geodesic for the geodesic flow on the round two sphere. In
view of ¥, = K ~1( —ﬁ) the momentum of the geodesic has length v/—2¢. Therefore
if A = —qdp is the Liouville one-form on the cotangent bundle of the sphere (note
that momentum and position interchanged their role) the action of the simple closed
geodesic is

2
(27) / P L
St —2c

Consider the one-form
N =\ —d(qp) = —2qdp — pdq.

Because A and X only differ by an exact one-form we have by Stokes
(28) / VA= [ AN
51 St
Using that the Hamiltonian vector field of the Kepler Hamiltonian is given by
0 q O
Xp=p—— —5—
7 %0q  qP op

we compute

(29) /S YN = /01 N(rXg(y))dt = T/Ol (—p2 - ;)dt = —2cr.

Combining (27), (28). and (29) we obtain
T

c/=2¢

We proved the following version of Kepler’s third law

T=-

Lemma 1.1 (Kepler’s third law). The minimal period T of a Kepler ellipse

only depends on the energy and we have the relation
2
L
_ 93

2. The Levi-Civita regularization
We embed C into its cotangent bundle T*C as the zero section. We get a
smooth map

Z:C2\ (Cx {0}) - T*C\C, (u,v) > (Z,21)2>.

If we think of C as a chart of S? via stereographic projection at the north pole, the
map .Z extends to a smooth map

Z:C?*\ {0} - T*5%\ §?
which we denote by abuse of notation by the same letter. The map .Z is a covering

map of degree 2. If we write (p,q) for coordinates of T*C = C x C. where a
bit unconventional but justified by Moser’s regularization we write p for the base
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coordinate and ¢ for the fiber coordinate, the Liouville one-form on T*C is given
by

A = qidp1 + qadpa = Re(qdp).
If we pull back the Liouville one-form by the map £ we obtain

Ag(u,v) = L Au,v)

_ Re(%zd@))
)

= 2Re (vdﬂ - ﬂdv)
= 2(v1du1 — u1dvy + vodug — ugdvg).
Its exterior derivative is the symplectic form
Wy = 4(dv1 A dui + dvg A dug).

Note that A does not agree with the standard Liouville one-form on C? given by
1
Acz = i(uldug - quul + Uldvg — Ugdvl)

and w differs from the standard symplectic form on C2
Wez2 = d)\(c2 = du1 A dUQ + d’l)1 AN d’UQ.

Indeed, the two subspaces C x {0} and {0} x C of C? are Lagrangian with respect
to we but symplectic with respect to wcz. Nevertheless the Liouville vector field
of Ao implicitly defined by

X Wy = Ay
is given by

X — 1 0 0 0 0
¥ = 5 (U16u1 + U/287u2 + ’Ulaivl + ’U28v2>
and agrees with the Liouville vector field of A¢2. Recall that the standard Liouville
vector field on T*S? defined by txd\ = A for the standard Liouville one-form on
T*8? is given by 5

X =q 34
where ¢ denotes the fiber variable. Because pull back commutes with exterior
derivative we obtain

LX =Xgp.

This implies the following lemma.

Lemma 2.1. A closed hypersurface ¥ C T*S? is fiberwise star-shaped if and
only if Z~'% C C? is star-shaped.

Note that a fiberwise star-shaped hypersurface in 7*S? is diffeomorphic to
the unit cotangent bundle S$*S? which itself is diffeomorphic to three dimensional
projective space RP3. On the other hand a star-shaped hypersurface in C? is
diffeomorphic to the three dimensional sphere S3 which is a twofold cover of RP3.

In practice the Levi-Civita regularization of planar two body collisions [76]
is carried out by the variable substitution (g,p) + (202, %). As pointed out by
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Chenciner in [23] this substitution is already anticipated by Goursat [44]. Hence
it is much older than Moser’s regularization [86]. While Moser’s regularization
works in every dimension the Levi-Civita regularization depends on the existence
of complex numbers which only exist in dimension two. Using quaternions instead of
complex numbers an analogue of the Levi-Civita regularization can be constructed
in the spatial case [74].
We illustrate how the Levi-Civita regularization works for the Kepler problem
at the energy value —%‘ We consider the Hamiltonian
21 1
H:T*(R2\{0}) 5 R, (¢.p) 52 ——+:.
2 gl 2
After variable substitution we obtain
|u|? 1 1
Hu,v)=—+——— —— + =.
()= 5np ~ 2p 2
We introduce the Hamiltonian
1
K(u,v) :== |v|*H (u,v) = §(|u|2 + |v]? = 1).

The level set
Y =H '0) =K '(0)

equals the three dimensional sphere. The Hamiltonian flow of K on ¥ is just a
reparametrization of the Hamiltonian flow of H on X. It is periodic. Physically it
can be interpreted as the flow of two uncoupled harmonic oscillators. Summarizing
we have seen the following. If we apply Moser regularization to the Kepler problem
of negative energy we obtain the geodesic flow of S? and the regularized energy
hypersurface becomes RP3. It double cover is S® which we directly obtain by
applying the Levi-Civita regularization to the Kepler problem. The double cover of
the geodesic flow on S? can be interpreted as the Hamiltonian flow of two uncoupled
harmonic oscillators.






CHAPTER 4

The restricted three body problem

1. The restricted three body problem in an inertial frame

The first ingredient in the restricted three body problem are two masses, the
primaries, which we refer to it as the earth and the moon. We scale the total mass
to one so that for some p € [0, 1] the mass of the moon equals p and the mass of the
earth equals 1 — p. Here we allow the mass of the moon to be bigger than the mass
of the earth, although in such a situation one might prefer to change the names
of the primaries. The earth and the moon move in 3-dimensional Euclidean space
R3 according to Newton’s law of gravitation and we denote their time dependent
positions by e(t) € R? respectively m(t) € R? for t € R.

The second ingredient is a massless object referred to as the satellite. Because
the satellite is massless it does not influence the movements of the earth and the
moon. On the other hand the earth and the moon attract the satellite according to
Newton’s law of gravitation. The goal of the problem is to get an understanding of
the dynamics of the satellite which can be quite intricate. If ¢ denotes the position
of the satellite and p its momentum than the Hamiltonian of the satellite in the
inertial system is given according to Newton’s law of gravitation by

L H L—p

0 o) = 5~ [ m®] g et

namely the sum of kinetic energy and Newton’s potential. We abbreviate this
Hamiltonian by £ and not by H in order to distinguish it from the Hamiltonian of
the restricted three body problem in rotating coordinates. Note that because the
earth and the moon are moving the Hamiltonian is not autonomous, i.e., it depends
on time. Actually, because we have to avoid collisions of the satellite with one of
the primaries even the domain of definition of the Hamiltonian is time dependent,
namely

Ey: T*(R*\ {e(t),m(t)}) — R.
In particular, because the Hamiltonian depends on time it is not preserved under
the flow of its time dependent Hamiltonian vector field, i.e., preservation of energy
does not hold.
If the satellite moves in the ecliptic, i.e., the plane spanned by the orbits of the
earth and the moon, after choosing suitable coordinates such that e(t), m(t) € R?
for every t € R, the domain of definition of the Hamiltonian becomes

Ep: T*(R*\ {e(t),m(t)}) = R.
This is referred to as the planar restricted three body problem, while the former
one is called the spatial restricted three body problem. In the following we focus on

the planar case. This is due to the fact that the question about global surfaces of
section only makes sense in the planar case. A further specialization is obtained by

35
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assuming that the earth and moon move on circles about their common center of
mass. After choosing suitable coordinates their time dependent position are given
by

(31) e(t) = —p(cos(t),sin(t)), m(t) = (1 — p)(cos(t),sin(t)).

This problem is referred to as the circular planar restricted three body problem. Of
course there is also a circular spatial restricted three body problem. The amazing
thing about the circular case is that after a time dependent transformation which
puts the earth and moon at rest, the Hamiltonian of the circular restricted three
body problem in rotating coordinates becomes autonomous, i.e., independent of
time. In particular, it is preserved along its flow. This surprising observation is due
to Jacobi. We first explain time dependent transformations.

2. Time dependent transformations

Suppose that (M,w) is a symplectic manifold and E € C*°(M x R,R) and
L € C*(M x R,R) are two time dependent Hamiltonians. For ¢ € R abbreviate
E, = E(-,t) € C*(M) and similarly L;. This gives rise to two time dependent
Hamiltonian vector fields Xg, and Xp,. For simplicity let us assume that the
flows of the Hamiltonian vector fields ¢% and ¢} exist for all times. One can
consider more complicated situations where the domain of definitions of the two
Hamiltonians itself depend on time. This actually happens in the restricted three
body problem. Nevertheless the treatment of this more general cases does not
require basic new ingredients apart from a notational nightmare.

Define the time dependent Hamiltonian function

LOE € C°(M x R,R)
by
(LOE)(z,t) = L(z,t) + E((¢%)*x,t), z€ M, teR.
We claim that
(32) ¢Lop = 9L ok, teR.

To see that pick x € M. Abbreviate y = ¢ (¢%(x)) and pick further £ € T, M. We
compute using the fact that ¢%; is symplectic from Theorem 2.3

o(Eh0RE) = (X0 )+ d6L(6 0 X 0.

= dLu(y)¢ +w (X, ((65) ' ), (d05) " w)E)

dL(y)& + d(E o (67) ) ()¢
= d(LOE)t(l/)f-

This establishes (32).

Note that even if F and L are autonomous, i.e., independent of time, the
Hamiltonian L<OFE does not need to be autonomous, unless F is invariant under the
flow of L.
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3. The circular restricted three body problem in a rotating frame

For simplicity we discuss the planar case. The spatial case works analogously.
We apply to the Hamiltonian E; given by (30) with positions of the earth and
moon determined by (31) the time dependent transformation generated by angular
momentum?

L€ C®(T*R*R), (q,p)+ pig2 — p2aa.

‘We abbreviate
H = LOE.

Note that by (9) angular momentum generates the rotation. If we abbreviate

e=(-p0), m=(1-py0)
the Hamiltonian H becomes

(33) Hig,p) = 592 — —1— = 2 by — pogy.

20 fg—m| [g—el
Note that this Hamiltonian is autonomous. In particular, in the rotating frame the
Hamiltonian H is preserved by Theorem 2.2. This surprising observation goes back
to Jacobi and therefore H is also referred to as the Jacobi integral. More precisely,
for some historic reasons the integral —2H, which of course is preserved under the
Hamiltonian flow of H as well, is traditionally called the Jacobi integral.

We point out that the fact that H = LOH? is autonomous only holds in the
circular case. For example if the primaries move on ellipses with some positive
eccentricity, the so called elliptic restricted three body problem, the Hamiltonian
H does not become time independent.

Abbreviating by

ok 1=
lg—m| |g—el
the Newtonian potential the Hamiltonian equation of motion become

V:Rz\{e,m}%ﬂ%7 q~

d=m+aq
/
ga = P2 —q1
34
( ) PEZPQ*%
Py =—p1— G

For the second derivatives of ¢ we compute

1 / ! av / 8‘/
q1 :p1+QQ:p2—7+p2—Q1:2(]24-(]1—87(]1

I
and
45 = Ph —q1 :*Plfafvfpl — g2 = =24 JrQQ*afv
2 2 1 aq2 1 8(]2

Therefore the first order ODE (34) is equivalent to the following second order ODE

9 =245+ q1 — 5
3V

35
(35) % = =201+ a2 — 5

1Actually, one usually defines the angular momentum in physics by g X p, which is minus the
quantity we define here.
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To give the additional rotational term a physical interpretation we complete
the squares and rewrite (33) as
o 1—p 1

2
_ _ I
lg—m| lg—e| 2

(36) H(q,p) = %((Pl +q2)% + (p2 — q1)2)

The last three terms only depend on ¢ and we introduce the so called effective
potential
1% 1—p

1 1
lg—m| [g—el 2

2

Using this abbreviation the Hamiltonian H can be written more compactly as

U:R2\{e7m}—>]1:§7 q— — q2:V(q)— 2,

q

(37) H(g.p) = 3 (01 + @) + (52— 1)) + Ula).

The effective potential potential consists of the Newtonian potential for the earth
and the moon plus the additional term —%q2. The additional term gives rise to a
new force just experienced in rotating coordinates, namely the centrifugal force. The
Hamiltonian H in (37) is not a mechanical Hamiltonian anymore, i.e., it doesn’t just
consist of kinetic plus potential energy. Instead of that the Hamiltonian contains
a twist in the kinetic part and is therefore a magnetic Hamiltonian as discussed in
Section 3.3. The twist in the kinetic part can be interpreted in terms of physics
as an additional force, namely the Coriolis force. Different from the gravitational
force and the centrifugal force which only depend on the position of the satellite the
Coriolis force depends on its velocity, like the Lorentz force for a particle moving
in a magnetic field. This explains why the Hamiltonian of the restricted three
body problem in rotating coordinates becomes a magnetic Hamiltonian. There
are now four forces acting on the satellite in the rotating coordinate system, the
gravitational force of the earth, the gravitational force of the moon, the centrifugal
force, as well as the Coriolis force. This vividly shows that the dynamics of the
restricted three body complex is highly intricate.

4. The five Lagrange points

In this section we discuss the critical points of the Hamiltonian H given by
(37). We immediately observe that the projection map 7: R* = R? x R? — R?
given by (g,p) — ¢ induces a bijection

(38) T exit () : crit(H) — crit(U).

Indeed, the inverse map for a critical point (g1, ¢2) € crit(U) is given

—1
(7T|crit(H)) (q1,42) = (91,42, —q2, q1)-

We explain now that if u € (0, 1), the effective potential U = U, has five critical
points. The critical points of U are called Lagrange points.

Note that U is invariant under reflection at the axis of earth and moon (g1, g2) —
(q1, —g2). Therefore either a critical point of U lies on the axis of earth and moon,
i.e., the fixed point set of the reflection, or it appears in pairs. It turns out that
there are three critical points of U on the axis of earth and moon. These collinear
points were discovered already by Euler and they are saddle points of U. Moreover,
there is one pair of non collinear critical points of U discovered by Lagrange. It
turns out that these points build equilateral triangles with the earth and the moon
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and for this reason they are referred to as equilateral points. The equilateral points
are maxima of U.

We first discuss the two equilateral Lagrange points following the book by
Abraham-Marsden [2]. Because of the reflection symmetry we can restrict our
attention to upper half-space R x (0, 00). Because the distance between earth and
moon is one, i.e., |e —m| = 1, we have a diffeomorphism

¢: Rx (0,00) — ©
between the upper half-space and the half-strip
0= {(p,0)€ (0,00 :p+to>1,|p—0| <1}
which is given by

¢(q) = (lg —ml,lg—el), qeRx(0,00).
Consider the smooth function
V:O—= R, V:i=Uo¢p L

Critical points of V' correspond to critical points of the effective potential U on the
upper half-space. To give an explicit description of V' in terms of the variables p
and o we compute for ¢ € R x (0, 00)

¢ = pi*+(1-pq

= p(p® +2(m,q) —m?) + (1 - p)(0® + 2(e. q) — €?)
= up® +2u(1 = p)(1,q) — p(1 — p)?

+(1 = p)o® = 2u(1 = p)(1,q) — (1 = p)p®
= pp’+ (1 —p)o? —p(l—p).

Therefore V' as function of p and o reads
1
(39) Vip,0) = —2 = L D (P + (1= p)o® — (1 — ).

Its differential is given by

dV(p,o) =

Hence V has a unique critical point at (1,1) € ©. The Hessian at the critical point

(1,1) is given by
-3 0
Hy(1,1) = ( 0 30— ) )

We conclude that (1,1) is a maximum. Going back to the original coordinates we
define the Lagrange point /4 as

(40) =97 (1,1) = (5 -1 ).
We define the Lagrange point ¢5 as the point obtained by reflection ¢4 at the axis
through earth and moon

(41) 5= (L —p,—3).

By reflection symmetry of U the Lagrange point f5 is also a maximum of U and it
is the only critical point in the lower half-space R x (—o00,0). We summarize what
we proved so far
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Lemma 4.1. The only critical points of U on R?\ (R\ {0}, i.e., the complement
of the axis through earth and moon are {4 and U5 and they are mazimas of U.

We next discuss the collinear critical points. For this purpose we consider the
function
wi=Ulp\(—pi—py: R\ {=p, 1 =p} =R, 7+ — o - 1—,u_ﬁ'
’ r+p—=1 [r+p 2
Because U is invariant under reflection at the axis of the earth and moon, it follows
that critical points of u are critical points of U as well. The second derivative of u
is given by

=- T — =~ —1<0.
rn=1F T uP

Therefore u is strictly concave. Since at the singularities at —p and 1 — p as well
as at —oo and oo the function u goes to —oo, we conclude that the function u
attains precisely three maxima, one at a point —p < ¢ < 1 — p, one at a point
ly > 1 — p and one at a point 3 < —pu. The points ¢, {5, f3 are referred to as the
three collinear Lagrange points. Although one has closed formulas of the position
of the Lagrange points /4 and /5 a similar closed formula does not exist for £1, {5,
or /3. In fact to obtain the exact position of the three collinear Lagrange points
one has to solve quintic equations with coefficients depending on p, see [2, Chapter
10].

u”(r) _ 2“ 2<1 B M)

Lemma 4.2. The three collinear Lagrange points are saddle points of the ef-
fective potential U.

Proof: Because there is no closed formula for the position of the three collinear
Lagrange points we give a topological argument to prove the Lemma. Note that
the Euler characteristic of the two fold punctured plane satisfies

X(R2 \ {e,m}) =—1.
Denote by v, the number of maxima of U, by v the number of saddle points of U,
and by vy the number of minima of U. Because U goes to —oo at infinity as well as
at the singularities e and m it follows from the Poincaré-Hopf index theorem that

(42) ve — v+ 19 =x(R*\ {e,m}) = —1.
By Lemma 4.1 we know that £, and /5 are maxima, so that
(43) Vg Z 2.

Since the three collinear Lagrange points are maxima of u, the restriction of U to
the axis through earth and moon, it follows that they are either saddle points or
maxima of U. In particular,

(44) vy = 0
and therefore
(45) v+ = 5.

Combining (42), (43), (44), and (45) we conclude that
Vo = 27 v = 3.

This finishes the proof of the Lemma. ([
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The reader might enjoy trying by looking at the Hessian of U to check directly
that the three collinear Lagrange points are saddle points. If you get stuck we
recommend to have a look at [2, Chapter 10].

Because of the reflection symmetry the function U attains the same value at £,
and £5. In view of Lemma 4.2 together with the fact that U goes to —oo at infinity
and the singularities e and m, we conclude that it attains it global maximum at
the two equilateral Lagrange points. We state this fact in the following Corollary.

Corollary 4.3. The effective potential attains its global maximum precisely at
the two equilateral Lagrange points and it holds that

3 -1
maxU = U(ts) = U(ls) = =3 + %
Proof: To compute the value of U(¢4) we get using (39)
1 3 pu(p—1
U(t) = VLY =~ — (L= p) = S+ 1 - = (L= p)) = —5 4 D),
This finishes the proof of the Corollary. (]

We next discuss the ordering of the critical values of the saddle points of U.

Lemma 4.4. If u € (07 %) the critical values of the collinear Lagrange points
are ordered as follows

(46) U(gl) < U(fg) < U(gg)
If p= % we have
(47) U(t) <U(lz) = U(€3).

Remark 4.5. If y € (%, 1) one gets from (46) by interchanging the roles of the
earth and the moon that

U(gl) < U(ﬁg) < U(fg)

Proof of Lemma 4.4: We follow the exposition given by Kim [70]. We first
show U(¢1) < U(¢2) for pn € (0,1). Suppose that —p < ¢ < 1 — u. Abbreviate
p:=1—p—q>0andset ¢ :=1—p—+ p. In the following we identify R with
R x {0} C R%. We estimate

pol-—p 1 2 b 1—p 1 2
Uld)-Ul) = —F——=—Z(Q—p+p’+c+—L4-(1-p-
(¢")—Ula) > T Tvs 5 —ntp) PR s —n=p)
1 1
(-1 - s )
_ 20 —wp’
1—p2?

> 0.
In particular, by choosing g = ¢ we get
U(t) <U(6y) < U(L2)

where for the last inequality we used that ¢s is the maximum of the restriction of
U to (1 — p,00).
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We next show that for 0 < p < 3 it holds that U(fs) < U(ls). If ¢ > 1 — p we
estimate

p l—p ¢ 1 l—p g
U(—q)-Ulq) = - - -1
(—=q) —U(q) —p7q a-pu 27 + +

1 1 1 1
- M((J—(l—u) q+(1—u)>+(1 M)<q+/~t q—u)

2u(1 — 1) 2u(1 - u)

-A=p? @ -p?
2u(1— 1) ((1 = p)? = p?)
(¢> = (1= p)*)(¢* — 1?)

2p(1 — p)(1 —2p0)
(¢ = (1= p)*)(¢® — p?)

> 0.

We choose now ¢ = {5 to obtain
U(ts) < U(~£s) < Uts)

because /3 is the maximum of the restriction of U to (—oo, —u).

We finally note that if y = % the effective potential U is invariant under reflec-
tion at the y-axis (g1, g2) — (—q¢1,¢2) as well and ¢5 is mapped to ¢35 under reflection
at the y-axis. This finishes the proof of the Lemma. O

Recall from (38) that projection to position space gives a bijection between critical
points of the Hamiltonian H and critical points of the effective potential U. For
1€ {1,2,3,4,5} abbreviate

L; ﬂ'\cm () (&i) € crit(H).
If £; = (qi, ¢3) then L; = (q,¢5, —g5, ¢}). Note that
H(L;) =U(¢&;)

and if p(L;) denotes the Morse index of L; as a critical point of H, i.e., the number
of negative eigenvalues of the Hessian of H at L;, we have

w(Li) = p(t:).
In particular, we proved the following theorem.

Theorem 4.6. For p € (0,1) the Morse indices of the five critical points of H
satisfy

w(ly) = p(Le) = p(Ls) =1, p(La) = p(Ls) =
If u e (0, %) the critical values of H are ordered as
H(Ly) < H(Ly) < H(L3) < H(L4) = H(L5).
If u= %, then the critical values satisfy
H(Ly) < H(Lz) = H(L3) < H(L4) = H(Ls).
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5. Hill’s regions

Let H be the Hamiltonian of the planar circular restricted three body problem
in rotating coordinates given by (37). Fix ¢ € R. Because H is autonomous the
energy hypersurface or level set

Ye=H"(c) c T*(R*\ {e,m})
is preserved under the flow of the Hamiltonian vector field of H. Consider the
footpoint projection
m: T (R?*\ {e,m}) — R*\ {e,m}, (¢,p) = ¢.
The Hill’s region of ¥, is the shadow of ¥, under the footpoint projection
R :=7(2.) CR?\ {e,m}.

Because the first two terms in (37) are nonnegative we can obtain the Hill’s region
K. as well as the sublevel set of the effective potential

R, = {q € RQ\{e,m} :U(q) < c}.
If the energy lies below the first critical value, i.e., ¢ < H(Lj), the Hill’s region has
three connected components
R =REURTURY

where the earth e lies in the closure of RS and the moon m lies in the closure of
K7'. The connected components RS and K" are bounded, where the connected
component Ky is unbounded. Trajectories of the restricted three body problem
above the unbounded component R are referred to as comets. Accordingly the
energy hypersurface of the restricted three body problem decomposes into three
connected components

(48) Y.=XuXnruxy
where

¥¢:={(q,p) € X:, q€ R
and similarly for X7 and X¥.

F1GURE 1. The Hill’s region for various levels of the Jacobi energy



44 4. THE RESTRICTED THREE BODY PROBLEM

6. The rotating Kepler problem

The Hamiltonian of the rotating Kepler problem is given by the Hamiltonian
of the restricted three body problem (37) for 4 = 0. That means that the moon has
no zero mass and can be neglected and the satellite is just attracted by the earth
like in the Kepler problem. The difference to the usual Kepler problem is that the
coordinate system is still rotating. The Hamiltonian of the rotating Kepler problem

H:T*(R*\ {0}) = R
is explicitly given for (¢,p) € T*(R?\ {0}) by

2

The first two terms are just the Hamiltonian E of the planar Kepler problem while
the third term is angular momentum L so that we can write

H=F+L.
Because E and L Poisson commute we get
{H, Ly ={E,L} +{L,L} =0

meaning that H and L Poisson commute as well. In particular, the rotating Kepler
problem is an example of a completely integrable system. It is unlikely that for any
positive value of p the restricted three body problem is completely integrable as
well and for all but finitely values of p analytic integrals can be excluded by work
of Poincaré and Xia [90, 108].

If we complete the squares in (49) we obtain the magnetic Hamiltonian

1 1,

H(q,p) = %((pl +@2)* + (p2 — @1)?) — 2

1 1
(49) H(g,p) = =p° — a + p1ge — P24

which we write as

H(q,p) = %((m +42)*+ (p2—@1)?) + U(q)

for the effective potential
U:R*\ {0} - R
given by
1 1,

U(Q):*m*§ .

Different than for positive u the effective potential is rotationally invariant. There-
fore its critical set is rotationally invariant as well. We write

Ulq) = f(ldl)
for the function L1
f:(0,00) = R, r— - 57“2.
The differential of f is given by
fi(r) = - T
and therefore f has a unique critical point at r = 1 with critical value
3
7y =3,

We have proved
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Lemma 6.1. The effective potential U of the rotating Kepler problem has a
unique critical value —2 and its critical set consists of the circle of radius one

2
around the origin.

Because critical points of H and U are in bijection via projection as explained
in (38) and the value of H at a critical point coincides with the value of U of its
projection we obtain the following Corollary.

Corollary 6.2. The Hamiltonian H of the rotating Kepler problem has a unique

critical value —%.

7. Moser regularization of the restricted three body problem

In complex notation the Hamiltonian (33) of the restricted three body problem
can be written as the map H: T*(C\ {—p,1 — u}) — R given by

1 W 1—p
H(g,p) = 5p° — - +
(@r) =5 lg—=1+pl g+ pl

We shift coordinates and put the origin of our coordinate system to the moon to
obtain the Hamiltonian H,,: T*(C\ {0,—1}) — R defined by

(q,ip).

_ N Ok
(50) Hu(a,p) = Hg+1—pp+i—ip)+-—F5—
Ly, p L—p .
= P = = T TG i) g =1
e TR A
Lo n . L—p
= 0" — 7 Hgip) - —— — (1= p)ar.
AR ST
For ¢ € R we consider the energy hypersurface ¥. = H!(c). We switch the roles

of ¢ and p and think of p as the base coordinate and ¢ as the fiber coordinate.
The energy hypersurface is than a subset ¥, C T*C C T*S? where for the later
inclusion we think of the sphere as S? = C U {oc} via stereographic projection.

We examine if the closure X, is regular in the fiber above co. For this purpose
we examine how the terms in (50) transform under chart transition. The chart
transition from the chart given by stereographic projection at the north pole to the
chart given by stereographic projection at the south pole is given by

. 1_7
¢: C\ {0} = C\ {0}, P LT e

where p = p; — ipy denotes the conjugate transpose of p. In real notation this

corresponds to the map
p1 —D2
p1,p2) — .
= (o )
The Jacobian of ¢ at p € R?\ {0} computes to be

1 p3—pi —2pip2 )
dolo) — (31 :
¢(p) 2+ p2)? ( 2pip2 P —pi

Its determinant is given by
1

det (dgb(p)) = W
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Therefore the inverse transpose of d¢(p) reads
5—pf —2p1p
d -1\T _ < b2 — Pt P2 )
(do(e)™") 2p1ip2 P53 — P
Consequently the exact symplectomorphism
dep: T*(R*\ {0}) — T*(R*\ {0})

is given by

P1 —D2 2 2 2 2
51) duo(p,q) = | 2o P2 (2 ) 2 +(p2— .
(51) dvo(p,q) (pr{ g g (p2 — P1)q1 — 2p1p2q2, 2p1p2q1 + (P2 P1)CI2>
Note that because ¢! = ¢ it holds that

(d*‘ﬁ)il = d*d’il = ds .

Therefore the push forward of kinetic energy to the chart centered at the south pole

is given by
2 2 1
@0-(5) = o (5) = 3

The push forward of Newton’s potential is

(@.9). (|<11> B p21|q|'

Angular momentum L = p;qo — paqy transforms as
(déy)«L = —L.

Assume that 0 C R? is an open subset containing the origin 0 and V: Q — R is a
smooth function. Set

Fy:RZ2xQ =R, (p,q) — V(g
and define
FY: (do¢)((R*\ {0}) x Q) U ({0} x R?) - R
by

Fa={ VGara) p20

It follows from the transformation formula (51) that FV is smooth.
We now choose 2 = C\ {—1} and

L—p
lg + 1]

It follows that the Hamiltonian H,, in the chart given by stereographic projection
at the south pole is given by the map

V:Q—-R, ¢~ —

(1—p)aqr.

(¢,p) — L(q,p) — FV (p, q).

2p> p?lql
Because FV extends smoothly to p = 0 the energy hypersurface 3, extends smoothly
to p = 0 as well and the intersection of its closure with the fiber over 0 is given by

1 1
{|q:2:qe]RZ}={|q|:2:q€R2}7

i.e., a circle of radius 2.
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The origin in the chart obtained by stereographic projection at the south pole
corresponds to the north pole, respectively the point co € S2. The fact that we
obtained for the intersection a circle depends on our specific choice of coordinates
on the sphere S2. However, because convexity is preserved under linear transfor-
mations we proved the following Lemma.

Lemma 7.1. For every ¢ € R the closure of the energy hypersurface ¥, =

H, Y(c) C T*S? is regular in the fiber over oo and ¥, NT%S? is convez.

Recall from (48) that if the energy c is less then the first critical value H (L)
the energy hypersurface 3. has three connected components 3¢, ¥7", X% the first
close to the earth, the second close to the moon and the third consisting of comets.
The regularization described above compactifies the component X" to i?. Of
course the same can be done with the component around the earth to obtain the
regularized component iz. Indeed, the roles of the earth and moon can always
be interchanged simply by replacing p by 1 — u. In the following we discuss the
regularized component iz. But by interchanging the roles of the earth and the
moon everything said below is true as well for the moon. In [6] the following
Theorem is proved.

Theorem 7.2 (Albers-Frauenfelder-Paternain-van Koert). For energy values
below the first critical value, i.e., for ¢ < H(Ly), the reqularized energy hypersurface
ii C T*S? is fiberwise star-shaped.

As an immediate corollary of this theorem we have

Corollary 7.3. Under the assumption of Theorem 7.2 the restriction of the
Liouville one-form A on T*S? gives a contact form on fi. In particular, after
reparametrization the regularized flow of the restricted three body problem around
the earth below the first critical value can be interpreted as a Reeb flow.

We have seen that in the fiber over oo the regularized energy hypersurface
bound actually a convex domain. Therefore we ask the following question.

Question 7.4. Under the assumptions of Theorem 7.2 is ii fiberwise convex
in T*S2?, i.e., after reparametrization can the reqularized flow of the restricted three
body problem around the earth below the first critical value be interpreted as a Finsler
flow?

In [75] Lee proved that below the first critical value Hill’s lunar problem is
fiberwise convex. Hill’s lunar problem is a limit problem of the restricted three
body problem where the mass ratio of the earth and moon diverges to oo and the
satellite moves in a tiny neighborhood of the moon. We discuss this problem in
Section 8. It is also known that below the first critical value the regularized rotating
Kepler problem is fiberwise convex, see [25].

As a further Corollary of Theorem 7.2 we obtain

Corollary 7.5. Under the assumption of Theorem 7.2 the regularized energy
hypersurface Ei is diffeomorphic to RP3.

We finish this section by explaining how this Corollary follows more elementary
from the Fibration theorem of Ehresmann with no reference to Theorem 7.2. We
first recall the following theorem of Ehresmann [30]. A proof can be found for
example in [20, Theorem 8.12]
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Theorem 7.6 (Fibration theorem of Ehresmann). Assume that f: Y — X is
a proper submersion of differential manifolds, then f is a locally trivial fibration.

As a Corollary of Ehresmann’s fibration theorem we have

Corollary 7.7. Assume that F: M x [0,1] — R is a smooth function such
that F~1(0) is compact and for every v € [0,1] it holds that 0 is a regular value
of Fr. == F(-,v): M — R. Then F;*(0) and F7*(0) are diffeomorphic closed
manifolds.

Proof: That F!(0) is a closed manifold for every r € [0,1] follows from
the assumptions that 0 is a regular value of F,. and F~1(0) is compact. It remains
to prove that all these manifolds are diffeomorphic. We show this by applying
Theorem 7.6 to the projection map

Y = FY0) = [0,1], (z,7) 1

Because Y is compact by assumption the projection map is proper. It remains to
check that is submersive. If (z,r) € Y the differential of 7 is the linear map

ATz Loy = R, (Z,7) =T,
The tangent space of Y is given by
TwrnY ={(@,7) € T,M xR : dF, ,(Z,7) = 0}.
Pick 7 € R. Because 0 is a regular value of F, there exists € T, M such that
dF(3(Z,0) = dF.(T) = —dF; ,(0,7).
This implies that
dF(3)(Z,7) = dF(3,(,0) + dF (5 (0,7) = 0

and therefore (Z,7) € T, , Y. Since 77 € R was arbitrary this shows that dmr . is
surjective and 7 is a proper submersion. Now the assertion of the Corollary follows
from Theorem 7.6. O

We now use Corollary 7.7 to give a direct proof of Corollary 7.5 with no refer-
ence to Theorem 7.2.

Proof of Corollary 7.5: In view of Corollary 7.7 the Corollary 7.5 can now
be proved by a deformation argument. Namely we first switch of the moon to
end up in the rotating Kepler problem and then we switch of the rotation as well.
To make the dependence of the regularized energy hypersurface on the mass of
the moon p visible we write ii,u' For given p1 € (0,1) and ¢ < Hy,(Ly,,,) we
choose a smooth path c: [0, 1] — R with the property that c¢(u) < H,(L1,) and
c(u1) = c1. In view of Corollary 7.7 the manifold ¥, ,  is diffeomorphic to iz(o),o
but the last one is just the regularized energy hypersurface of the rotating Kepler
problem below the first critical value. A further homotopy which switches of the
rotation in the rotating Kepler problem shows that the latter one is diffeomorphic
to the regularized energy hypersurface of the (non-rotating) Kepler problem for a
negative energy value which by Moser is diffeomorphic to RP3. This proves the

Corollary. O
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8. Hill’s lunar problem

8.1. Derivation of Hill’s lunar problem. While the restricted three body
problem considers the case where the two primaries have comparable masses, Hill’s
lunar problem [49] deals with the case where the first primary compared to the
second one has a much much bigger mass, the second primary has a much much
bigger mass than the satellite and the satellite moves very close to the second pri-
mary. We show how to derive the Hamiltonian of Hill’s lunar problem from the
restricted three body problem by blowing up to coordinates close to the second pri-
mary, compare also [82]. Recall from (50) that after shifting position and momenta
of the Hamiltonian of the restricted three body problem in order to put the origin
of our coordinate system to the moon we obtain the Hamiltonian

1 " 1
Hulg,p) =" — = — (1= p)| ———= + @ | + P22 — P21
2 lq] (g + 12+ ¢3
The diffeomorphism

. X 1o
¢u: T*R® = T*R*,  (q,p) — (13q, u3p)

2
3

is conformally symplectic with constant conformal factor u3, i.e.,

Ppw = u%w
for the standard symplectic form on T*R?. Define
H": TR\ {(0,0), (—u73,0)}) > R, H":=p~5 (Hp o ¢y — 1).
Because ¢ is symplectically conformal with conformal factor ;ﬁ it follows that
Xy =¢,Xm,,.
On each compact subset the Hamiltonian H* converges uniformly in the C°°-

topology to the Hamiltonian H: T*(R?\ {0}) — R given by

1 1 1
(52) ff@bp)==§p2—-Eﬂ-+1nqz——pzq1—-qf+-§qg
We refer to the Hamiltonian H as Hill’s lunar Hamiltonian.

The Hamiltonian equation corresponding to Hill’s lunar Hamiltonian is the
following first order ODE

¢ =p1+a

G=p2—q
Ph=p2+2q — s
Ph=-—p1—q2— 155

(53)

which is equivalent to the following second order ODE

(54) ¢ =2g5 +3q1 — 145
@ = —2q — 5.
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8.2. Hill’s lunar Hamiltonian. Apart from its rather simple form which
makes Hill’s lunar Hamiltonian an important testing ground for numerical inves-
tigations, see for example [103], a nice feature of it is that it is invariant under
two commuting anti-symplectic involutions. Namely p1, po: T*R% — T*R? given
for (q,p) € T*R? by the formula

pl(QhQQ,pl,pz) = ((Jh —q2, *plaPQ), Pz(fhﬂz,pl,m) = (*91,112,2?17*]92)

are both anti-symplectic involutions such that
Hopi=H, Hopy,=H.

The two anti-symplectic involutions commute and their product is the symplectic
involution
p1op2 = pzop = —id.
In contrast to Hill’s lunar Hamiltonian the Hamiltonian of the restricted three body
problem is only invariant under p; but not under po.
By completing the squares we can write Hill’s lunar Hamiltonian (52) in the
equivalent form

3
H(g,p) = 2

((p1+@2)* + (p2 — @1)*) — ﬁ — 5@

N =

If one introduces the effective potential U: R?\ {0} — R by
1 3
Ulg) = -5 — 54
the Hamiltonian for Hill’s lunar problem can be written as
1
H(q,p) = 5((101 +q2) + (p2 — Q1)2) +U(q)-

As in the restricted three body problem there is a one to one correspondence be-
tween critical points of H and critical points of U. Namely, the footpoint projection

m: TH(R*\ {0}) = R*\ {0}, (g,p) ¢
induces a bijection
7r|Crit(H): crit(H) — crit(U).
The partial derivatives of U compute to be
oU Q 1 ou q2
) R R (i) S e
The latter implies that at a critical point g has to vanish. Since U has a singularity

at the origin, we conclude that at a critical point ¢; does not vanish and therefore
the critical set of U is given by

crit(U) = {(37%,0), (~-375,0)}.

The two critical points of U can be thought of as the limits of the first and second
Lagrange point £; and ¢ of the restricted three body problem under the blow up at
the moon. Because the remaining Lagrange points {3, £4, and {5 are too far away
from the moon, they are not visible in Hill’s lunar problem anymore. In particular,
the critical set of H reads

crit(H) = {(375,0,0,375),(~375,0,0,-375)}.
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Note that the two critical points of H are fixed by the anti-symplectic involution p;
but interchanged through the anti-symplectic involution ps. Because H is invariant
under ps it attains the same value at the two critical points. That means that Hill’s
lunar problem has just one critical value which computes to be

H(37%,0,0,375) = U(37%,0)
1 3, 2
— —33_53 3

33

2
33
T2
To obtain the Hessian of U at its critical points we compute from (55)
(92U 3 2 3
82(i37é70):7i15 1 T 1 gl
i lal (q1,q2)=(£373,0) lq1| p—t3 %
82U 1 62U .
:|:3_§,O = :|:3_§,0 :0’
9q19¢> ( ) 0q20q: ( )
and finally
o*U 1
7 (35,0 PE = 3.
81]2 |q| (Q17Q2):(:|:3’%70)

Therefore the Hessian of U at its critical points is given by

0=(7%3)

We conclude that the critical points of U are saddle points. It follows that the two
critical points of H have Morse index equal to one. We summarize this fact in the
following Lemma.

wol=

Hy(£3~

Lemma 8.1. Hill’s lunar Hamiltonian has a unique critical value at energy

ol

—37. At the critical value it has two critical points both of Morse index one.

If ¢ € R we abbreviate by
Y. = H (¢
the three dimensional energy hypersurface of H in the four dimensional phase space
T*(R?\ {0}). The Hill’s region to the energy value c is defined as

(56) Re=m(2:) = {qgeR*\ {0} : U(q) < c}.

4
Ife< 7373 then the Hills region K. has three connected components one bounded

and the other two unbounded. We denote the bounded component of £, by £ and
abbreviate

¥ = {(g.p) €Zc:qe RZ}
9. Euler’s problem of two fixed centers

See [106]






CHAPTER 5

Periodic orbits

1. Variational approach

Assume that (M,w) is a symplectic manifold and H € C*°(M,R) is a Hamil-
tonian with the property that 0 is a regular value, i.e., ¥ = H-}(0) C M is a
regular hypersurface. Abbreviate by S = R/Z the circle. A parametrized periodic
orbit on ¥ is a loop v € C°°(S1, %) for which there exists 7 > 0 such that the tuple
(v,7) is a solution of the problem

0(t) =mXp(1(t), teS.

Because + is parametrized the positive number 7 = 7(v) is uniquely determined by
~v. We refer to 7 as the period of 7. Indeed, if we reparametrize v to v,: R — N by

7= (t) =7(7)
then ~, satisfies

v+ () = X (1 (1), 2 (t+7) = (D), t € R.

By a period orbit we mean the trace {y(t) : t € S'} of a parametrized periodic orbit.
If we think of (X, w|x) as a Hamiltonian manifold, a periodic orbit corresponds to
a closed leaf of the foliation kerw on Y. However, note that the period of the
periodic orbit only makes sense with reference to the Hamiltonian H and cannot
be determined directly from the Hamiltonian structure w|s.

We next explain how parametrized periodic orbits can be interpreted variation-
ally as critical points of an action functional. To simplify the discussion we assume
that (M, w) is an exact symplectic manifold, i.e., w admits a primitive A such that
d\ = w. Abbreviate

£=C>(8', M)
the free loop space of M and set Ry = (0,00) the positive real numbers. Consider
AT ¢ xRy - R.

defined for a free loop v € £ and 7 € R} by

(57) Aty = [ a7 [ HO@):

st 51
One might think of A” as the Lagrange multiplier functional of the area functional
of the constraint given by the mean value of H. We refer to A” as Rabinowitz
action functional.

Remark 1.1. The action functional A has itself an interesting history. Al-
though Moser explicitly wrote in ([87]) that A¥ is useless in finding periodic orbits,
it was used shortly later by Rabinowitz in his celebrated paper [93] to prove existence
of periodic orbits on star-shaped hypersurfaces in R?™ and so opened the way for

53
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the application of global methods in Hamiltonian mechanics. Moreover, the action
functional A" can be used to define a semi-infinite dimensional Morse homology
in the sense of Floer [33], which is referred to as Rabinowitz Floer homology, see
[5, 24].

Lemma 1.2. Critical points of A™ precisely consist of pairs (v, T), where 7 is
a parametrized periodic orbit of Xy on X of period T.

Proof: If v € £ the tangent space of £ at
T,£=T('TM)
consists of vector fields along 7. Suppose that (y,7) € £ x Ry and pick
(7, 7) €Ty (ExRy) =T, L xR.

By applying Cartan’s formula to the Lie derivative L5\ we compute for the pairing
of the differential of A® with (¥,7)

AT (3.7) = / v LA—7 [ dH(yAd -7 | H(y)dt
S1 St St
- / ’y*dLa)\+/ v*LadA*T/w(?,XH(W))df
St St
7 H(y)dt
Sl
= / d’)’*L§>\+/ ’Y*Law*/w(ﬁ,TXH(’Y))dt
St St
7 [ H(y)dt
Sl

= [ wGomar— [w@rxutyi-7 [ e
S St

= [ @00 -rXuta-7 [ )@
st 51
We conclude that a critical point (y,7) of A is a solution of the problem

815 —7X ( ):0
(58) { le H (viitv: 0.

In view of preservation of energy as explained in Theorem 2.2 problem (58) is
equivalent to the following problem

® { "

i.e., the mean value constraint can be replaced by a pointwise constraint. But so-
lution of problem (59) are precisely parametrized periodic orbits of X g of period
7 on the energy hypersurface ¥ = H~1(0). This proves the Lemma. [

There are two actions on the free loop space £ = C°°(S!, M). The first action
comes from the group structure of the domain S*. Given r € S' and v € £ we
reparametrize y by

rey(t) =y(r+1t), tesh
If we extend this S!-action of £ to £ xR by acting trivially on the second factor, the
action functional A is S'-invariant. Its critical set, namely the set of parametrized



2. SYMMETRIC PERIODIC ORBITS AND BRAKE ORBITS 55

periodic orbits, is than S'-invariant as well, which is also obvious from the ODE
parametrized periodic orbits meet. We refer to an equivalence class of parametrized
periodic orbits under reparametrization by S as an unparametrized periodic orbit.

The second action on the free loop space comes from the fact that S* is diffeo-
morphic to its finite covers. Consider the action of the monoid N on £ given for
n € Nand v € £ by

ney(t) = y(nt), teSh

The two actions combined give rise to an action on £ of the semi-direct product
N x S! with product defined as

(n1,71)(n2,72) = (n1ng, nire +11).

We extend the action of N on £ to an action of N on £ x R which is given for v € £,
7 € R and n € N by

T (77 T) = (n*ﬁYv TLT).
The action functional A is homogeneous of degree one for the action by N, i.e.,

A (n, (v, 7)) znAH(’y,T), (v,7) € LxR, neN.

Therefore its critical set is invariant under the action of N as well, again a fact
which can immediately understood as well by looking at the ODE. A parametrized
periodic orbit 7y is called multiple covered if there exists a parametrized periodic
orbit 1 and a positive integer n > 2 such that v = n,v;. Note that this notion
does not depend on the parametrization of the orbit such that one can talk about
multiple covers on the level of unparametrized periodic orbits. A parametrized or
unparametrized periodic orbit is called simple if it is not multiple covered. Because
a periodic orbit is a solution of a first order ODE it follows that for a simple periodic
orbit it holds that
Yty =4(t) = t=t S

Moreover, for every parametrized periodic orbit « there exists a unique simple
periodic orbit v; and a unique k£ € N such that v = k.y;. We refer to k as the
covering number of the periodic orbit . Alternatively, the covering number can
also be defined as

cov(y) = max{k EN:qy(t+1)=1(t), Vte Sl}.

Again the covering number does not depend on the parametrization and can there-
fore associated as well to unparametrized periodic orbits. With the notion of the
covering number at our disposal we can characterize simple periodic orbits as the
periodic orbits of covering number one.

We referred to the trace of a parametrized periodic orbit as a periodic or-
bit. There is a one to one correspondence between periodic orbits and simple un-
parametrized orbits respectively equivalence classes of parametrized periodic orbits
under the action of the monoid N x S,

2. Symmetric periodic orbits and brake orbits

Suppose that (M, w, p) is a real symplectic manifold, namely a symplectic man-
ifold (M,w) together with an anti-symplectic involution p. Moreover, assume that
H € C*(M,R) is a Hamiltonian invariant under p, i.e.,

Hop=H
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and 0 is a regular value of H. Because the Hamiltonian is invariant under p while
the symplectic form is anti-invariant it follows that the Hamiltonian vector field is
anti-invariant as well

p*XH = 7XH.
The anti-symplectic involution induces an involution Z, on the free loop space
C> (81, %) of the energy hypersurface ¥ = H~1(0) which is given for y € C*°(S1, %)
by
(M) = p(y(1— 1)), te S

Because the Hamiltonian vector field is anti-invariant under p it follows that if v is
a periodic orbit of period 7, then Z,(7y) is again a periodic orbit of the same period
7. In particular, the involution Z, restricts to an involution of periodic orbits. A
periodic orbit fixed under the involution Z, is called a symmetric periodic orbit. In
particular, a symmetric periodic orbit satisfies

V() = p(y(1 —1)).
If we plug into this equation t = % we obtain
¥(3) = r(2(3))
concluding that
7(3) € Fix(p) N .
Because 7 is periodic, i.e., v(0) = (1) we further obtain
~(0) € Fix(p) N X

as well.
We discussed in Chapter 7 that the fixed point set of an anti-symplectic invo-
lution is a (maybe empty) Lagrangian submanifold of M. We further claim that

(60) ¥ h Fix(p),

meaning that 3 intersects the fixed point set of p transversally. To see that let
x € ¥NFix(p) = H~1(0)NFix(p). Because 0 is a regular value of H by assumption
there exists v € T, M such that

dH (x)v # 0.

Because H is invariant under p it holds that
dH(z) = d(H o p)(z) = dH (p(x))dp(x) = dH (z)dp(x).
Set
w:= v+ dp(x)v.
We compute
dH (x)w = dH (z)v + dH (z)dp(z)v = 2dH (z)v # 0.
Moreover,
dp(z)w = w

so that

w € T,Fix(p).
This proves (60).
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If we restrict a symmetric periodic orbit x period 7 to [0, %]7 then the path
x|[0)%] € C"O([O 1] , Z) is a solution of the problem

{ Qe (t) = TXn(x(t)), te[0,4]
x(0), x(%) € Fix(p).

A solution of this problem is referred to as a brake orbit. On the other hand given
a brake orbit we can obtain a symmetric periodic orbit as follows. Namely we set
fort € (%, 1]
z(t) := p(x(1 —1t)).
In view of the boundary conditions of a brake orbit we obtain a continuous loop
r € C%(S1,Y). Because Xy is anti-invariant under p and z is an integral curve
of the vector field 7Xg in the interval [0, %} it follows that = is an integral curve
of 7X gy on the whole circle. In this case x is automatically smooth and therefore
a periodic orbit. Moreover, by construction it is symmetric. This proves that the
restriction map
= 2,3

induces a one to one correspondence between symmetric periodic orbits and brake
orbits.

Brake orbits are an interesting topic of study in its own right. The notion of
brake orbits goes back to the work by Seifert [99], in which they were studied for
mechanical Hamiltonians with anti-symplectic involution mapping p to —p which
corresponds to time reversal. We refer to the paper by Long, Zhang, and Zhu [80]
for a modern study of brake orbits and as guide to the literature. We mention as
well the paper by Kang [64] in which brake orbits are studied in connection with
respect to the restricted three body problem.

3. Blue sky catastrophes

Assume that (M,w) is a symplectic manifold and H € C*(M x [0,1],R).
We think of H as a one parameter family of autonomous Hamiltonian functions
H,=H(-,r) € C*(M,R) and we assume that 0 is a regular value of H, for every
r € [0,1]. the level set H,1(0) is connected, and H~'(0) is compact such that
H1(0) is a smooth one parameter family of closed, connected submanifolds of
M. For r € [0,1] abbreviate by Xp, the Hamiltonian vector field of H, implicitly
defined by the condition

dHr = w(~,XHT).

Suppose that (y,,7,) € C>(S*, H1(0)) x (0,00)) for r € [0,1) is a smooth family

.
of loops and positive numbers solving the problem

6t'7r(t)) = TTXHT('Vr(t))7 te Sla e [07 1)7

i.e., 7 is a smooth family of periodic orbits of Xy, on the energy hypersurfaces
H;71(0) and 7, are its periods. Suppose now that 7, converges to 71 € (0,00) as 7
goes to 1. Because H~1(0) is compact it follows from the theorem of Arzela-Ascoli
that 7, converges to a periodic orbit ; of period 71. On the other hand if 7, goes
to infinity, then the family of periodic orbits 7, ”disappears in the blue sky” as r
goes to 1. Such a scenario is referred to as a ”blue sky catastrophe”.

We explain how the assumption that the energy hypersurfaces H, 1(0) are
contact prevents blue sky catastrophes.
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Theorem 3.1. Assume that w = d\ such that /\|H;1(0) is a contact form for
every r € [0,1]. Suppose that (y.,7.) for r € [0,1) is a smooth family of periodic
orbits vy, of period 1,.. Then there exists 71 € (0,00) such that 7, converges to Ty.

Proof: Let R, be the Reeb vector field of ;-1 ). Note that X, [f-1 ) is
parallel to R,.. We first claim that we can assume without loss of generality that

(61) R, = XHT.

To see this note that because the two vector fields are parallel there exist smooth
functions f,: H, 1(0) — R such that
R, = erHr|H:1(o)~

Moreover, because H~1(0) is compact, there exists ¢ > 0 such that

Csl@ e re), e B (o),

Now choose a smooth extension f: M x [0,1] — R\ {0} such that
f('a T)|H;1(o) = fr

and replace H by f-H. This guarantees (61). The original family of periodic orbits
v, gets reparametrized by this procedure, however because of the compactness of
H~1(0) the question about convergence of 7, is unaffected.

We now consider the family of functionals
A, = A 0°°(SY, M) x (0,00) = R.

Using (61) we compute now the action of A, at the critical point (v, 7) as follows

(62) An(y,7) = /O AT Xs, (7))dt = 7 /O MRt = 7

i.e., the period of the periodic orbit v can be interpreted as the action value of A,.
Now let (v, 7) for r € [0,1) be a smooth family of periodic orbits, or according to
our new interpretation critical points of A,. Using (62) we are now in position to
compute the derivative of 7, with respect to the r-parameter as follows

©3) 0 = (A 0n) = @A) Gr ) = =7 [ (@ H) )

S1
Here we have used in the second equation that (v,,7.) is a critical point of A,.
Because H~1(0) is compact there exists x > 0 such that

(64)

8THT|HT_1(O)‘ <k, Vrelo1].
Combining (63) and (64) we obtain the estimate
|0r7| < KT
In particular, if 0 < r; < ry < 1, this implies
e ) < g < e

This proves that 7, converges, when r goes to 1 and hence excludes blue sky catas-
trophes. [
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4. Periodic orbits in the rotating Kepler problem
Recall that the Hamiltonian of the rotating Kepler problem is given by
H=FE+1L

where F is the Hamiltonian of the (non-rotating) Kepler problem and L is angular
momentum. Furthermore, by (25) the relation

A2 =1+2L%E

holds, where A is the Runge-Lenz vector whose length corresponds to the eccen-
tricity of the corresponding Kepler ellipse. Combining these two facts we obtain
the inequality

0<1+2E(H—E)*>=1+2H?E —4HFE? + 2E° =: p(H, E).

Moreover, equality holds if and only if the corresponding Kepler orbit has vanishing
eccentricity, i.e., for circular periodic orbits. Before we investigate these circular
orbits in more detail, we first explain some symmetry properties that general orbits
enjoy.

4.1. The shape of the orbits if £ < 0. From Noether’s theorem we know
that {E, L} =0, so [Xg, X] = 0. It follows that the flows of X and X commute,
so we see that

(65) O = ¢, © dp.

We want to investigate how the orbits look like if £ < 0.

For this we consider the g-components of an orbit in the Kepler problem. Let
er : [0,T] — R? denote a Kepler ellipse with period T, i.e. a solution to the Kepler
problem with negative energy.

By (65), we also obtain a solution to the rotating Kepler problem, which no
longer needs to be periodic. Its g-components are given by

R (t) = e'ep(t),
since L just induces a rotation in both the ¢- and p-plane. There are now two cases

e e7 is a circle. In this case, e? is periodic unless it is a critical point (which
can happen if T' = 27).

e e7 is not a circle, in which case it is either a proper ellipse or a collision
orbit (which looks like a line).

We now consider the second, so the orbit e is not a circle. We then observe that
such an orbit is periodic if the following resonance relation is satisfied for some
positive integers k, £

2nk =TX.

Hence periodic orbits in the rotating Kepler problem of the second kind have the
following symmetry property.

Lemma 4.1. Periodic orbits in the rotating Kepler problem of the second kind
satisfy the following rotational symmetry,

eg(t +7T)= €2ﬂk/€6¥(t).
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PROOF. From the periodicity condition we have T' = 27k /¢, so we find

€¥(t + T) — eit—HTGT(t + T) — eiQﬂ-kéeiteT(t) — 62ﬂ-k/£€¥(t).

Figure 1 illustrates this lemma.

Y Y

FIGURE 1. Periodic orbits in the rotating Kepler problem for ¢ =
1.6: the circle indicates the boundary of the Hill’s region.

4.2. More on circular orbits. If we fix H, the function

pu = p(H,")
is a cubic polynomial in F and if we fix F, the function
pE = p('a H)

is a quadratic polynomial in H. By Corollary 6.2 we know that —% is the unique
critical value of H. At the critical value the cubic polynomial p 5 splits as follows

(66) p_3(E) =2(E+2)(E+ 3)?

ie., p_ 3 has a simple zero at —2 and a double zero at —%. Recall that the discrim-
inant of a cubic polynomial p = ax® + bz? + cx + d is given by the formula

A(p) = b*c? — 4ac® — 4b3d — 27a2d* + 18abcd.
In the case that the coefficients are real, the discriminant can be used to determine
the number of real roots. Namely if A(p) > 0 the polynomial p has three distinct
real roots, if A(p) = 0 the polynomial has a double root, and if A(p) < 0 the poly-

nomial has one real and two complex conjugated roots. For the cubic polynomial
py the discriminant computes as follows

A(py) = 64H% — 64H® + 256 H® — 108 — 288 H> = —32H> — 108.

We see that A(pg) > 0 for H < —3, vanishes at H = —3 and satisfies A(py) <0
for H > —2. For H < —3 we denote by E'(H), E*(H), E3(H) € R the zero’s of
pg ordered such that

FY'(H) < E*(H) < E3(H).
In view of (66) the three functions extend continuously to H = —% such that

B(-=-2 B(-P-F(-P--
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Moreover, E' extends to a continuous function on the whole real line such that
E'(H) is the unique real root of py if H > —3. Note that the discriminant of the
quadratic polynomial p¥(H) = 2EH? — 4E*H + 2E3 4 1 equals

A(p®) = —8E

and therefore for E < 0 the polynomial p¥ has precisely two real zeros. We conclude
that the functions E' and E? are monotone increasing and the function E? is
monotone decreasing such that

lim E'Y(H)= lim FE?(H)=-oc0, lim E*(H)= lim E'(H)=0.
H——o0 H——o00 H——o0 H—o0
For later reference we observe that the images of the three functions are

(67) ImE'|(_ 3= (-00,2], imE? = (-o0,3], imE’=[5,0).

Note that as an unparametrized, simple orbit a circular orbit in the (non-rotating)
planar Kepler problem is uniquely determined by its energy F and its angular
momentum L. On the other for given values of E and L a circular periodic orbit
only exists if 0 = 1 4+ 2EL%. That means that for a given negative energy value
there exist precisely two circular orbits whose angular momenta differ by a sign,
i.e., the circle is traversed backwards.

A circular periodic orbit of the Kepler problem also gives rise to a circular
periodic orbit in the rotating Kepler problem, since the circle is invariant under
rotation. In particular, a circular periodic orbit of the rotating Kepler problem
is uniquely determined by the values of H and L or equivalently by the values of
H and E. That for given values of H and E a circular periodic orbit exists, it
most hold that p(H, E) = 0. Hence by the discussion above, for a given value of
H less than the critical value —% there exist three circular periodic orbits, while
for a given energy value H bigger than the critical value —% there exists a unique
circular periodic orbit.

If the energy value c is less than f% the Hill’s region K. has two connected
components, one bounded and one unbounded. We next discuss which of the three
circular periodic orbits lie above the bounded component and which lie above the
unbounded one. Because the Runge-Lenz vector for a circular periodic orbit van-
ishes we obtain from (24) for the radius r of a circular periodic orbit

1
2F

while the second inequality follows from (25) again in view of the fact that the
Runge-Lenz vector vanishes. In view of (67) we conclude that the circular peri-
odic orbits corresponding to the energy values E'(c) and E?(c) have radius less
than one where the circular periodic orbit corresponding to the energy value E3(c)
has radius bigger one. Therefore the first two circular periodic orbits lie above
the bounded component of the Hill’s region where the third one lies above the
unbounded component of the Hill’s region.

The circular periodic orbit corresponding to E! is referred to as the retrograde
periodic orbit, while the circular periodic orbit corresponding the E? is referred to
as the direct periodic orbit.

For very small energy the rotating Kepler problem approaches more and more
the usual Kepler problem which after Moser regularization is equivalent to the
geodesic flow on the two sphere. Due to invariance of the geodesic flow on the

T‘:L2:
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round two sphere under rotation the closed geodesics are not isolated. We next
explain how the retrograde and direct periodic orbit of the rotation Kepler problem
bifurcate from the geodesic flow of the round two sphere.

Periodic orbits can be interpreted variationally as critical points of Rabinowitz
action functional. We first explain the bifurcation picture out of a Morse-Bott
critical component in the finite dimensional set-up. For this purpose suppose that
X is a manifold and f € C*°(X x [0,1),R). For r € [0,1) we abbreviate f, :=
f(-,7r) € C*(X,R) so that we obtain a one-parameter family of smooth functions
on X. Suppose that

C C critfy

is a Morse-Bott component of the critical set of fy. We mean by this that C C X
is a closed submanifold which corresponds to a connected component of the critical
set of fo with the property that for every x € C' it holds that

T,C = ker Hy, ()

where Hy, (z) is the Hessian of fy at z. Suppose that the restriction of the derivative
of f, with respect to the homotopy variable r to the Morse-Bott component foo\c
is a Morse function. Then it follows from the implicit function theorem that there
exists € > 0, an open neighborhood U of C' in X and a smooth function

x € crit(fole) x [0,€) = U
meeting the following conditions.
(i): If o2 crit(fole) — U is the inclusion and zo = z(-,0): crit(folc) — U,
then it holds that xg = ¢.
(ii): Forevery r € (0, ¢) the restriction f, |y is Morse and we have crit(fr|v) =
imz, where z, = z(-,r): crit(folc) = U.
Recall from (49) that the Hamiltonian for the rotating Kepler problem reads

. 1 1
H:T*(R*\ {0}) = R, (g,p)— =p*— g TP P

2
For an energy value ¢ < 0 we regularize the rotating Kepler problem via
K(pg) = L |Q|(H(‘1\/T) )+12 1
pa) = g 5 ot cp) — ¢ 5
171 (p1gz —poq1)\°, 2 1
= —(s(1+p)+——F - .
(5040 + Q) ) e 2

The discussion in Section 7 shows that the Hamiltonian K¢ extends to a smooth
Hamiltonian on T*S? for every ¢ < 0. By abuse of notation we denote the canonical
smooth extension of K¢ to T*S? by the same letter. There is some small difference
in the regularization above compared to the regularization in Section 1. In Sec-
tion 1 we used to symplectic transformation (p,q) — (— \/%2& v/ —2cp). Here we

use the transformation (p,q) — (35, v/—2cp) which is only conformally symplec-

tic with conformal factor \/}20 For fixed ¢ we can easily switch between the two

transformations because a conformal symplectic factor can always be absorbed in
the Hamiltonian in order to get the same Hamiltonian vector field. In particular,
a conformal symplectic factor only gives rise to a reparametrization of the Hamil-
tonian flow. However, this transformation becomes problematic when one wants
to study a sequence of symplectically conformal maps where the conformal factor
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converges to zero. This precisely we intend to do now. Namely we want to study
the limit where ¢ goes to —oo. For that purpose we change the variable ¢ in order
to get the Hamiltonian

1

L 1/1 ?
Kol =K =8 (.0) = 5 (5045 + (102 = ) ll? = 5

for r € (0,00). This Hamiltonian smoothly extends to r = 0, where it becomes

1/1 2 1
Ko(p,q) = 2<2(1 +p2)> lql* - 5

This is just the regularized Kepler Hamiltonian which coincides with kinetic energy
on the round two-sphere. In particular, its Hamiltonian flow is just the geodesic
flow on the round two-sphere.
We abbreviate by £ = C°°(S, T*52) the free loop space of T*S? and consider
the family
A= AR xRy - R

of action functionals as defined by (57). Critical points of Ay correspond to
geodesics on the round two-sphere. Unparametrized simple closed geodesics on
the round two sphere are in one to one correspondence with unparametrized great
circles. Great circles parametrized according to arc length are determined by a
point and a unit direction. In particular, the space of parametrized great circles
is diffeomorphic to S*S? = RP3 where S*S? = {v € T*S? : ||v|| = 1} is the unit
cotangent bundle of S2. The circle S acts on the space of parametrized great cir-
cles by time shift. Hence the space of unparametrized great circles is diffeomorphic
to RP3/St =2 52, If y: S1 — §*S?% is a (parametrized) periodic orbit of the Hamil-
tonian vector field of K° corresponding to a simple closed geodesic, then because
the periodic of a simple closed geodesic on the round two sphere parametrized by
arc length is 2, the tuple (v, 27) is a critical point of Ag. Abbreviate by

C C critAg
the space of all these tuples. Note that
C = RP?

is a Morse-Bott component of Ag. The circle S* acts on £ by time-shift and on R,
trivially. Because the action functionals A, are invariant under this S'-action they
induce action functionals

A (& xRy)/ST =R

Note that ST acts on £ x Ry with finite isotropy so that the quotient (£ x R;)/S?
is an orbifold. However, at C' C £ x R, the S'-action is free and we denote the
quotient by

C =C/S* Ccrit(Ap).
Note that
C=RP3/S* = G2
We next study the restriction of jo to C. Note that

. 1
(68) Ko(p,q) = 5(1 + ) (pra2 — p2q1)|a]* = V/2Ko + 1L|q|
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where L = p1qs — p2q1 is angular momentum. Note that at a point (y,7) € £ xRy
the derivative of A, with respect to the r-variable at r = 0 is given by

o

Ao(v,m) = =7 | Ko(y)dt.
S1

If (y,27) = (p,q,27) € C it follows that Ky(v) = 0 and therefore

o

o(y.27) = 21 / L(y)\dldt.
Sl

Because angular momentum L is constant along periodic orbits of the Kepler prob-
lem, we can write this as

Aoy, 27) = ~27L(~(0)) /S .

The integral |, 51 |gldt gives the ratio of the period of a Kepler ellipse of energy
—% before and after regularization. After regularization a Kepler ellipse becomes a
closed geodesic on the round two-sphere and hence has period 27. Before regular-
ization by the version of the third Kepler law explained in Lemma 1.1 the period for
energy —1 is 27 as well, so that |, o1 lgldt = 1 independent of the orbit. Therefore
we can simplify the above formula to

Ao(y,2m) = =2 L(1(0)).

The induced map L of L on the quotient S*S2?/St = RP3/St = §2 is just the
standard height function on the two-sphere. This is not a coincidence but a very
special case of a much more general fact. Indeed, the Hamiltonian vector field of
L on S? induces a periodic flow, so that we can think of L as a moment map for
a circle action on S2. By a very special case of the convexity theorem of Atiyah-
Guillemin-Sternberg [9, 46] we know that such a moment map is Morse all whose
critical points have even index, in particular, it has no saddle points and a unique
maximum and a unique minimum. It is easy to see what the critical points are
in our case. By the theory of Lagrange multipliers at a critical point of L on the
constraint K ! (0) the differential of L and K have to be proportional to each other,
so that the Hamiltonian vector fields must be parallel. This happens precisely at
the circular periodic orbits of the Kepler problem. For a fixed energy value there
are precisely two circular periodic orbits moving in opposite direction.

5. The retrograde and direct periodic orbit

5.1. Low energies. We have seen how the retrograde and direct periodic orbit
bifurcate from the geodesic flow in the rotating Kepler problem. The phenomenon
described for the rotating Kepler problem is much more general as explained by
Conley [26] and Kummer [73]. It continues to hold if one adds to the rotating
Kepler problem some additional velocity independent forces.

Here is the set-up. Let Q C R? be an open subset containing the origin and
V: Q — R be a smooth function with the property that the origin is a critical point
of V and p > 0. We consider the Hamiltonian

1

§ 1
H:=Hy,: T"(Q\{0}) = R, (¢,p) — 51?2 T + p1g2 — p2gi + V (q).
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An example of a Hamiltonian of this form is the Hamiltonian H,, in (50) which is
obtained from the Hamiltonian of the restricted three body problem by shifting co-
ordinates, or Hill’s lunar Hamiltonian. For a given energy value ¢ < 0 we regularize
H by introducing the Hamiltonian

K = 3Bt —e-vo) +a) -4

2|2 (—20)F 2¢ 2

q _ 2 2
_ 1<1(1+ 2)+ (P1g2 — P2q1) <V(—20) V(O))> |Q|2—M2

As in the rotating Kepler problem we change the energy parameter and introduce

—r

o

K, (p,q) = K 7 (p.q)
2
(1 2 2 2 2 M
= (3042 + e - )+ (Ve - Vo)t ) 102 - £
Note that

1/1 2 112
Ko(p,q) = 2(2(1 +P2)) lq|* - >

does not depend on V. In particular, its flow on the energy hypersurface K, 1(0)
coincides with the geodesic flow on the round two sphere up to reparametrization.
Abbreviate

Gr(p.0) = S(1+1%) + (raz — paa)r + (V{ard) — V(0))rE

so that we can write

1 2
~G,(p,q)?lel? - &

For the first derivative of G, with respect to the homotopy parameter r we get

gy + 2 Z V)

3rs

0G,

2
=5, (:4) = (P1a2 = p2q1) + §<VV(qr

2
3

In particular,

oG,
5 (p,q) = P1g2 — P2q1 = L(q,p).
r=0
For the second derivative of G,, we obtain
9°G, 4 2 2 VV(qr%),q 4 VV(qr%)7q
Or2 (p7q) = §< V(qrs)Q7q> + < 97“% > + < 97’% >
2 (Vigrh) - V()
9rs
4 2 2VV(qri),q)  2(V(grs)—V(0)
= ~(Hv(grs)gq) + < 3 ) _ A ©)
9 3r3 Or3
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where by Hy we abbreviate the Hessian of V. Because the origin is a critical point

of V' we conclude
0%G,

87'2 r=0

1
9

a) = S(Hv(0)a.a)+ > (Hv(0)aq)

In view of (69) we get for the first derivative of K,

oK, B ,0G, _ RO DT oG,
5 (p.q) = Gr(p,q)lq| 5 (p,q) = (2K, (p,q) + 112)|q] o (p.q)

so that we have

(Hv(0)q,q)

0K,
or
In particular, this does not depend on V' and therefore coincides with the computa-

tion for the rotating Kepler problem (68). For the second derivative of K. it holds
that

(r,q) = vV (2Ko + p?)[q|L.

r=0

0K, lq] oK, 0G, 8°G,
- V2K, + u2|g| 2
or? + +#¥lal Oor?

V2K, +p2 Or Oor
aG,\ 92G,
2 T T
= Gr— |-
la << or ) + or? )
In particular, because G, is two times continuously differentiable in r for every
r € [0,00) the same is true for K,.

As for the rotating Kepler problem we consider for r € [0,00) the family of
action functionals

A= AKX xRy - R

as defined by (57) where £ = C>°(S!,T*5?). Because K, is two times differentiable
and Ky as well as f(o do not depend on the choice of V' we conclude that precisely
as in the rotating Kepler problem the geodesic flow bifurcates at r = 0 into two
periodic orbits which we still refer to as the direct and retrograde periodic orbits.

5.2. Birkhoff’s shooting method. Recall from (54) that trajectories of
Hill’s lunar problem satisfy the following second order ODE

1" I _ 1
(70) ¢ —2¢=q1 (3 |q|3)
6z + 20 = ~gf

The energy constraint for Hill’s lunar problem becomes

() o= 3@+ @) - o= et

The following theorem is due to Birkhoff [17].
4
Theorem 5.1. Assume ¢ < —27-. Then there exists T > 0 and (q1,¢2): [0, 7] —
(—00,0] x [0,00) solving (70), (71), and

Q2(O> =0, qg (O) =0, ¢ (T) =0, qé(T) =0.
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Proof: Consider the function

Its derivative

1
[
fc - _7“72 + 3r
has a unique zero at r = 3% = 373 and satisfies
33
fé|(073-%) <0, fé|(3—%7oo) > 0.

In particular, f. has a unique minimum at r = 373 at which it attains the value
4
33
f(373)=c+ 5 <o
We conclude that there exists a unique 7. € (0,37 3) such that

fe(re) = 0.

Choose r € (0.r]. Let ¢": [0,7.) — R? be the solution of (70) to the initial
conditions

(72) ¢1(0) =—r, 3(0) =0, (g7)'(0) =0, (g2)'(0) =/2fe(r).

In view of the initial conditions (71) holds for every ¢ by preservation of energy.
In particular, ¢" lies in the bounded part of the Hill’s region whose only non-
compactness comes from collisions at the origin. Hence we choose T;. € (0, co] such
that lim; ,7 ¢"(t) = 0 in case that T, is finite. We introduce the quantity

7(r) := inf {t €(0,T) : ¢5(t) =0, or ¢f(¢t) = 0}~

Here we understand that if the set is empty, then 7(r) = T,.. If r < r. in view of
the initial conditions (72) we have (¢5)’(0) > 0 and therefore

7(r) > 0.
We claim that
(73) T(r) < oo, 1€ (0,r).
To see that we first integrate the first equation in (70) and use the initial condition
(72)
t
™ @0 = @ 0+2050 2050+ [ 63 )

= 2¢5(t) +/th<3— ﬁ)ds.
o q

We further note that by the initial condition and the definition of 7(r) it holds that

(75) g5 (t) >0, qi(t) <0, 0<t<(r).
If &% is the bounded part of the Hill’s region we claim further that
(76) K C By (0),

i.e., the bounded part of the Hill’s region is contained in the ball of radius 373
centered at the origin. To prove (76) suppose that

(41,42) € 0B, 1 (0).
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In particular,
1

41 = -1
=

wl=

We estimate X

I PSS B TR L
—— =i > —zlf=—F>c
gl 2707 gl 2 2

In view of the characterization (56) of the Hill’s region as a sublevel set this implies
that
dB,_1(0)N &L = 0.

Because R? is connected and contains the origin in its closure (76) follows. Com-
bining (76) with the second inequality in (75) we conclude that

(77) (3- ke )® >0, 0<t<r(r),
Because ¢} (0) = —r there exists to > 0 such that
(78) (3= ghp) Oz p>0, 0<t <t

For to <t < 7(r) we conclude from (74), (77), and (78) in combination with the
first inequality in (75) that

(79) mwm:%@+f%@ )i |

This implies that

to

q{<3 FG ‘3>d5 2 pito-

qi(t) = qi(to) + pto(t —to), to <t <7(r).
Because the Hill’s region & is bounded 7(r) is finite and (73) is proved.

We define
=inf {r € (0,r) : ¢{(7(r)) =0, ¢5(7(r)) = 0}
with the convention that p = r, if the set is empty. We clalm that
(80) ¢ (r(r)) =0, re€(0,p)
In order to prove (80) we introduce the quantity
=inf {r € (0,p) : ¢ =0}

with the convention that ro = p if the set is empty. We need to show that ry = p.
For small r the trajectory g is close to the origin and we conclude from the dynamics
of the Kepler problem that ¢} (7(r)) = 0. In particular,

ro > 0.
We now argue by contradiction and assume that rg < p. That means that
3" (7(ro)) =0, (g5°)(r(ro)) =0, (a3°)"(7(ro)) > 0.
By (79) we have
(41°)'(7(ro)) > 0.

This contradicts the second equation in (70) and (80) is proved.

Our next claim is

(81) p<re.
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To prove that we consider the trajectory ¢"e. Its initial conditions are

¢°(0) = =re;  35°(0) =0, (g1°)'(0) =0, (g5°)'(0) =0.

The second equation in (70) implies that
. . ;°(0)
(g37)"(0) = =2(q1°)"(0) — —=7<5
: ] ¢ O

Differentiating the second equation in (70) and using (¢5°)"(0) = (g1°)'(0) = 0 we
conclude

=0.

(@27)"(0) = —2(g1*)"(0)

= 270 - 03 )

Here we have used for the second equality the second equation in (70) and for the
last inequality the fact that r. € (0, 3’%). Summarizing we have

3%°(0) =0, (457)'(0)=0, (g5°)"(0)=0, (g5°)"(0) <O.
In particular, there exists € > 0 such that
(82) g5 (t) <0, te(0,e).
We assume now by contradiction that p = r.. If follows from (80) that
¢ (r(r)) =0, re(0,r).

This implies that there exists € > 0 such that

T(r) >e re[F,r).
In particular,

q3(t) >0, relF,r.), te(0e).

But this has the consequence that

a°(t) 20, te(0,€)

in contradiction to (82). This contradiction proves (81).

In view of (81) the dynamics of the Kepler problem implies that (¢3)(7(r)) < 0
for r close to p. On the other hand the dynamics of the Kepler problem implies as
well that (¢5)'(7(r)) > 0 for r close to 0. By the intermediate value theorem we
conclude that there exists r € (0, p) such that

(g3)'(r(r)) = 0.

This proves the theorem. (I
With more effort such a shooting argument can also be made to work for the
restricted three-body problem. The upshot, also due to Birkhoff, is the existence of
a retrograde orbit for all mass ratios p < 1 for energies below the first critical point.
Note that such an argument can be implemented on a computer. See Figure 5.2.
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FIGURE 2. Shooting in the restricted three body problem

6. Lyapunov orbits

We first need some result about four times four matrices belonging to the Lie
algebra of the symplectic group Sp(2). Suppose that w is the standard symplectic
form on R* = C2. Recall that a 4 x 4-matrix B belongs to the Lie algebra of Sp(2)
if and only if there exists a symmetric 4 x 4-matrix S such that

B=JS

where J is the 4 X 4-matrix obtained by multiplication with 4 as explained in (107).
Note that S can be recovered from B by

S =-JB.

A symmetric matrix S is called non-degenerate when it is injective. If S is non-
degenerate then the Morse index u(S) € {0,1,2,3,4} of S is the number of negative
eigenvalues of S counted with multiplicity.

Proposition 6.1. Assume that B = JS € LieSp(2) such that S is non-
degenerate and 11(S) = 1. Then there exists a symplectic basis {n1,n2,&1,82} of
R* and a € (0,00), b € R\ {0} such that

Bm =an, Bna=—an, B =-b5, Bé =0b.

If [B] {1 ms.¢1,¢,} denotes the matrix representation of B in the basis {01, 72, &1, &2}
then the Proposition asserts that

a 0 0 O
0 —a 0 O
[B]{mﬂlz,&l,&} = 0 0 0 —b
0O 0 b O
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If one complexifies R* to C*, then with respect to the basis {91, 12, &1 +i&a, & —i&o}
the matrix representation of B is diagonal

a 0 O 0

0 —a O 0
[B]{mmz,&l-i-i&,fl—ifz} = 0 0 ib 0

0 0 0 —ib

In particular, the eigenvalues of B are {a, —a,ib, —ib}.

In order to prove Proposition 6.1 we need the following well known Lemma.

Lemma 6.2. Assume that B = JS € Lie Sp(2) has an eigenvalue X = a + ib
with a,b € R\ {0}, then the spectrum of B is

S(B) = {\,—\ )\, -}
Proof: Using that J = —J ! = —J7 and S = ST we compute
JBJ ' =—-8J" = —(JS)T = -B"

which shows that B is conjugated to —BT. Because B and BT have the same
eigenvalues, we conclude that —\ is an eigenvalue of B as well. Since B is real \
and —\ are eigenvalues of B as well. By assumption neither a nor b are zero so
that all the four numbers A\, —, A, —\ are different and hence the assertion about
the spectrum follows. O

Proof of Proposition 6.1: We prove the Proposition in four steps. To formulate
Step 1 we abbreviate by Sym,,; (4) the space of injective symmetric 4 x 4-matrices.
Step 1: There exists a smooth path S, € Sym;,;(4) for v € [0,1] with the prop-
erty that

100 0
010 0
So=5 Si=1|9 01 o0
000 -1

To see that note that because S is symmetric there exists R € SO(4) such that
RSR™! = RSRT is diagonal. Moreover, because 1(S) = 1 we can choose R such
that the first three diagonal entries of RSR™! are positive and the fourth is nega-
tive. Because SO(4) is connected we can connect S and RSR~! by a smooth path
in Sym;,;(4). Combining this path with convex interpolation between RSR™! and
S1 the assertion of Step 1 follows.

Step 2: The matrix B has two real eigenvalues and two imaginary eigenvalues.
Let S, for r € [0, 1] be the smooth path of injective symmetric matrices obtained

in Step 1. This gives rise to a smooth path B, = JS, € LieSp(2). The matrix

By =J5 =

o= O o
(an]
oo = O
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has the eigenvalues {1, —1,i, —i}. Because S, is injective 0 is not an eigenvalue of
B, for every r € [0,1]. Therefore we conclude from Lemma 6.2 that B, has two
real and two imaginary eigenvalues for every r € [0, 1].

The proof of Lemma 6.2 now implies that there exists a,b € (0,00) such that
the eigenvalues of B = By are {a, —a,ib, —ib}. In particular, there exists a basis
{m,m2,&, &} of R* such that

(83) Bm =am, Bne=—an, B& =-bl, B =D0b.

We next examine if we can choose this basis symplectic.

Step 3:  The symplectic orthogonal complement of the span of {n1,m2} is spanned
by {61752}7 i'e'7

(1, m2)” = (&1, &2)-
To prove that we first note that since B € Lie Sp(2) for every &,1 € R* the formula

W(Bgv 77) = _W(£7 BW)

holds. Hence we compute

(84) bw(&1,m) = w(B&2,m) = —w(&2, Bm) = —aw(&2,m)
and
(85) bw(é2,m) = —w(B&,m) = w(&1, Bm) = aw(&1,m).

Combining (84) and (85) we get

a a®

w(&,m) = *gw(&ﬂh) = *bjw(€17ﬂ1)
implying that
a2
(1 + 62>w(§17771) =0

and therefore

w(fb 771) = 0.
From (84) we conclude that

w(&2,m) =0
as well. Therefore

m € (&,€2)”
and the same argument with 7; replaced by 7y leads to

n2 € (€1,62).

Summarizing we showed that
<n13 7]2> - <€17§2>w

and because w is non-degenerate the symplectic orthogonal complement of (£7,&5)
is two dimensional so that we get

(m1,m2) = (§1,62)%"
With
(&1,&) = ((61,6)%)" = (m,n2)*

the assertion of Step 3 follows.
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Step4: We prove the proposition.

It follows from Step3 that (11,72) is a two dimensional symplectic subspace of
R*. Hence after scaling 75 we can assume that

w(n,m2) = 1.
Note that (83) still remains valid after scaling ne. Because (£1,&2) by Step3 is a
symplectic subspace as well we have

ri=w(, &) # 0.
We distinguish two cases. First assume that » > 0. In this case we replace &1, &
by #fl, %52. Then
w(fb 52) =1
and (83) still remains valid. It remains to treat the case r < 0. In this case
we replace b by —b and &;,& by \/%7&, —\/%752. This finishes the proof of the
proposition. O






CHAPTER 6

Contacting the moon

1. A contact structure for Hill’s lunar problem
The following result was proved in [6].

Theorem 1.1. For any given p € [0,1) assume that ¢ < H(Ly), the first critical
value of the restricted three body problem. Then the regularized energy hypersurface
Y. C T*S? of the restricted three body problem is fiberwise star-shaped.

For Hill’s lunar problem a stronger result was proved in [75].

‘g
Theorem 1.2. Assume that ¢ < —373. Then the reqularized energy hypersur-

face X, C T*S? of Hill’s lunar problem is fiberwise conve.

Remark 1.3. It is an open problem if the reqularized energy hypersurface of the
restricted three body problem for energies below the first critical value are fiberwise
convez as well.

Remark 1.4. Because . is fiberwise star-shaped it follows that it is contact.
In particular, a result of Cristofaro-Gardiner and Hutchings [28] implies that 3.
admits two closed characteristics. We already know the existence of one, namely the
retrograde periodic orbit from the work of Birkhoff. Lee’s result implies that below
the first critical value the regularized energy hypersurfaces of Hill’s lunar problem
are Finsler and in this case the existence of two closed characteristics was already
proved by Bangert and Long [10]. The existence of two closed characteristics in
Hill’s lunar problem was first proved by Llibre and Roberto in [79].

In this chapter we explain why below the first critical value the energy hyper-
surface of Hill’s lunar problem is fiberwise star-shaped. This is much weaker than
the result of Lee [75]. However, the advantage of the proof presented here is that
the same scheme can also be applied in the restricted three body problem to prove
fiberwise starshapedness [6], although there the argument gets much more involved.

Note that the vector field 5

is a Liouville vector field on T*R?. Indeed, for w = dp A dg we obtain by Cartan’s
formula

X

Lxw=dixw+ txdw = d(—qdp) = —dg ANdp = dp N\ dg = w.

Our next theorem tells us that this Liouville vector field is transverse to ¥ and
therefore ¢ xw defines a contact structure on 0.

'g
Proposition 1.5. Assume that ¢ < 7373, Then X th X2.

75
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Proof: In polar coordinates (r,0), i.e.,
q1 =rcosf, gy =rsind

the Liouville vector field reads

0
X =r—,
or
the effective potential becomes
1 3
=—=—r?cos?f
ro 2

and the Hamiltonian
1
H = 5((pl +7sin6)* + (po — rcosf)?) + U.

To prove the theorem it suffices to show that
(86) dH (X)|sy > 0.

We estimate using the Cauchy-Schwarz inequality

dH(X) = rsinf(p; +rsinf) —rcosf(py — rcosh) +raa—[7{
> raa—g — \/r2 sin? 0 + r2 cos? 9\/(p1 +rsinf)? + (p2 — 7 cos )2

= raa—g—r\/Q(H—U).

This implies that

dH (X)|sy > 7«(%(7{ —2(c— U)).

Note that the right hand side is independent of the variables p; and ps. Therefore
to prove (86) it suffices to show

(87) <%€ /2= U)>

Pick (r,6) € &Y. In particular,

> 0.
Y

U(r,0) <c.

By (76) the bounded part of Hill’s region is contained in the ball of radius 373
centered at the origin. Observe that

4
Since ¢ < —373 it follows that there exists
TE [0, % — r)
33
such that
(88) U(r+,0)=c.

We claim that
oUu

(59) o

(@) >0, q€ B, 1(0)\{0,(0, —375),(0,375)}.
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To see that we estimate
ou
or

If r < 375 the inequality is strict and if r = 3735 the first inequality is strict because

cos2f < 1 because we removed the points (0, —37%) and (0,37%) from the ball.

This proves (89).

1 o1
:—2—37“(:08 92—2—37“20.
r r

We further claim that
02U
gz @ =-1 qeB,1(0)\{0}.
In order to prove that we estimate
02U 2 9 2

In order to prove (87) we estimate using (88), (89), and (90)

(L) = (Lipsna) - [ 42ty

S _Q/TaU(rth,e)a?U(rth,e)
0 or or?

2/ U(r+t.9)
0 6T

= 2(U(r+m,0)—-U(r,0))
= 2(c=U(r9)).

Using (89) once more this implies

%—IZ(T,G) >4 /2(c=U(r,0)).

(5;: /2= U))(T,H) > 0.

This proves (87) and the Proposition follows. O

(90)

dt

Y

Therefore

Note that the map (q,p) — (—p,q) is a symplectomorphism of T*R? to itself
which interchanges the roles of position and momentum. Hence the base coordi-
nate g becomes the fiber coordinate where the fiber coordinate p becomes the base
coordinate after the transformation. Interchanging the roles of ¢ and p in this way
the assertion of Theorem 1.5 can be interpreted as the fact that X2 is fiberwise
star-shaped in T*R2?, i.e., if p € R? then the fiber

b . 2 b *2 _ 2
xb, =T;R?NEY C T:R? =R

bounds a star-shaped domain.






CHAPTER 7

Global surfaces of section

1. Disk-like global surfaces of section

The concept of a global surface of section was introduced by Poincaré shortly
before his death in [91]. Assume that X € T'(T'S®) is a non-vanishing vector field
on the three dimensional sphere S3. We denote by ¢’ its flow on S3.

Definition 1.1. A (disk-like) global surface of section is an embedded disk
D C 83 satisfying
(i): X is tangent to 0D, the boundaroy of D,
(ii): X is transverse to the interior D of D,
(iii): For every x € S there exists t* > 0 and t~ < 0 such that qﬁf; (z) € D
and ¢ (z) € D.
Remark 1.2. Requirement (i) implies that the boundary 0D of the disk is a

periodic orbit of X. We refer to 0D as the bounding orbit of the global surface of
section.

Remark 1.3. Instead of a disk one could consider more generally a Riemann
surface with boundary. In particular, an important example is an annulus which
has two bounding orbits, see Figure 1. However, in the following we concentrate
ourselves on disks and mean by a global surface of section always a disk-like global
surface of section unless specified otherwise.

Let us now assume that D C S? is a global surface of section. We define the
Poincaré return map

as follows. Given z € lo), define
7(x) :=min {t > 0: ¢’ (2) € D},

i.e., the next return time of x to D. It follows from the conditions of a global surface
of section that 7(x) exists and is finite. Now define

¥la) = 037 (@).
If z € D and ¢ € T, D the differential of the Poincaré return map is given by
(91) dip(2)€ = dp™ ) (2)¢ + (dr(2)€) X.

The two dimensional disk D together with the Poincaré return map v basically
contains all the relevant information on the flow of X on the three dimensional
manifold $3. For example periodic orbits of X different from the bounding orbit
0D correspond to periodic points of the Poincaré return map. One can say that a
global surface of section reduces the complexity of the problem by one dimension.

79
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F1GURE 1. The existence of an annular surface of section has been
known in the component of the heavy primary for small p since
Poincaré and Birkhoff. This displays such a surface after stereo-
graphic projection of the Levi-Civita regularization.

Recall that a Hamiltonian structure on S® is a closed two-form w € Q2(S3)
with the property that kerw is a one-dimensional distribution. A non-vanishing
section X € I'(kerw) is referred to as a Hamiltonian vector field. In view of (91)
the following Lemma follows.

Lemma 1.4. Assume thatw € Q%(S3) is a Hamiltonian structure, X € T'(kerw),
and D is a global surface of section for X with Poincaré return map 1. Then

Yrwlp = wlp,

i.e., ¥ is area preserving with respect to the restriction of w to the interior of the
global surface of section.

2. Obstructions

Given a non-vanishing vector field X on S it is far from obvious that the
dynamical system (S3, X) admits a global surface of section. Moreover, given a
periodic orbit  of the vector field X we would like to know if it bounds a global
surface of section. A periodic orbit can be interpreted as a knot in S3, i.e. an
isotopy class of embeddings of S* — S3. The first obstruction is obvious.

Obstruction 1:: If a periodic orbit bounds a global surface of section, then
it is unknotted.
Indeed, since the periodic orbit is the boundary of an embedded disk it has Seifert
genus zero. This is a characterizing property of the unknot. The second obstruction
describes the relation of the binding orbit with all other periodic orbits.
Obstruction 2:: If a periodic orbit bounds a global surface of section, it is
linked to every other periodic orbit.
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Indeed, a periodic orbit different from the binding orbit is a periodic point of
the Poincaré return map, i.e., coincides with a fixed point of an iteration of the
Poincaré return map. Because X is transverse to the interior of the global surface
of section, each intersection point of the periodic orbit with the global surface of
section counts with the same sign and therefore the linking number does not vanish.

The third obstruction holds in the case where the vector field X is the Reeb vector
field of a contact form A on S3. Abbreviate by & = ker A the hyperplane distri-
bution in 7*S3. In contact geometry there are two important classes of knots. A
Legendrian knot is an embedding +v: S — S3 with the property that d;y(t) € &v)
for every t € S*. The other extreme is a transverse knots, which is an embedding
v: St — S% with the property that dyy(t) ¢ &y () for every t € S1. We refer to the
book by Geiges [40] about a detailed discussion of Legendrian and transverse knots
in contact topology. A periodic Reeb orbit is an example of a transverse knot and
therefore we restrict our discussion in the following to transverse knots.

The third obstruction for a periodic orbit of a Reeb flow to bound a global
surface of section is that its selflinking number has to be equal to minus one. We
explain this notion for a transverse unknot v: S' — S3. Abbreviating byD = {z €
C : |z] <1} the unit disk in C we first choose an embedding

¥: D — S3

with the property that

(™) = (t).
That such an embedding exists follows from the assumption that 7 is the unknot.
Consider the vector bundle of rank two 7*¢ — D. Because D is contractible we

can choose a non-vanishing section X: D — 7*¢. Fix a Riemannian metric g on
S3 and define

yx: St = 83 te expap) X (1)
Because + is a transverse knot we can choose X so small such that
Ywx Ny=0, re(01].

We define the selflinking number of v to be

sl(y) = lk(v,vx) € Z

where ¢k is the linking number. By homotopy invariance of the linking number the
selflinking number of v does not depend on the choice of the section X and the
Riemannian metric g. It is as well independent of the choice of the embedded filling
disk 7. To see that note that if ¥: D — S and 7': D — S® are two embedded
filling disks of v in view of the fact that m2(S%) = {0} the two filling disks are
homotopic. Even if the homotopy is not through embedded disks we can use it to
construct for a given non-vanishing section X: D — 7*¢ a non-vanishing section
X': D — (¥)*¢ with the property that the restrictions of the two sections to the
boundary 0D = S* satisfy

X|3D = X’|3D: Sl —)’y*g.

This shows that the selflinking number is independent of the choice of the embedded
filling disk as well.
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Remark 2.1. The selflinking number can as well be defined for transverse knots
v: ST — S2 which are not necessarily unknots. One uses here the fact that for every
knot there exists an oriented surface with boundary ¥ and an embedding 5: ¥ — S3
with the property that ¥|os = . Such a surface is referred to as a Seifert surface,
see for example [T7], and with the help of a Seifert surface one defines the selflinking
number of a transverse knot similarly as for unknots. We refer to the book of Geiges
[40] for details. For the unknot the Seifert surface can be chosen as a disk and if
one defines the genus of a knot to be

g(v) :==min {g(2) : ¥ Seifert surface of v} € NU {0}.
then the unknot can be characterized as the knot whose genus vanishes.

We are now ready to formula the third obstruction for a periodic orbit to be
the bounding orbit of a global surface of section.
Obstruction 3:: If the vector field on S3 coincides with the Reeb vector
field of a contact form on S, and a periodic Reeb orbit v bounds a global
surface of section, then its selflinking number satisfies sé(v) = —1.
We next explain the reason for Obstruction3. Let D C S be a global surface
of section. We then have two rank-2 vector bundles over the disk {|p — D and
TD — D. Abbreviate by
7: TS = ¢
the projection along the Reeb vector field R. Since R is transverse to the interior
of D we obtain a bundle isomorphism

7T|ﬁ : Tlo) — £|D
Choose
X:D—=¢
a non-vanishing section. If (r,6) are polar coordinates on D we define another
section from D to £ by
Y :=7n(rd,): D —¢.
Because 0D is a periodic Reeb orbit it holds that 9p|gp is parallel to the Reeb
vector field and therefore Y|sp: 0D — ¢ is nonvanishing. In particular, we have
two nonvanishing section X|gp,Y|op: 0D — £. The selflinking number of the Reeb
orbit « is then given by
sl(y) = st(0D) = windpp (Y, X) = —windgp(X,Y)

where windsp (Y, X) is the winding number of X around Y. For r € (0, 1] abbrevi-

ate D, = {z € D : |z| < r} the ball of radius r. The section X is nonvanishing on
D while the section Y only vanishes at 0. Therefore the winding number

Windg)DT(Y7 X) €7

is defined for every r € (0, 1]. By homotopy invariance of the winding number we
conclude that

windgp (Y, X) = windsp, (Y, X), V¥ r € (0,1].

We now look at the situation for » = § close to 0. Since X (0) is nonvanishing we
see that Y = 7(rd,) winds once around X (0) and therefore

windgp, (X,Y) = 1.
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Combining these facts we conclude that
sb(y) =—1.

We point out that to derive Obstruction3 we only used the local assumption (i)
and (ii) of Definition 1.1 and not the global assumption (iii).

3. Existence results from holomorphic curve theory

In the following we assume that ¥ C C? is a star-shaped hypersurface. It
follows that the restriction of the one-form

1
A= §($1dy1 —y1dzy + xodys — yodxa)

to X defines a contact form, see Example 6.6. The following theorem is due to
Hryniewicz [58, 59].

Theorem 3.1 (Hryniewicz). Assume that ¥ C C? is a star-shaped hypersurface
andy € C*(S1,X) is an unknotted periodic Reeb orbit of period T whose selflinking
number satisfies st(y) = —1. Further assume that one of the following conditions
holds

(i): The period T of v is minimal among the periods of all periodic Reeb
orbits.
(ii): X is dynamically convex.
Then ~ bounds a global surface of section. Moreover, each periodic orbit which
corresponds to a fized point of the Poincaré return map of the global surface of
section is unknotted and has selflinking number —1.

Remark 3.2. The fact that a periodic orbit corresponding to a fized point of
the Poincaré return map itself is unknotted and has selflinking number —1 has an
interesting consequence. Namely, if ¥ is dynamically convexr we can apply Theo-
rem 3.1 again to this orbit to see that it bounds as well a global surface of section.
This leads to Hryniewicz theory of systems of global surfaces of section [59].

Remark 3.3. Under the assumption that the star-shaped hypersurface ¥ C C?
satisfies some non-degeneracy condition, there exists an interesting improvement of
the theorem of Hryniewicz, which is due to Hryniewicz and Salomao. Namely if one
assumes that v and all periodic orbits of ¥ different from ~ of period less than to
the period T of v are non-degenerate and none of these orbits has Conley-Zehnder
index 2 and is unlinked to -y, then ~y still bounds a global surface of section.

The following Theorem is due to Hofer, Wysocki, and Zehnder [56].

Theorem 3.4 (Hofer-Wysocki-Zehnder). Assume that > C C? is a star-shaped,
dynamically convex hypersurface, then there exists an unknotted periodic Reeb orbit
on X with selflinking number —1.

Combining the above two theorems we immediately obtain the following Corol-
lary.

Corollary 3.5 (Hofer-Wysocki-Zehnder). Assume that ¥ C C2? is a star-
shaped, dynamically convex hypersurface, then ¥ admits a global surface of section.
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Remark 3.6. Historically, this Corollary was first proved by Hofer- Wysocki-
Zehnder in the same paper [56] in which they established the existence of an unknot-
ted periodic Reeb orbit of selflinking number —1, before the Theorem of Hryniewicz
was available. This comes from the fact that both Hryniewicz as well as Hofer,
Wysocki, and Zehnder use holomorphic curves to prove their theorems. Therefore
Hofer, Wysocki, and Zehnder could use them to prove directly the existence of a
global surface of section in their groundbreaking work [56].

Remark 3.7. Using the global surface of section obtained in Corollary 3.5
Hryniewicz shows in [59] that each periodic orbit which corresponds to a fized point
of the Poincaré return map is unknotted and has selflinking number —1. In particu-
lar, Theorem 3.1 implies that these periodic orbits bound a global surface of section
as well.

4. Contact connected sum - the archenemy of global surfaces of section

We briefly recall the connected sum of two smooth manifolds. Suppose that
M, and My are two oriented n-dimensional manifolds. We will talk about balls
D™ which we give their standard orientation. For M, choose an embedded ball
t1 : D™ — M, where 11 is orientation preserving. For Ms,, choose an embedded
ball 15 : D™ — Ms which reserves orientation. Intuitively, we take out small balls
from M; and M and glue collar neighborhoods together.

We do this more precisely. Write D,. for the ball with radius r, so

D,={zeD"||z]| <r}.

Fix a number R with 0 < R < 1. We will use the annulus A := D™ — Dpg, and the
orientation reversing map

r:A— A

x— (I1+R—||z|) - —.
]
In addition, the map reverses the inner and outer sphere of the annulus, meaning
the spheres with radii R and 1, respectively. We define the connected sum of M,
and M as

My# My := My \ 11(Dr) HM2 \ t2(Dg)/ ~
where ~ is an equivalence relation. Namely, if & € M is given by & = ¢1(z), and
g € My is given by § = 12(y), then we say that & ~ g if and only if r(z) = y. Other
points are not related. Geometrically, the above just means that we glue the two
annuli ¢1(A) and ¢2(A) together by reversing inner and outer spheres.

Lemma 4.1. The connected sum M4 My defines an oriented smooth manifold.

Proof: Clearly M; \ t1(Dg) and My \ 12(Dg) are smooth manifolds, and the
above equivalence relation glues along open sets, so we obtain the structure of a
smooth manifold on M;#Ms,. To see that we get an orientation, we observe that
L2 and r are orientation reversing, so their composition is orientation preserving. [

4.1. Contact version. The contact version mimics the above construction,
but instead of gluing the two annuli directly together, we define a model for the
connecting tube. The discussion here follows Weinstein’s ideas, and we have drawn
a picture describing the construction of the tube in Figure 4.1. This model will
appear again when we look at level sets of Hamiltonians.
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FiGURE 2. Connected sum of smooth, oriented manifolds

j+ (D)

(D

FIGURE 3. The tube of the contact connected sum

Consider contact manifolds (M2" ' a;) and (M™%, o) together with two
points, say ¢ € M7 and g2 € M>. We want to define the contact connected sum.
As before, choose a number 0 < R < 1 for the radius of the ball we are going to
cut out.

Choose Darboux balls ¢}, : D?"~1 — M, containing g, for k = 1,2. To construct
the tube, we also embed these Darboux balls into R2" by the map

jj: . D2n—1 N R27l
(z,y;2) — (2,9, 2, 1)
We observe that the vector field

1
Xzi(x-ax—l—y-ay—i—%az—waw)

is a Liouville vector field and that it is transverse to ji(D?"~!). Furthermore, it
induces the Liouville form

1
Ixwo = 3 (xdy — ydzx) + 2zdw + wdz,

which restricts to the contact form 3 (zdy — ydz) + 2dz on j (D**~1) and to the
contact form 1 (zdy — ydz) — 2dz on j_(D?*"~'). These are the standard contact
form with the standard orientation, and a variation of the standard contact form
with the opposite orientation. To construct the tube, choose a smooth, increasing
function f : R — R with the following properties

e f(z)=1if2>R

e f(0) <0and f(e) =0 and f'(¢) > 0.
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We define the connecting tube as the set

T = {(@y:70) € R x B? | w? = f(jaf + o> + 22} 0 {laf + [y +2* < 1)
Lemma 4.2. The connecting tube is a smooth submanifold of R?™. Further-

more, the Liouville vector field X = %(x@m +y0y) + 220, — w0, is transverse to T,

so T is a contact manifold. For (x,y;z) with |x|? + |y|> + 2% > R, the contact form
coincides with the standard contact form on ji(D**1).

Proof: Since T is a level set of the function F : (x,y;z,w) — f(|z|* + |y|> +
2%) — w?, it suffices to check that X (F) # 0. Indeed, this shows that the Jacobian
has everywhere full rank, and of course it shows that X is transverse to 7. We now
compute
X(F) = [z + lyl* + 22) - (| + [y[* + 42°) + 20,
Since f is increasing, all terms are non-negative. To see that their sum is always
positive on T, we note the following.
e if w # 0, then 2w? is positive.
e if w =0, then f(|z|> + |y|* + 22) = 0 and |z|> + |[y|* + 22 = ¢, and by
assumption f’(e) > 0.
The last claim follows since 7 and ¢;(D?"~!) coincide if |z|> + |y|* + 22 > R,
and their contact forms are induced by the same Liouville vector field. O
We now define the contact connected sum by

(M1, 00)#(Mz, a2)Mi \ 1 (Dr) [ [ M2\ t2(Dr) [T/ ~ .
Here the equivalence relation is defined as follows.
o If 7 = 11(z) lies in My \ ¢t1(Dg) and § = j1(y) lies in T, then & ~ § if and

only if x = y. L
o If & = 19(x) lies in My \ t2(Dg) and § = ja(y) lies in 7, then & ~ g if and
only if x = y.

e Other points are not related.
Theorem 4.3. The space (M, a1)#(Ms, ) is a contact manifold.

Proof: The proof that this is a smooth manifold follows the same argument
as before: since we glue along open sets, we clearly get a differentiable atlas. To
see that this is a contact manifold, we only need to observe that M; \ ¢1(Dg),
My \ 12(Dg) and T are contact manifolds with contact forms that patch together
with the gluing relation. O

5. Invariant global surfaces of section

Assume that p € Diff(S3) is a smooth involution on the three dimensional
sphere, i.e., p? = id and X € I'(T'S?) is a nonvanishing vector field on S* which is
anti-invariant under the involution p in the sense that

(92) X = —X.
A (disk-like) global surface of section D C S® is called invariant if p(D) = D. By

abuse of notation we denote the restriction of p to D again by the same letter.

Lemma 5.1. Assume that D C S® is an invariant global surface of section.
Then the fized point set Fix(p) C D is a simple arc intersecting the boundary 0D
transversally.
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Proof: We first note that p is an orientation reversing involution of D. Indeed,
this follows from (92) in view of the fact that the vector field is tangent to the
boundary dD. Therefore Fix(p) is a one dimensional submanifold of D. That it
is transverse to D follows again from (92). It follows from Brouwer’s fixed point
theorem, see for example [48, Theorem 1.9.], that Fix(p) is not empty. In particular,
it is a finite union of circles and intervals. We claim that there are no circles. To
see that we argue by contradiction and assume that the fixed point set of p contains
a circle. The complement of this circle consists of two connected components one
of them containing the boundary of dD. The involution p then has to interchange
these two connected components. However, the boundary of 0D is invariant under
p and this leads to the desired contradiction. Consequently, the fixed points set
consists just of a finite union of intervals. It remains to show that there is just
one interval. To see that note that the complement of an interval consists again of
two connected components which are interchanged by p. Therefore there cannot
be additional fixed points and the lemma is proved. (]

Remark 5.2. The Lemma above is actually an easy case of a much more gen-
eral result due to Brouwer [22] and Kérékjarto [69], which says that a topological
inwvolution just defined in the interior of the disk is topologically conjugated to a
reflection at a line. We refer to [27] for a modern exposition of this result.

We observe in particular, that the binding orbit of an invariant global surface
of section is necessarily a symmetric periodic orbit. Moreover, if ¢»: D — D is the
Poincaré return map it follows as in (15) that ¢ satisfies with p the commutation
relation

(93) pibp =T

6. Fixed points and periodic points

In his lifelong quest for periodic orbits Poincaré introduced the concept of a
global surface of section in [90], because in the presence of a global surface of
section the search for periodic orbits is reduced to the search of periodic points of
the Poincaré return map. Originally Poincaré thought of a global surface of section
as an annulus type global surface of section and it was Birkhoff who showed in
[16] that an area preserving map of an annulus which moves the two boundary
components in different directions has at least two fixed points. In [37, 38| Franks
proved the following theorem

Theorem 6.1 (Franks). Assume an area preserving homeomorphism of an open
annulus admits a periodic point, then it admits infinitely many periodic points.

On the other hand Brouwer’s translation theorem [21] asserts that

Theorem 6.2 (Brouwer). An area preserving homeomorphism of the open disk
admits a fized point.

If we restrict an area preserving homeomorphism to the complement of one of
its fixed points we obtain an area preserving homeomorphism of the open annulus.
This implies the following Corollary.

Corollary 6.3. An area preserving homeomorphism of an open disk admits
either one or infinitely many periodic points.
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In view of Lemma 1.4 together with the fact that if a vector field admits a
global surface of section then periodic orbits of the vector field different form the
bounding orbit of the global surface of section are in one to one correspondence
with periodic points of the Poincaré return map we obtain the further Corollary.

Corollary 6.4. Assume that w € Q2(S3) is a Hamiltonian structure on S3,
X € T'(kerw) a Hamiltonian vector field whose flow admits a global surface of
section. Then X has either two or infinitely periodic orbits.

The fixed point guaranteed by Theorem 6.2 is of special interest in view of
Theorem 3.1, because under the assumptions of this theorem the periodic orbit
corresponding to the fixed point is itself unknotted and has selflinking number —1
so that it bounds in the dynamically convex case another global surface of section.
The amazing thing about Theorem 6.2 is that the homeomorphism of the open
disk is not required to extend continuously to the boundary of the disk. If it does
than Theorem 6.2 just follows from Brouwer’s fixed point theorem, see for example
[48, Theorem 1.9]. In this case the assumption that the homeomorphism is area
preserving is not needed at all. However, if the homeomorphism does not extend
continuously to the boundary the condition, that the map is area preserving, is
essential. In fact, the open disk is just homeomorphic to the two dimensional plane
and a translation of the plane is an example of a homeomorphism without fixed
points. To prove Brouwer’s translation theorem one first shows that if an orientation
preserving homeomorphism of the open disk has a periodic point it has to have a
fixed point. We refer to [32] for a modern account of this remarkable fact. Hence
one is left with the case that the homeomorphism has no periodic point at all and
one shows in this case that is has to be a translation which then contradicts the
assumption that the homeomorphism is area preserving. A modern treatment of
this second step together with the precise definition what a translation is can be
found in [36], see also [47]. It was observed by Kang in [65] that a quite different
argument for this fact can be given if the global surface of section is symmetric.
Moreover, in this case one can find a fixed point of the Poincaré return map which
corresponds to a symmetric periodic orbit. We discuss this in the next section.

7. Reversible maps and symmetric fixed points

Let (D,w) be a closed two-dimensional disk together with an area form w €
Q?(D) and suppose that p € Diff(D) is an anti-symplectic involution, i.e.,

P =id, p'w=—w.

Moreover, suppose that ¢ € Diff(D) is an area preserving diffeomorphism of the
interior of the disk, i.e., it holds that

V'w=w,
which satisfies with p the commutation relation
(94) pp =~

This is the situation one faces by (93) if one considers the Poincaré return map of a
symmetric global surface of section for a Hamiltonian vector field of a Hamiltonian
structure on S3. A diffeomorphism satisfying (94) is called reversible. The following
result was proved by Kang in [65].
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Lemma 7.1 (Kang). Under the above assumptions there exists a common fized
point of p and ¢ in D, i.e., a point x € D satisfying

plx) =z, ¢(z)=uz.
Proof: In view of (94) we obtain
(o) = v = id

so that p is again an involution. Moreover, because p is anti-symplectic and ¥ is
symplectic the composition is anti-symplectic as well, so that we have

(o) w = —w.

By Lemma 5.1 we know that Fix(p) C D is a simple arc intersecting the boundary
0D transversally. Because p is anti-symplectic we conclude that both connected
components of the complement of Fix(p) have the same area.

The anti-symplectic involution p is only defined in the interior of the disk.
However, by the Theorem of Brouwer and Kérékjarto mentioned in Remark 5.2 the
involution vp is topologically conjugated to the reflection at a line and therefore
its fixed point set still consists of an arc whose complement has two connected
components. Because ¥p is anti-symplectic the two connected components of the
complement of its fixed point set have the same area as well.

It follows that Fix(p) and Fix(tp) intersect. This means that there exists z € D
with the property that

plx) =z, Yplz) ==
or equivalently
pla) =z, Y()=u.
This finishes the proof of the Lemma. O

If : D — D is a reversible map we call following [65] a point = € D a sym-
metric periodic point of ¥, if there exists k,¢ € N with the property that

V(@) =z, (@) = p(a).

If K = ¢ = 1 then the symmetric periodic point is called a symmetric fixed point
whose existence was discussed in Lemma 7.1. The minimal k for which ¢*(z) = z
holds is referred to as the period of x and abbreviated by k(x). Then there exists
a unique

Ux) € Z/k(x)Z
such that

V) (@) = p(x).
Note that the period only depends on the orbit of x, in particular it holds that

k(i (x)) = k().
This is not true for £(z). In particular, from (94) together with the fact that p is
an involution we obtain the relation

p=1vpY

using that we compute

PO (@) = Pp(x) = PP pi(2)
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implying that
P2 (W() = p(v(x)).
Therefore it holds that

U((z)) = £(z) — 2 € Z/k(2)Z.

If the period is odd then there exists a unique point in the orbit of z which lies on
the fixed point set Fix(p). If the period is even, then there are two cases. Either ¢
is even as well for every point in the orbit of x and there are precisely two points in
the orbit of = which lie on Fix(p) or ¢ is odd for every point in the orbit of z and
there is no point in the orbit of x which lies on the fixed point set of p.

In [65] Kang proved the following analogue of Franks theorem (Theorem 6.1)
for reversible maps.

Theorem 7.2 (Kang). Assume an area preserving reversible homeomorphism
of an open annulus admits a periodic point, then it admits infinitely many symmetric
periodic points.

Remark 7.3. A surprising feature of Kang’s theorem is the fact that the pe-
riodic point does not need to be symmetric in order to guarantee infinitely many
symmetric periodic points.

Combining Lemma 7.1 with Theorem 7.2 we obtain the following Corollary.

Corollary 7.4. A reversible anti-symplectic map of the open disk admits either
one or infinitely many symmetric periodic points.

Because orbits of symmetric periodic of the Poincaré return map of an invariant
global surface of section together with the binding orbit correspond to symmetric
periodic orbits we obtain further the following Corollary.

Corollary 7.5. Assume that w € Q%(S®) is a Hamiltonian structure on S3
which is anti-invariant under an involution of S* and X € T'(kerw) is a Hamilton-
ian vector field whose flow admits an invariant global surface of section. Then X
has either two or infinitely many symmetric periodic orbits.



CHAPTER 8

The Maslov Index

Assume that (V,w) is a finite dimensional symplectic vector space. By choosing
a symplectic basis {e1, -+ ,en, f1," -+, fn}, 1.€., a basis of V satisfying

w(eivej) :w(f’mfj) = 07 w(el,f]) = 52]7 1 S Za] S n

we can identify V with C" by mapping a vector £ = &' + €2 € V with ¢! =
Z?:l fjl-ej, £ = Z?:I f?-fj to the vector (& + i€3,..., &L +i€2) € C*. The La-
grangian Grassmannian

A =A(n)

is the manifold consisting of all Lagrangian subspaces L C C™. For example, since
any 1-dimensional linear subspace in C is Lagrangian, we have

A(1) = RP! = St

The Lagrangian Grassmannian has the structure of a homogeneous space. To see
that we first observe that the group U(n) acts on the Lagrangian Grassmannian

U(n) x A(n) = A(n), (U/L)—UL.

That this action is transitive can be seen in the following way. On a given La-

grangian L C C" choose an orthonormal basis €},--- e/ of L, where orthonor-
mal refers of course to the standard inner product on C". Putting fj' = ie; for
1 < j < n gives rise to a symplectic, orthonormal basis {e],...,e., f1,..., fi} of

C". Now define U: C" — C™ as the linear map which maps e; to e;- and f; to fj'
This proves transitivity. The stabilizer of the U(n) action on A(n) can be identified
with the group O(n), namely the ambiguity in choosing an orthonormal basis on
the Lagrangian subspace. Therefore, the Lagrangian Grassmannian becomes the
homogeneous space

A(n) =U(n)/O(n).

Following [8] we next discuss the fundamental group of the Lagrangian Grassman-
nian. Consider the map

p:U(n)/O(n) — S',  [A] — det A2

Note that because the determinant of a matrix in O(n) is plus or minus one, the
map p is well-defined, independent of the choice of the representative A € U(n).
This gives rise to a fiber bundle

SU(n)/SO(n) —= U(n) 10@)
Sl

91
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Since the fiber SU(n)/SO(n) is simply connected the long exact homotopy sequence
tells us that the induced homomorphism

pi: w1 (U(n)/O(n)) = m1(SY)
is an isomorphism. We state this fact as a theorem.

Theorem 0.6. The fundamental group of the Lagrangian Grassmannian satis-

fies
T (A) = 7.

Moreover, an explicit isomorphism is given by the map p.: w1 (A) — w1 (S1).
If \: S — A is a continuous loop of Lagrangian subspaces we obtain a contin-
uous map
poX: St — S1
and we define the Maslov index of a loop as
p(A) := deg(p)) € Z.
In view of Theorem 0.6 we can alternatively characterize the Maslov index as
u() = e m(A) = Z.

It is not clear from this definition how to generalize the definition of the Maslov
index from a loop of Lagrangian subspaces to a path of Lagrangian subspaces
A:[0,1] — A. In order to find such a generalization which is needed to define
the Conley-Zehnder index, we next discuss Arnold’s characterization of the Maslov
index as an intersection number with the Maslov (pseudoco)cycle [8].

In order to define the Maslov pseudo-cocycle we fix a basepoint Ly € A(n) and
define for 0 < k <n

AP = A} (n) ={L € A(n) : dim(L N Lo) = k}.

For each 0 < k < n the space A* is a submanifold of A and the whole Lagrangian
Grassmannian is stratified as

(95) A= CJ AR,
k=0

We need the following proposition

Proposition 0.7. For 0 < k < n the codimension of A¥ C A is given by

k(k+1
codim(A¥, A) = %
Proof: We first compute the dimension of the Lagrangian Grassmannian.

Because A(n) = U(n)/O(n) we obtain

(96) dimA(n) = dimU(n)/O(n) =dimU(n) — dim O(n)
_ Q_n(n—l):n(n—&—l).
2 2

Recall further that the usual Grassmannian
G(n,k)={V CcR":dimV = k}
of k-planes in R™ can be interpreted as the homogeneous space

G(n, k) = O(n)/O(k) x O(n — k)
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and therefore its dimension is given by
(97) dimG(n,k) = dimO(n)—dimO(k) — dimO(n — k)
_ onn—-1) k(k—-1) Om—-kn-k-1)
= 5 5 5 =k(n — k).

Given a Lagrangian L € A} (n), denote by (L N Lg)* the orthogonal complement
of LN Ly in Ly. We obtain a symplectic splitting

= (Lm Lo @z’(LﬂLo)) ® ((Lm:o)L EBi(LﬂLO)L> =@ W

Note that V and V; are symplectic subvector spaces of C" of dimension dim V) = 2k
and dim V; = 2(n — k). Moreover, (LN L)+ C V; as well as LN V; are Lagrangian
subspaces of V; which satisfy (LN Lg)*N(LNV;) = {0}. Therefore we can interpret

LOVi €AY e (n—k).

Furthermore, L NV = L N Ly is a k-dimensional subspace in L and therefore the
projection
A} (n) = G(n,k), L+ LNLg

gives rise to a fiber bundle
A(n — k) ———= A¥(n)
G(n, k).

Since A%(n — k) is an open subset of A(n — k) its dimension equals by (96)
n—k)(n—-k+1)

dimA%°(n — k) = 5 .
Using (97) we obtain
(98) dimA¥(n) = dimA°(n — k) + dim G(n, k)
 (n=k)n—-k+1) _n(n+1)  k(k+1)
= 5 +Ekn—k) = 5 5
Combining (96) and (98) the Proposition follows. O

Note that if we choose k = 1 in the above Proposition we obtain that A C A
is a codimension 1 submanifold of A. However, A! is in general noncompact, its

closure is given by
n
AT = [ AR
k=1

In particular, the boundary of A! is given by
AT\AT =[] A
k=2
and from Proposition 0.7 we deduce that

dimA' — dim A* > 2

which means that the boundary of A! has dimension at least 2 less than A'. This
property is crucial for intersection theoretic arguments with Al.
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If A! is in addition orientable it meets the requirements of a pseudo-cycle as
in [81]. Results of Kahn, Schwarz, and Zinger [63, 98, 109], then show how
to associate a homology class to a pseudocycle. Unfortunately, A' is not always
orientable. This is related to a Theorem of D.Fuks [39] which tells us that the
Lagrangian Grassmannian A(n) is orientable if and only if n is odd. As was noted
by Arnold [8] A! is always coorientable. Hence if n is odd Al(n) is a pseudocycle
in the sense of McDuff and Salamon. Fortunately, the intersection number of A!
with a loop of Lagrangian subspaces can always be defined independently of these
theoretic consideration due to the fact that A can be cooriented. Our next goal is
to show how this coorientation works.

We first describe some natural charts for the Lagrangian Grassmannian. Given
L1 € A choose a Lagrangian complement Ly of Ly, i.e., Lo € A such that LoNL; =
{0}. It follows that L; € A? . We now explain how to construct a vector space
structure on AOL2 for which L; becomes the origin. This is done by identifying AOL2
with S?(L;), the quadratic forms on L;. Namely given L € AOL2 for each v € L
there exists a unique w, € Lo such that v + w, € L. We define

0 2 Ly,L

(99) Ap, = S*(Lh), L= Qr=Q["™
where

QL) =w(v,w,), wvé€E L.
We describe this procedure in coordinates. Namely we choose a basis {e1,...,e,}
of L. Then there exists a unique basis {f1, ..., f,} of the Lagrangian complement
Lo of Ly such that {e1,...,en, f1,..., fn} is a symplectic basis of C". Using these
bases we identify L; = R™ € C™ and Ly = iR™ C C™. Now if v = vy + ive,w =
w1 + twe € C™ with vy, ve, wy, ws € R™ the symplectic form is given by

w(v,w) = (v1,w2) — (v2,wr)

where (-,-) is the usual inner product on R™. Now if L C C" is a Lagrangian
satisfying L N Ly = {0} we can write L as

L={z+iSr:zeR"} =Ty

namely as the graph of a linear map S: R™ — R"™. The fact that L is Lagrangian
translates into the fact that for every z,y € R™ we have

0=w(x+1iSz,y +1iSy) = (z, Sy) — (y, Sz)
which is equivalent to the assertion that
(x,Sy) = (y,Sz), z,yeR"
meaning that S is symmetric. Now for x € R" we compute
Qr(z) = w(x,iSt) = (x, Sx).

Remark 0.8. The natural charts lead to a new proof of the dimension formula

for the Lagrangian Grassmannian. Indeed,
1

dim S2(L,) = %

in accordance with (96).
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We next show how the natural charts lead to an identification of the tangent
space Tr, A with the quadratic form S?(L;) on L;. Indeed, given a Lagrangian
complement Lo of L, i.e., an element Ly € A%l, the natural chart obtained from
Ls leads to a vector space isomorphism

®p,: Tp, A — S*(Ly), L~ Qit2.

Our next Lemma shows that this vector space isomorphism does not depend on the
chart chosen.

Lemma 0.9. The vector space isomorphism ®r,, is independent of La, i.e., we
have a canonical identification of Ty, A with S*(Ly).

Proof: We can assume without loss of generality that L; = R™ C C". Then
an arbitrary Lagrangian complement of L, is given by

Lo ={By+iy:y€R"}
where B is a real symmetric nxn matrix. Now consider a smooth path L: (—¢,¢) —
A satisfying L(0) = Ly and such that
L(t) ={z+iA(t)zr : z € R"}

where A(t) is a symmetric matrix such that A(0) = 0. For x € R™ = L; we next

compute QEZQ)LQ (z). For that purpose let w,(t) be the unique vector in Ly such

that
x + wy(t) € L(t).
Since w,(t) € Ly there exists a unique y(t) € R™ such that
wa(t) = By(t) + iy(1).

We therefore obtain

z+wy(t) =z + By(t) + iy(t) € L(t)
which implies that
(100) y(t) = A(t)(x + By(t)).
Moreover,

Tl (@) = w(z,wa(t) = wz, By(t) + iy(t) = (z,y(t)

such that

d 1,42 !
dt]t_oczﬁ(; () = {2,/ (O)).

Since L(0) = Ly it follows that w,(0) = 0 and therefore y(0) = 0. Using this as
well as A(0) = 0 we obtain from differentiating (100)

y'(0) = A/(0) (2 + By(0)) + A(0)(z + By'(0)) = A'(0)a.
Plugging this into (101) we get

d
dt‘ Liba (2) = (e, A'(0)c).

(101)

(102)

This is independent of B and therefore % é%t’)LQ (z) does not depend on the
=0

choice of the Lagrangian complement Ly. This proves the lemma. O
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In view of the above Lemma we denote for L € A and L € TrA the uniquely
determined quadratic form on L by

QL € $2(L).

We can use this form to characterize the tangent space of A’EO.

Lemma 0.10. Assume that Lo € A, k € {0,...,n}, and L € A’zo, then

TLAk = {Z €TLA : nyLomL - 0}.
Proof: We decompose C" as
C"=RF x R % x R" x R"%,
We can assume without loss of generality that
L=RFxR"* x {0} x {0} =R" x {0}

and
Lo = RF x {0} x {0} x R"F,
Suppose that A: R"” — R™ is a matrix satisfying A = A”. We decompose

Apn A >
A—
( A1 Ago
where Aq;: RF — Rk, Ao Rk Rk, Aoy RF — Rnik, Aoy Rk 5 Rk
satisfy
Ap = Afy, A =AL, App=A].
The graph of A then can be written as
T4 = {(z,y, Aniz + A12y, Ag1z + Anoy) : v € R¥, y € R"F}.

Now suppose that (z1,y1,22,92) € T4 N Lg. Since (x1,y1,22,y2) € T'4 we obtain
o = Ar1121 + A12y1 and yo = Agy2q1 + Assyr. Because (21,1, 22,Yy2) € Lo we must
have zo = y; = 0 and therefore Aj;z1 = 0 and yo = As1x1. We have proved that

(103) FA M Lo = {(xl,0,0,Aglfl) : Allxl = 0}
IfL € Tr A we can write L as
-4 Tia: A:R" 5 R" A= AT
dt|,_q

In view of (102) the associated quadratic form is given by

QL Lx L =R, 2z (z,A2), 2= (z,y) € R x R"F = R".
Its restriction to L N Ly becomes
(104) QL i LNLox L0 Lo » R, x> (z, Anz), = € RF.

From (103) and (104) we deduce that the dimension of I'yy N Lo = k for every t € R

if and only if QZ = 0. This implies that

‘LQLO
AL, < {LeTh: Q| =0}

On the other hand we know from (98) that

nn+1) k(k+1)

dim Ty Af, = - BEE —dim {Le A QF|, L, =0}
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and therefore R N
AL, ={LeTA: Q| =0}
This finishes the proof of the Lemma. O

In view of the previous Lemma we can now define the coorientation of A' = A}
in A as follows. If L € A! we define

[L] € TLA/TLA" positive <> QL|Lom

Indeed, Lemma 0.10 tells us that this definition is well defined, independent of the
choice of L in its equivalence class in TpA/Tr AL

We now use the coorientation of A! to give an alternative characterization of
the Maslov index via intersection theory. We fix Ly € A and define for a loop
A: 8" — A the Maslov index as intersection number between X and A' = A} . In
order to do that we need the following definition.

;, bositive.

Definition 0.11. Assume that A\: S' — A is a smooth map. We say that \
intersects A transversally if and only if the following two conditions are satisfied.

(i): For everyt € S such that \(t) € A' we have
im(dA(t)) + Tk(t)Al = T/\(t)A.
(ii): For every k > 2 it holds that
im\ N AY = (.

One writes A M A! if X intersects A' transversally. It follows from Sard’s theo-
rem [83, Chapter 2] and the fact that codim(A*, A) > 3 for k > 2 that after small
perturbation of A we can assume that A h Al. In fact, for this step codim(A¥, A) > 2
for k > 2 would already be sufficient, however, we soon need codim(A*, A) > 3 for
k > 2 to show invariance of the intersection number under homotopies.

In the following let us assume that A h Al. It follows that A=1(A!) is a finite
set. For t € A~1(A!) we use the coorientation of A! to define

I/(t) — { 11 8t/\(t) S T)\(t)A/T)\(t)Al pOSitiVG
— else.

We define now the intersection number of A with A! as

) = Y ().

teA—1(AY)

Here we understand that if ¢ ¢ A"1(A!) then v(t) = 0 so that only finitely many
summand in the above sum are different from zero.

Theorem 0.12. The intersection number with the Maslov cycle coincides with
the Maslov indez, i.e., | = p.

Proof: We prove the theorem in two steps.
Step 1: 1i(\) only depends on the homotopy class of A.

In order to prove Stepl assume that \g,A\; h A! are two loops of Lagrangian
subspaces which are homotopic to each other, i.e., we can choose a smooth map

A: ST x[0,1] = A
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such that
A(,0) = Ao, A(1) = Mg

Again taking advantage of Sard’s theorem and the fact that by Lemma 0.7 codim(A*, A) >
3 for every k > 2 we can assume maybe after perturbing the homotopy A that A h A!
in the sense that the following two conditions are met.

(i): For every (t,7) € S x [0,1] such that A(t,r) € Al it holds that

1m<d)‘(t7 T)) + T)\(t,r)Al = T)\(t,r)A-
(ii): For every k > 2 we have
imA N AR = 0.

It now follows from the implicit function theorem that A=1(A!) C S* x [0,1] is a
one dimensional manifold with boundary. The boundary is given by

a(xl(Al)) - (Agl(Al) x {0}) U (A;l(AI) X {1}).

The manifold A~(A!) can be oriented as follows. We orient the cylinder by declar-
ing the basis {0,,d;} to be positive at every point (t,7) € S* x [0,1]. Suppose that
(t,r) € \H(AY) and v # 0 € Ty A~ (A1), Choose w € T(y, ) (S* x [0, 1]) such that
{v, w} is a positive basis of T(; ,(S* x [0, 1]). We now declare v to be a positive basis
of the one dimensional vector space Ty A~'(A') if and only if [dA(w)] € TA/TA!
is positive. Let us check that this notion is well defined, independent of the choice
of w. However, if w’ is another choice it follows that w’ = aw + bv where a > 0
and b € R. Since d\(v) € TA! we obtain [d\(w')] = a[d\(w)] which due to the
positivity of a is positive if and only if [dA(w)] is positive.

Since A th A* we have A~1(A') = A~(Al) and therefore A~'(A) is compact. Tt
follows, see [83, Appendix| that a compact one dimensional manifold with boundary
is a finite union of circles and intervals. For a compact submanifold of the cylinder
St x [0,1] there are three types of intervals. Either both boundary points lie in
the first boundary component S x {0}, or both boundary points lie in the second
component S x {1}, or finally one boundary point lies in S* x {0} where the other
boundary point lies in S' x {1}. In the first case both boundary points contribute
with opposite signs 1i(Ag), in the second case they contribute with opposite signs to
(A1) and in the third case they contribute with the same sign to fi(Ag) and z(A;).
This proves that f1(Ag) = fi(A1) and finishes the proof of the first step.

Step 2: We prove the theorem.

As a consequence of Step1 the intersection number g induces a homomorphism
from 71 (A) to Z. By Theorem 0.6 we know that m1(A) = Z. Hence it suffices to
show that i agrees with p on a generator of 7 (A) = Z. Such a generator is given
by

At) = (e, 1,..., )R c C", tel0,1].
For this path we have

it

poA(t) = det ) = 2™t



8. THE MASLOV INDEX 99

so that we obtain for the Maslov index
() = deg(t — *™) = 1.

It remains to compute z(\). A priori the computation of (A) depends on the
choice of the basepoint Ly € A used to define the Maslov cycle. However, the
Lagrangian Grassmannian is connected so that between any two basepoints we can
always find a smooth path such that a homotopy argument analogous to the one
in Step 1 shows that fi(A) is independent of the choice of Ly. Taking advantage of
this freedom we choose
Lo=(1,i,---,))R"
It follows that A h A} ~and
A7HAY) = {0},
It remains to compute the sign at ¢ = 0. As Lagrangian complement of A(0) = R"

we choose i{R™. For ¢t € (—3, ) we can write the path A(t) as graph

At) ={z+iA®)z : 2 € R"}

where
tanwt 0 0
0 0
Alt) =
0 0

By (102) the quadratic form QN ¢ S2(R™) is given by
QY O(z) = (x, A(0)z), x€R"

Now the derivative of the matrix A computes to be

cos79g Tt O O
0
Al(t) =
0 0
and therefore
™ 0 0
0 0
A'(0) =

0 0

Moreover,

Lo N A\(0) = span{(1,0,...,0)}
and therefore the map

QX(O)‘LOM(O) o Tl
is positive. We conclude that
v(0)=1
and therefore
) = 1= u(n).

This finishes the proof of the theorem. U

One of the advantages of the intersection theoretic interpretation of the Maslov
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index is that it generalizes to paths of Lagrangians. This is necessary to define
the Conley-Zehnder index. We next explain the definition of the Maslov index for
paths due to Robbin and Salamon [94].

Suppose that A: [0,1] — A is a smooth path of Lagrangian subspaces. Fix a
basepoint L € A. For ¢ € [0,1] the crossing form

(105) CONLH) = QYO

is a quadratic form on the vector space A(t)NL. An intersection point ¢ € A™!(Al) =
A Y (UpZ; A%) is called a regular crossing if and only if the crossing form C'(X, L, t)
is nonsingular. After a perturbation with fixed endpoints we can assume that the
path A: [0,1] — A has only regular crossings. In fact, we can even assume that for
all t € (0,1) it holds that A(t) ¢ A% for k > 2. However, A\(0) or A(1) might lie in
Alz for some k > 2.

Suppose now that A : [0,1] — A is a path with only regular crossings. Then its
Maslov index with respect to the chosen basepoint L € A is defined by Robbin and
Salamon [94] as

1 1 1
(106) pr(N) = §signC()\,L,0) + Z signC(A, L, t) + §signC()\,L, 1) e §Z'
0<t<1
Here sign refers to the signature of a quadratic form. The Maslov index for paths
has the following properties.

Invariance:: If Ao, A\1: [0,1] — A are homotopic to each other with fixed
endpoints, then

1 (Ao) = pr(Ar).
Concatenation:: Suppose that Ao, A1: [0,1] — A satisfy Ao(1) = A1(0),
then
pr(Ao#A) = pr(Ao) + pr (A1)
where A\g#A\1 refers to the concatenation of the two paths.
Loop: : If A\: [0,1] — A is a loop, i.e., A(0) = A(1), then

pr(A) = p(A)
the Maslov index for loops defined before. In particular, for loops the
Maslov index does not depend on the choice of the base point L € A.

Remark 0.13. In general the Maslov index for paths depends on the choice of
the base point L € A. However, if Ly, L1 € A and X: [0,1] — A the three properties
of the Maslov index just described imply that the difference pr,(X) — pr, (A) only
depends on Lo, L1, A(0),\(1), i.e., only the endpoints of the Lagrangian path A
matter. Such indices which associate to a collection of four Lagrangian subspaces
of a symplectic vector space a number are also known in the literature as Maslov
indices and are for example studied in the work by Hérmander [50] or Kashiwara
[78].

Remark 0.14. There are other ways how to associate to a path of Lagrangian
subspaces a Maslov index. We mention here the work of Duistermaat [29]. The
Maslov index of Duistermaat has the property that it is independent of the choice
of the base point L € A at the expense of the concatenation property. The Maslov
index of Duistermaat is related to the Maslov index of Robbin and Salamon by a
correction term involving a Hormander-Kashiwara Maslov indez.



8. THE MASLOV INDEX 101

We next explain how to define the Conley-Zehnder inder as a Maslov index. If
(V,w) is a symplectic vector space the symplectic group Sp(V') consists of all linear
maps A: V — V satisfying A*w = w. Moreover, if (V,w) is a symplectic vector
space (V &V, —w @ w) is a symplectic vector space as well and has the property
that for every A € Sp(V') the graph of A

Fy={(z,Az):zeV}CcVaV

is a Lagrangian subspace of (V @V, —w @ w). Indeed, if (z, Ax), (y, Ay) € T'4 we
have

(—w@w)((z, Az), (y, Ay)) = —w(z,y) + w(Az, Ay) = —w(z,y) + w(z,y) =0

where in the second equality we have used that A is symplectic. In particular, the
diagonal
A=Ty={(z,z):x €V}

is a Lagrangian subspace of (V @& V, —w @ w). Suppose now that we have given a
smooth path ¥: [0,1] — Sp(V), i.e., a smooth path of linear symplectic maps. We
associate to such a path a path of Lagrangian subspaces in V & V by

Ty: [07 1] — A(VEBV)7 t'—)F\I,(t).

We say that a smooth path of symplectic linear maps ¥: [0,1] — Sp(V) starting
at the identity ¥(0) = id is non-degenerate if

det(¥(1) —id) # 0,
i.e., 1 is not an eigenvector of ¥(1). This is equivalent to the requirement that
F\Il(l) (S AOA

i.e., I'g(1) does not lie in the closure of the Maslov pseudo-cocycle. We are now in
position to define the Conley-Zehnder index

Definition 0.15. Assume that ¥ [0,1] — Sp(V) is a non-degenerate path of
symplectic linear maps starting at the identity. Then the Conley-Zehnder index of
U is defined as

pez(¥) = paly) € Z.

Remark 0.16. The Maslov index ua(T'y) is also defined in the case where U is
degenerate. However, in the degenerate case we do not define the Conley-Zehnder
index via the Maslov index. Instead of that following [56] we use the spectral flow
to associate a Conley-Zehnder index to a degenerate path in Definition 0.29. We
point out that in the case of degenerate paths the Conley-Zehnder index might in fact
be different from the Maslov index. Indeed, the Conley-Zehnder index as extended
to degenerate paths via Definition 0.29 becomes lower semi-continuous where the
Maslov index is neither lower nor upper semi-continuous.

Since the Maslov index is in general only half integer valued it is a priori not
clear that the Conley-Zehnder index takes values in the integers. However, this can
be seen as follows. Since by assumption the path is non-degenerate it follows that
signC'(T'y, A, 1) = 0. Therefore we obtain the formula

1
nez(¥) = §signC’(1—\p,A70) + Z signC(I'y, A, t).
0<t<1
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Since ¥(0) = id we have I'g (0) = A and therefore C'(T'y, A, 0) is a quadratic form on
the vector space A. However, A is even dimensional and therefore signC(I'y, A, 0) €
27.. This proves that the Conley-Zehnder index is an integer.



CHAPTER 9

Spectral flow

In the following we let w be the standard symplectic form on C". We abbreviate
by Sp(n) the linear symplectic group consisting of all real linear transformations
A: C" — C" satisfying A*w = w.

Suppose that ¥: [0,1] — Sp(n) is a smooth path of symplectic matrices which
starts at the identity, i.e., ¥(0) = id. It follows that W’'(¢)¥~1(¢) € LieSp(n), the
Lie algebra of the linear symplectic group. The Lie algebra of the linear symplectic
group can be described as follows. For the splitting C* = R™ x R" write

(107) J = ( i?i *éd )

Note that

J?=—-id, J'=-1
Using J the condition that a matrix A € Sp(n) is equivalent to the assertion that
A meets

ATJA = .
That means that B € Lie Sp(n) if and only if
BTJ+JB=0.
Therefore
(JB)Y' =BTJT = -BTJ=JB
implying that JB € Sym(2n), the vector space of symmetric 2n X 2n-matrices.
On the other hand one checks immediately that if JB € Sym(2n), then B €
Lie Sp(n), which means that the map B +— JB is a vector space isomorphism
between Lie Sp(n) and Sym(2n).
Therefore to any smooth path ¥ € C°°([0,1],Sp(n)) satisfying ¥(0) = id we

associate a smooth path S = Sy € C*°(]0, 1], Sym(2n)) by setting

S(t) := —JU ()T (t).
We recover ¥ from S by solving the ODE
(108) U'(t) = JS(t)¥(t), t €[0,1], ¥(0)=id.

That means we have a one to one correspondence between path of linear symplectic
matrices starting at the identity and paths of symmetric matrices. We associate to
these a linear operator

(109) A=Ag = Ag: WH2(S!,C") — L2(SY,C"), v+ —J8w — Sv.

Here L? refers to the Hilbert space of square integrable functions and W12 refers
to the Hilbert space of square integrable function which admit a weak derivative
which is also square integrable. Our goal is to relate the spectral theory of the

103
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operators Ay to the Conley-Zehnder index of W. For that purpose we first examine
the kernel of A.

Lemma 0.17. The evaluation map
E: kerA — ker(¥(1) —id), v~ v(0)
s a vector space isomorphism.

Proof: We prove the lemma in three steps.
Step 1 The evaluation map is well defined.

Pick v € kerA. We have to show that v(0) € ker(¥(1) — id). The condition
that Av = 0 means that v is a solution of the ODE

(110) Jow = —Sv
or equivalently
O = (0, W) U1y = —W9, (T~ 1.
This can be rephrased by saying that 9;(¥~!v) = 0 or equivalently that
v(t) = ¥ (t)vg, vy € C™.
Since v is a loop we obtain
v(0) = v(1) = ¥(1)v(0).

This proves that the evaluation map is well defined.
Step 2: The evaluation map is injective.

Suppose that v € kerE. That means that v(0) = 0. However, v is a solution
of the ODE (110). This implies that v(t) = 0 for every t € S*.

Step 3: The evaluation map is surjective.

Suppose that vy € ker(¥(1) —id), i.e.,

Define

It follows that

v(1) = ¥(1)vg = vo = v(0).
Hence v € WH2(S1,C") and we have seen in the proof of Step1 that v € kerA.
This finishes the proof of Step 3 and hence of the Lemma. (]

It is worth pointing out that when ¥(1) has an eigenvector to the eigenvalue 1
this precisely means that its graph I'y(;) lies in the closure of the Maslov pseudo-
cocycle A\. Hence by the Lemma crossing the Maslov pseudocycle is equivalent
that an eigenvalue of the operator crosses zero.

The L%-inner product on L?(S, C) is given for two vectors vy, vy € L*(S*,C")
by

(vl,vg>:/o (vl(t),vg(t))dt:/o w(vy(t), Jua(t))dt.



9. SPECTRAL FLOW 105

Lemma 0.18. The operator A is symmetric with respect to the L?-inner prod-
uct.

Proof: Suppose that vy, vo € W12(S1 C"). We compute using integration by
parts and the fact that S is symmetric

1
(Avy,v9) = —/ (JOsv1 + Svy, va)dt
0

1 1
*/ W(Jat’l)l,Jat1)2>dt7 / <SU1,’U2>dt
0 0

1 1
—/ w(@tvl,vg)dt—/ (v1, Sva)dt
0 0

1 1
—/ w(vy, Opvg)dt — / (v1, Sva)dt
0 0
= <’l)1, AU2>.
This finishes the proof of the Lemma. O

A crucial property of the operator A: WH2(S1,C") — L%(S',C") is that it is
a Fredholm operator of index 0. Before stating this theorem we recall some basic
facts about Fredholm operators without proofs. Proofs can be found for example
in [81, Appendix A.1]. If H; and H, are Hilbert spaces, then a bounded linear
operator D: Hi — Hy is called Fredholm operator if it has a finite dimensional
kernel, a closed image and a finite dimensional cokernel. Then the number

indD := dimker D — dim cokerD € Z

is referred to as the index of the Fredholm operator D. For example if H; and Hy
are finite dimensional, then every linear operator D: H; — Hs is Fredholm and its
index is given by
indD = dim H; — dim Hs.

Interestingly in this example the Fredholm index does not depend on D at all,
although dimker D and dim cokerD do. The usefulness of Fredholm operators lies
in the fact that similar phenomena happen in infinite dimensions and the Fredholm
index is rather stable under perturbations.

Recall that a compact operator K: Hy — Hs is a bounded linear operator with
the property that K(Bpy,) C Hs is compact, where By, = {v € Hy : |jv|]| < 1} is
the unit ball in H; and the closure refers to the topology in Hs. The first useful fact
about Fredholm operators is that they are stable under compact perturbations.

Theorem 0.19. Assume that D: Hy — Hy is a Fredholm operator and K : Hy —
Hs is a compact operator. Then D + K: Hy — Hy is a Fredholm operator as well
and
ind(D + K) = indD.

The second useful fact about Fredholm operators is that they are stable under
small perturbations in the operator topology.

Theorem 0.20. Assume that D: Hy — Hs is a Fredholm operator. Then there
exists € > 0 such that for every E: Hy — Hy satisfying ||D — E|| < €, where the
norm refers to the operator norm, it holds that E is still Fredholm and indE = indD.
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In order to prove that an operator is Fredholm the following Lemma is very
useful.

Lemma 0.21. Assume that Hy, Ho, Hy are Hilbert spaces, D: Hy — Hs is a
bounded linear operator, K: Hy — Hs is a compact operator, and there exists a
constant ¢ > 0 such that the following estimate holds for every x € H;

l2lla, < c(llDl|m, + || K| m,)-

Then D has a closed image and a finite dimensional kernel.

An bounded linear operator with a closed image and a finite dimensional kernel
is referred to as a semi Fredholm operator. Therefore under the conditions of the
Lemma D is a semi Fredholm operator. In practice one can often apply the Lemma
again to the adjoint of D. Since the kernel of the adjoint of D coincides with the
cokernel of D this enables one to deduce the Fredholm property of D. The proofs of
the two previous Theorems as well as of the Lemma can be found in [81, Appendix
A.1.]. We can use these results to prove the following theorem.

Theorem 0.22. The operator A: WH2(S1,C") — L2?(S',C") is a Fredholm
operator of index 0.

We present two proofs of this theorem.

Proof 1 of Theorem 0.22: Since the inclusion of W12(S1, C") — L2?(S,C") is
compact it follows that the operator Ag = —J3J; + S is a compact perturbation of
the operator Ag = —J0;. To check that the operator Ay is Fredholm of index 0 is
a straightforward exercise in the fundamental theorem of calculus and left to the
reader. Now it follows from Theorem 0.19 that Ag is Fredholm of index 0 as well. (J

The second proof does not invoke Theorem 0.19 but uses instead Lemma 0.21.
The reason why we present it is that according to a similar scheme many elliptic
operators can be proven to be Fredholm operators. These proofs usually contain
two ingredients. First one needs to produce an estimate in order to be able to
apply Lemma 0.21. Then one has to apply elliptic regularity in order to identify
the cokernel of the operator with the kernel of the adjoint. Since the operator A
is an operator in just one variable the elliptic regularity part is immediate. The
estimate is the content of the following lemma.

Lemma 0.23. There exists ¢ > 0 such that for every v € W12(SY, C") the
following estimate holds

[Iollwra < e(lvllz2 + ||Av]|2).

Proof: Since JOv = —Av — Sv we obtain

o = JAv + JSv.
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Therefore we estimate
1ollfyre = [vllZ2 + [|0e0]|Z2
= [[ol[z2 + [|J(A+ S)ol[1.
][22 +11(A + S)vllZ-
101122 + 1| Av[[Z2 + 2(Av, Sv) + [|Sv]|7.

< olffe + 2[|Av][Z2 + 2[[Svl[7
< c(llvllze + 1] Avl[Z).
This finishes the proof of the Lemma. O

Proof 2 of Theorem 0.22: Because the inclusion W12(St, C") — L2(S,C")
is compact we deduce from Lemma 0.21 and Lemma 0.23 that A is a semi Fred-
holm operator, i.e., kerA is finite dimensional and imA is closed. To determine its
cokernel choose w € imA*, the orthogonal complement of the image of A. That
means that w € L?(S1,C") satisfies
(w, Av) =0, YveWh?(st cn).
Hence if v € W12(St, C") we have
0 = (w, Sv) + (w, JOw) = (Sw,v) — (Jw, Ov)
and therefore
(Jw, O) = (Sw,v), VveWh?(st cn).
This implies that w which a priori was just an element in L?(S1,C") actually lies
in W12(S1 C") and satisfies the equation
Joyw = —Sw.
In particular,
Aw = 0.
Since by Lemma 0.18 the operator A is symmetric, it holds that every element in
the kernel of A is orthogonal to the image of A. We obtain
imA+ = ker4
and therefore
dim coker A = dimkerA.

In particular, A is Fredholm and its index satisfies
indA = dimkerA — dim cokerA = 0.
This proves Theorem (.22 again. g

The fact that A: W12(S1,C") — L2(S',C") is a symmetric Fredholm operator
of index 0 has important consequences for its spectrum. A reader familiar with the
theory of unbounded operators might recognize that the fact that A is Fredholm
of index 0 implies that A interpreted as an unbounded operator A: L%(S, C") —
L?(S*,C") is self-adjoint with dense domain W12(S1, C") C L?(S1,C"). Here we
do not invoke the theory of self-adjoint unbounded operators but argue directly via
the standard properties of Fredholm operators we already recalled. We abbreviate
by
I Wh(Sh,C") — L*(S',C")
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the inclusion which is a compact operator and define the spectrum of A as
S(A) := {n € C: A—nl not invertible}.
Its complement is the resolvent set
R(A) :=C\ &(A) = {neC:A—nl invertible}.
An element n € C is called an eigenvalue of A if ker(A —nI) # {0}.

Lemma 0.24. The spectrum of A consists precisely of the eigenvalues of A,
i.e.,
n € S(A) < n eigenvalue of A.

Proof: The implication "<=" is obvious. To prove the implication "="
we observe that in view of the stability of the Fredholm index under compact
perturbations as stated in Theorem 0.19 it follows that A — nI is still a Fredholm
operator of index 0. Now assume that 7 € C is not an eigenvalue of A, i.e.,
ker(A—nI) = {0}. Since the index of A—nI is 0 we conclude that coker(A—nl) =
{0}. This means that A — nI is bijective and hence by the open mapping theorem
invertible. This finishes the proof of the Lemma. (Il

Lemma 0.25. G(A4) C R.

Proof: Assume that 7 € 6(A). By Lemma 0.24 we know that 7 is an eigen-
value of A. Now the argument is standard. Indeed, if v # 0 such that Av = nlv
we have in view of the symmetry of A establishes in lemma 0.18

nl[vl* = (Av,v) = (v, Av) = 7jl|v]|?

and therefore since ||v||? # 0 we conclude 7 = 7 or in other words 1 € R. O

Lemma 0.26. The spectrum S(A) is countable.

Proof: 1If n € G(A) it follows from Lemma 0.24 that there exists e, # 0
such that Ae, = nle,. Since A is symmetric we have for n # 1’ € &(A) that
(en,en) = 0, ie., the two eigenvectors are orthogonal to each other. Since the
Hilbert space L?(St, C") is separable we conclude that G(A) has to be countable.
O

As a consequence of Lemma 0.26 we conclude that there exists {5 € R such that
Co ¢ 6(A). In particular, A — (oI is invertible. Its inverse is a bounded linear map

(A— (o)™t L2(SY,Cc™) — wh2(st, ).
We define the resolvent operator
R((o) =10 (A—¢l)™t: L*(S',C") — L*(S',C™).

Since the inclusion operator I: W12(S1 C") — L?(S!,C") is compact we conclude
that the resolvent operator R((y) is compact. Moreover, since A is symmetric, the
resolvent operator R((p) is symmetric as well. Furthermore, 0 is not an eigenvalue
of R(¢p), because if R({p)v =0 we get v = (A — (oI)R({p)v = 0.

Recall that if H is a Hilbert space and R: H — H is a compact symmetric
operator then the spectral theorem for compact symmetric operators tells us that the
spectrum &(R) is real, bounded and zero is the only possible accumulation point
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of 6(R). Moreover, for all n € G(R) there exist pairwise commuting orthogonal
projections
IL,: H— H, 1} =1, =1}, II,II,, = II,II,

satisfying
o omm,=id
neS(R)
such that
R= ) nll,
n€G(R)

Moreover, if ) # 0 € &(R) then dim imll,, < co, meaning that the eigenvalue 7 has
finite multiplicity.

From the spectral decomposition of the resolvent R((y) we obtain the spectral
decomposition of the operator A, namely

1
A=Y < +<o>nn.
e (R(Co)) N
In particular, we can improve Lemma 0.26 to the following stronger statement.

Proposition 0.27. The spectral G(A) C R is discrete.

If we write for the spectral decomposition of A

A= Z iy,

ne&(A)
and ¢ € R(A) is in the resolvent set of A we obtain the spectral decomposition of
the resolvent operator R(() as

1
R(Q) = Z jnn'
nesa)
Now choose a smooth loop I': ST — 9R(A) C C such that the only eigenvalue of A
encircled by I' is 7. Now we can recover the projection I, by the residual theorem
as follows

)
= o [ R

This formula plays a central role in Kato’s fundamental book [68]. According to
[68] this formula was first used in perturbation theory by Szokevalvi-Nagy [104]
and Kato [66, 67]. More generally if I': ST — 9R(A) is a smooth loop and Gr(A) C
G(A) denotes the set of all eigenvalues of A encircled by I we obtain by the residual
theorem the following formula

i
- [rO@= X 1,
™ Jr
n€Gr(A)
The reason why this formula is so useful is that the map
i
Ars o [ Rao)ac
T Jr

is continuous in the operator A with respect the operator topology. In particular,
the eigenvalues of A vary continuously under perturbations of A.

Recall that the operator A = Ag: W12(S1,C") — L2?(S',C") is given as
v = —JOw — S(t)v. In particular, for S = 0 we have the map Ag = —JJ;. Its
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eigenvalues are 27¢ for ¢ € 7Z and the corresponding eigenvectors are given by
vpe®™ for vy € C™. In particular, each eigenvalue has multiplicity 2n. Abbreviate
by

P = C*([0,1], Sym(2n))
the space of paths of symmetric 2n x 2n-matrices. We endow the space P with the
metric

1
4s.8) = [ l1st) - S'0]at.
0
The Spectrum bundle is defined as
G:={SeP:6(4s)} CPxR.

It comes with a canonical projection & — P. In view of the continuity of eigenvalues
of the operators Ag under perturbation and the description of the spectrum of Ag
discussed above there exist continuous sections

n:P—6, kelZ

which are uniquely determined by the following requirements

(i): The map S+ nx(S) is continuous for every k € Z.

(ii): 7%(S) < Mry1(S) for every k € Z, S € P.

(iii): &(As) = {m(S) : k € Z}.

(iv): If n € 6(Ag), then the number #{k € Z : n(S) = n} equals the
multiplicity of the eigenvalue 7.

(v): The sections 7y are normalized such that n;(0) =0 for j € {1,...,2n}.

Recall that if S € P we can associate to S a path of symplectic matrices ¥ g starting
at the identity by formula (108). The following theorem relates the Conley Zehnder
index of Wy as defined in Definition 0.15 to the spectrum of Ag, see also [56, 95].

Theorem 0.28 (Spectral flow). Assume that Vg is non-degenerate, meaning
that det(Vg(1) —id) # 0. Then

(111) tez(Ps) = max{k : np(S) < 0} — n.

Recall that the Conley-Zehnder index as explained in Definition 0.15 is only as-
sociated to non-degenerate paths of symplectic matrices. Inspired by Theorem 0.28
and following [56] we extend the Definition of the Conley-Zehnder index to degen-
erate paths of symplectic matrices, i.e. paths Ug satisfying det(¥g(1) —id) =0, in
the following way.

Definition 0.29. Assume that ¥g [0,1] — Sp(n) is a degenerate path of sym-
plectic linear maps starting at the identity. Then the Conley-Zehnder index of Vg
is defined as

nez(Ps) :=max{k : ni(S) < 0} —n.

In view of Theorem 0.28 formula (111) is now valid for arbitrary paths of
symplectic matrices starting at the identity, regardless if they are degenerate or
not. The reason why we extend the Conley-Zehnder index to degenerate paths
via the spectral flow formula and not the Maslov index is that via the spectral
flow formula the Conley-Zehnder index becomes lower semi-continuous where the
Maslov index is neither lower nor upper semi-continuous.

To prove Theorem 0.28 we first show a Lagrangian version of the spectral flow
theorem and then use the Lagrangian version to deduce the periodic version, namely
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Theorem 0.28, by looking at its graph. To formulate the Lagrangian version of the
spectral flow theorem we fix a smooth path S: [0,1] — Sym(2n) of symmetric
matrices as before. The Hilbert space we consider consists however not of loops
anymore by of paths satisfying a Lagrangian boundary condition, namely
Wei2([0,1),€") = {v € W([0,1],C") : v(0),v(1) € R"}.
We consider the bounded linear operator
Ls: Wgi2([0,1],C™) — L%([0,1],C"), v+ —Jdwv — Sw.

This is the same formula as for the operator Ag but note that the domain of the
operator now changed. However, thanks to the Lagrangian boundary condition
one easily checks that the operator Lg has the same properties as the operator
Ag, namely it is a symmetric Fredholm operator of index 0, or considered as an
unbounded operator Lg: L%([0,1],C") — L?(]0,1],C") a self-adjoint operator with
dense domain Wﬂéf([o, 1],C™). In particular, Lgs has the same spectral properties
as the operator Ag. The eigenvalues of the operator Lo are wf for every ¢ € 7Z
with corresponding eigenvectors v(t) = voe™* where vy € R™. In particular, the
multiplicity of each eigenvalue is n. Just as in the periodic case we define the section
ni for k € Z to the spectral bundle. Just the normalization condition has to be
replaced by

(v’): The section 7, are normalized such that n;(0) =0 for j € {1,...,n}.
We associate to S the path of Lagrangians

As: [07 1] = A(n), As(t) = Tg(t)R™.
We are now in position to state the Lagrangian version of the spectral flow theorem.

Theorem 0.30. Assume that ¥g(1)R™ NR™ = {0}. Then
n
pre (As) = max{k : nx(S) < 0} — 3

Proof: Recall from (95) that the Lagrangian Grassmannian is stratified as

n
A= Afn
k=0
where A%, is the Maslov pseudo-cocycle whose closure is given by
- n
AL = Ak
k=1
In particular,
A%, = (AL.)°

is the complement of the closure of the Maslov pseudo-cocycle. Recall further that
A2, is connected. Indeed, it was shown in (99) that

A]%n = SQ(an)
the vector space of quadratic forms on iR" such that A%, is actually contractible.
Note the following equivalences

(112)
0¢ S(Lg) <= kerLg = {0} <= Ug(1)R" NR"™ = {0} <= Tg(1)R™ € AZ...
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For a path S € C*°(]0, 1], Sym(2n)) define
p(S) == max{k : ni(S) < 0}.

Consider a homotopy in P namely let S € C*°([0,1] x [0, 1], Sym(2n)) and abbre-
viate S, = S(-,r) for the homotopy parameter r € [0,1]. Assume that during the
homotopy we never cross the closure of the Maslov pseudo-cocycle, namely

Us (H)R™ € A%, r€]0,1].
We conclude from (112) and the continuity of eigenvalues under perturbation that
1i(So) = 1i(S1).
By homotopy invariance of the intersection number we have as well
e (Asy) = prn (As, ).

It was shown in Theorem 0.6 that the fundamental group of the Lagrangian Grass-
mannian satisfies 71 (A) = Z with generator

Because A}, is connected it follows that each non-degenerate path \g = ¥UsR™ is
homotopic through a path with endpoints in A2, to a path of the form

eiﬂ'(%Jrk)t
ci 5t
Ak [0,1] = Sp(n), t— ] R™
eist
for some k € Z. If
142k
1
T
Sk = 5
1
then we obtain
Ak = As,,-
In view of the homotopy invariance of i and ugrn~ it suffices to show that
- n
pre (Ak) = A(Sk) = 5
But both sides are equal to § + k and hence the theorem is proved. O

We now use Theorem 0.30 to prove Theorem 0.28.

Proof of Theorem 0.28: Recall that if (V,w) is a symplectic vector space,
then the diagonal A = {(v,v) : v € V} C V@V is a Lagrangian subspace in the
symplectic vector space (V @V, —w @ w). If ¥: [0,1] — Sp(V) is a smooth path of
linear symplectic transformations starting at the identity, i.e., ¥(0) = id, and 'y is
the graph of ¥, then this graph I'y: [0,1] = A(V @ V) is a path in the Lagrangian
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Grassmannian with the property that I'yg) € A. The Conley-Zehnder index of ¥
is by definition

tez(¥) = pa(Tw).
Choose further a complex structure J: V — V, i.e., a linear map satisfying J? =
—id which is w-compatible in the sense that w(-, J-) is a scalar product on V. Then
—J & J is a complex structure on V' ® V' and

is a scalar product on V @ V. Define a Hilbert space isomorphism
r: Wh2(S4L V) — W([0,1,V e V)
which associates to v € W12(S1, V) the map
r)(t) = (v(1-£),0(2)), tefo1]
Note that because v was periodic, i.e., v(0) = v(1), it holds that
P(0)(0) = (v(0),v(1)) = (v(0),0(0)) € A, T()(1) = (v(3).0(3)) €A

such that T'(v) actually lies in the space WA?([0,1],V @ V). Moreover, T' extends
to a map

r: L*(SY V) — L*([0,1],V & V)
by the same formula. With respect to the L2-inner product I is an isometry up to
a factor \/5, indeed

irole = ([ |r<v><t>||2dt)1/2

([ (b= 9IF 1 @)IF))
= ([ ol + e P)2a)
va( [ ||v<t>||2dt)1/2

= V2lllze.

/2

Abbreviate

P(V) =C>([0,1],Sym(V))
where Sym(V') denotes the vector space of self-adjoint linear maps with respect to
the inner product w(-, J-). Define a map

r:PV)y—-PVeaV)
which associates to S € P(V) the path of self-adjoint linear maps in V& V
1
r(s)0 - 5 (s0-4).56))
The operators
Ag: WHA(SY V) — LS, V),  Lpesy): WA2([0,1],V @ V) — L2([0,1],V @ V)

are related by
F(Asv) = Lp(s)].—"l), v e W1’2(S1, V)
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Moreover, v is an eigenvector of Ag to the eigenvalue 7 if and only if T'(v) is an

eigenvector of Lp(g) to the eigenvalue 7, in consistence with the fact that T' is an

isometry up to a factor v/2 checked above. In particular, we have
S(Lrs) = 56(As).
We conclude that
max{k : ni(S) < 0} = max{k : ni(T'(S)) < 0}
so that we obtain from Theorem 0.30
(113) pa(YpsyA) = max{k:n.(S) <0} — w
max{k : ni(S) < 0} —dim V.
Note that the path of symplectomorphisms of V @ V generated from I'(.S) satisfies
V(s (t) = (s (1 - 5)Us()71¥(3)), teo.1].

Therefore, if we apply this formula to the diagonal, we obtain

Ups)(H)A = r,

sMTs(1-5)1ws (L)
Note that the path of symplectic matrices
ts Ue(DWg(1— L) 0g(L), te01]
is homotopic with fixed endpoints to the path
t— Ug(t), telo,1]
via the homotopy
(t,7) = Ug(1)Wg (1 — D) Thwg (B - (4,7) € [0,1] x [0, 1].
Consequently, by homotopy invariance of the Maslov index it holds that
(114) paTes) = pa(¥rs)A).
Combining (113) and (114) we obtain
tez(Ps) = pa(Tyy) = max{k : ni(S) < 0} — dim V.
This finishes the proof of the Theorem. O

The spectral flow theorem is difficult to apply directly since it requires that one
knows the numbering of the eigenvalues. But to obtain this numbering one has to
understand the bifurcation of the eigenvalues during a homotopy. A very fruitful
idea of Hofer, Wysocki and Zehnder [53] is to use the winding number to keep track
of the numbering of the eigenvalues. This only works if the dimension of the sym-
plectic vector space is two since otherwise the winding number cannot be defined,
however in dimension two this idea led to fantastic applications.

We now restrict our attention to the two dimensional symplectic vector space
(C,w) and consider a smooth path of symmetric 2x2-matrices S € C°°([0, 1], Sym(2)).
Recall the operator

Ag: WH2(SY,C) — L*(S',C), v~ —Jdw — S(t)v.
Suppose that 7 is an eigenvalue of Ag and v is a eigenvector of Ag for the eigenvalue

n, i.e.
Agv = nu.
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This means that v is a solution of the linear first order ODE
—Jow = (S + n)v.

Since v as an eigenvector cannot vanish identically it follows from the ODE above
that

v(t)#£0e€C, VteSh
Hence we get a map

v(t)

St St e —
h o]
We define the winding number of the eigenvector v to be
w(v) :=deg(v,) €Z
where deg(7,) denotes the degree of the map ~,. The following crucial Lemma of
Hofer, Wysocki and Zehnder appeared in [53].

Lemma 0.31. Assume that v1 and vy are eigenvectors to the same eigenvalue
7. Then w(vy) = w(vs).

Proof: If vy is a scalar multiple of v; the Lemma is obvious. Hence we can
assume that v, and vy are linearly independent. Define

v: ST = C, v(t) = v (t)va(t).
It follows that
deg(vv) = deg(vv,) — deg(Vv,)-
It therefore remains to show that
deg(’)/v) =0.

This follows from the following Claim.
Claim: ov(t) ¢ R, Vte St

To prove the Claim we argue by contradiction and assume that there exists ¢ty € S!
such that
’U(to) eR.
Hence there exists 7 € R\ {0} such that
(%1} (to) = Tvg(to).
Define
”Ugislg)(c, V3 = V1 — TU2.
Since Av; = nvy and Awvs = nuy it follows that
Avs = nug
which implies that vs is the solution of a linear first order ODE. On the other hand
Ug(to) = Ul(to) — 7"U2(t0) =0
and therefore
v3(t) =0, VteSh

By definition of v this implies that v; and vy are linearly dependent. This contra-
diction proves the Claim and hence the Lemma. ([
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As a consequence of Lemma 0.31 we can now associate to every n € S(Ag) a
winding number, by

(115) w(n) = w(n,S) :=w(v)
where v is any eigenvector of Ag to the eigenvalue 7. Indeed, Lemma 0.31 tells us
that this is well-defined, independent of the choice of the eigenvector. We refer to
w(n) as the winding number of the eigenvalue n.

Let us examine the case S = 0. In this case Ay = —J0;, the eigenvalues are
27l for every ¢ € Z with corresponding eigenvectors voe?™** where vy € C. We
conclude that

(116) w(2rl,0) = L.

In particular, we see that in the case S = 0 the winding is a monotone function in
the eigenvalue. This is true in general.

Corollary 0.32 (Monotonicity). Assume that S € C*([0,1],Sym(2)). Then
the map
w: 6(Ag) = Z, nr— wn)
is monotone, 1t.e.,
n <= w(n) <w().

Proof: Consider the homotopy r — 7S for r € [0,1]. By (116) the assertion
is true for r = 0. Since the eigenvalues vary continuously under perturbation we
conclude that the assertion of the Corollary is true for every r € [0, 1]. O

By our convention of numbering the eigenvalues we obtain from (116) that

(117) w(nge) = w(nee—1) =0—1, L€ELZ.
Define
(118) a(S) :==max {w(n,S) : n € &(Ag) N (—00,0)} € Z

and the parity
0 ifdned(4s)N[0,00), a(S) = S

The spectral flow theorem for two dimensional symplectic vector spaces gives rise
to the following description of the Conley-Zehnder index.

Theorem 0.33. Assume that S € C*°([0,1],Sym(2)). Then the Conley-Zehnder

index satisfies
NCZ(\IJS) = QOé(S) +p(5)

Proof: In view of Theorem 0.28 if ¥g is non-degenerate the Conley-Zehnder
index is given by
(120) tez(Ps) = max{k : np(S) <0} — 1
and if WUg is degenerate we use this formula as definition of the Conley-Zehnder
index. By (117) we have

a(S) = w(n2a(s)+1) = W(N2a(s)+2)-
Therefore
{ne€6(As) :w(n) = ()} = {772a(S)+1a772a(S)+2}'
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Since 7, < Ng+1 the definition of a(S) implies that

N2a(s)+1 <0, N2a(s)+3 = 0.
Therefore, by definition of the parity we get
0 if moa(sy42 =0
S) = .
p(S) { L if 7aa(s)42 < 0.

Hence
max{k : ni(S) < 0} = 2(S) + 1 + p(S)
and the theorem follows from (120). O






CHAPTER 10

Convexity

Assume that S C R"*! is a closed, connected hypersurface. It follows that we
get a decomposition
RN\ S =M_ UM,
into two connected components, where M_ is bounded and M, is unbounded. If
p € S we denote by N(p) the unit normal vector of S pointing into the unbounded
component M . This leads to a smooth map

N:S—S"

referred to as the Gauss map which defines an orientation on S. Because T (,)S™
and 7,5 are parallel planes we can identify them canonically so that the differential
of the Gauss map becomes a linear map

dN(p): T,S — T,S.
The Gauss-Kronecker curvature at p € S is defined as
K(p) := det dN(p).

Note that if n = 2, i.e., S is a two dimensional surface, the Gauss-Kronecker
curvature coincides with the Gauss curvature of the surface which is intrinsic.
We write S as a level set, i.e., we pick f € C*°(R™*1 R) such that 0 is a regular
value of f and
S = f~0).
We choose f in such a way that

M_={zeR"™: f(zx) <0}, M, ={zecR": f(z)>0}.

It follows that
Vf

Rz
We abbreviate by
Hy(p): R™ — R
the Hessian of f at p. We get for a point p € S and two tangent vectors v,w €
T,S = Vf(p)* the equality
1

(v,dN(p)w) = W(“aHf(p)W-

In particular, if
1
I,: R"* — 7,8
is the orthogonal projection we can write

1
dN(p) =t~ Hs(P)|1,5 =

IVl 1L, H s (p)IL,,

L
V@)l
119
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implying that dN(p) is self-adjoint. We make the following definition
Definition 0.34. S is called strictly convex, if K(p) > 0 for everyp € S.

If the hypersurface is written as the level set of a function S = f~1(0) then
for practical purposes it is useful to note that strict convexity is equivalent to the
assertion that
However, observe that the notion of convexity only depends on S and not on the
choice of the function f.

Lemma 0.35. S is strict convez if and only if dN(p) is positive definite for
every p € S.

Proof: The implication ” <= " is obvious. It remains to check the implication
7 = 7. Because dN(p) is self-adjoint it follows that dN(p) has n real eigenvalues
counted with multiplicity. If &(dN(p)) C R is the spectrum of dN(p) define

k:S—R, p+— min{r:re &(dN(p))}

the smallest eigenvalue of dN(p). Then k is a continuous function on S and we
claim

(121) k(p) >0, VpelsS.
We proof (121) in two steps. We first check

Step1: There exists pg € S such that k(po) > 0.

To prove the assertion of Stepl we denote D(r) = {x € R*"™! : |[z|| < r} for
r € (0,00) the closed ball of radius r and set

rs :=min{r € (0,00) : S C D(r)}.
Because S is compact 7g is finite. Moreover, there exists pg € 0D, = 5], = {x €

R™+1 : ||z|| = rs} the sphere of radius 75 such that

n 1
k5 (po) > k57s (po) = — > 0.
Ts

This finishes the proof of Step 1.
Step2: We prove (121).

Because K(p) = detdN(p) > 0 for every p € S it follows that k(p) # 0 for ev-
ery p € S. Since S is connected and k is continuous we either have k(p) > 0 for
every p € S or k(p) < 0 for every p € S. By Step1 we conclude that k(p) > 0 for
every p € S. This establishes (121).

We are now in position to prove the Lemma. Because k(p) > 0 it follows that
S(dN(p)) € (0,00), VpeS.
Therefore dN (p) is positive definite for every p € S and the Lemma is proved. O

For the following Lemma recall that M_ C R™*! denotes the bounded region of
Rn+1 \ 9.
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Lemma 0.36. Assume that S is strictly convexr. Then M_ is convex in the
sense that if v,y € M_ and X € [0,1] then Az + (1 — \y) € M_, i.e., the line
segment between x and y is contained in M_.

Proof: The assertion of the Lemma is true in any dimension. However, the
proof we present just works if n > 2.
For p € S we introduce the half-space

H,:={z e R"" : (p—2,N(p)) > 0}.

We claim

(122) M_ = () H,.
peS

We first check

(123) M #,c M.

peS
To prove that we note the following equivalences
NHycM = Mus=mcc((H,) = H
peS peS peSs
= My=J{zeR"™: (@—p N(p) >0}
peS
If x € M, choose py € S and consider the line segment
[0,1] = R™™ ¢t (1 —t)pg + ta.
Define
to :==max {t € [0,1] : (1 — t)po + tx € S}.
Because x € M, it follows that
to < 1.
We set
p:=(1—tg)po + tox € S.
Since z € M, it follows that
(z —p,N(p)) > 0.

This establishes (123). Note that for the proof of (123) we did not use yet the
convexity of S. We next check that

(124) M_c () Hy.
peES
We need to show that for every p € S it holds that
M_ C H,.

For u € 8" = {z € R"*! : ||z|| = 1} consider
Fo :R"™ SR 20 (z,u)

and abbreviate

fu:=Fuls: S—=R
the restriction of F, to S. We next discuss the critical points of f,. Recall from
the method of Lagrange multipliers that if F: R*™! — R is a smooth function
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and f = Flg, then p € critf if and only if there exists A, € R referred to as the
Lagrange multiplier such that

Vf(p) = AN(p).
Moreover, if IT,: R"*! — T,,S denotes the orthogonal projection the Hessian of f
at p is given by

Hf(p) = (HpHF(p”T,)S =+ )\pdN(p)) : TpS — TpS
In the case of our interest we have
VFu(p) =u, HFU (p) =0
and therefore p € critf, if and only if

u=A\N(p)
where
Ap==£1
because ||u|| = || N(p)|| = 1. Moreover, the Hessian is given by

Hy, (p) = M\pdN(p).

Because S is strictly convex Lemma 0.35 tells us that dN(p) is positive definite
for every p € S. Therefore Hy, is either positive definite or negative definite for
every p € S. We have shown that f,: S — R is a Morse function all whose critical
points are either maxima or minima. At this point we need the assumption that
n > 2, i.e., that the dimension of S is at least two. Namely, because S is connected
it follows that in this case f, has precisely one strict maximum and precisely one
strict minimum and no other critical points.
For p € S choose u = N(p). It follows that

p € crit fy(p)
with
Ap =1
Therefore p is the unique strict maximum of fy(,). In particular, for every ¢ €

S\ {p} we have

(¢; N(p)) = fnw) (@) < Ing)(p) = (0, N(p))
implying that

0<{p,N(p))—(a.N(p)) =(p—aN(p), YaqeS\{p}
It follows that
S\ {p} C H,
and consequently
M_ C H,.

This establishes (124) and therefore together with (123) we obtain (122).

In view of (122) the Lemma can now be proved as follows. Note that H, is
convex for every p € S. Because the intersection of convex sets is convex it follows
that ﬂpes H, is convex as well. Hence (122) implies the Lemma. ]

Suppose that N C C? is strictly convex. Because convexity is preserved under
affine transformations we can assume without loss of generality that 0 € M_, the
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bounded part of C2 \ N. Therefore by Lemma 0.36 M_ is star-shaped. It follows
that the restriction A\|N of the standard Liouville form

1
A= §(x1dy1 —y1dzy + 2odys — yadaa)

to N is a contact form on S.

The following Theorem appeared in [56]

Theorem 0.37 (Hofer-Wysocki-Zehnder). Assume that N C C? is a strictly
convex hypersurface such that 0 lies in the bounded part of C*\ N. Then the contact

manifold (N, M| n) is dynamically convex where X is the standard Liouville form on
C.

As preparation for the proof suppose that N C C? meets the assumption of
Theorem 0.37. For z € C?\ {0} there exists a unique A\, € (0, 00) with the property
that

Az € N.
Define
1

Fyn:C?\ {0} =R, advi

It follows that
N = Fy'(1).

We denote by Xr, the Hamiltonian vector field of Fiy with respect to the standard
symplectic structure w = d\ on C? defined implicitly by the condition

dFN =w(-, Xpy)-
Lemma 0.38. For z € N it holds that
Xry(2) = R(2)
where R is the Reeb vector field of (N, An).
Proof: For v € T,N we compute
AN(2)(XFy (2),v) = w.(Xpy,v) = —dFn(2)v =0
where for the last equality we have used that N = Fy'(1). It follows that
Xry|n € kerdA|n.

It remains to show that
A Xpy)lv =1.
Note that Fly is homogeneous of degree 2, i.e.

Fx(rz) =r*Fy(2), z€C*\ {0}, r>0.

Consequently

(125) dFn(2)z = dif" rﬂFN(TZ) = 2TFN(2)|T:1 =2FN(2)

which is known as Euler’s formula. Note further that if 2,z € C the equation
(126) AMz)z = 1(.u(z, 2)

2
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holds true. Using (125) and (126) we compute for z € N = Fy,'(1)

1 1
A2)(Xpy () = iw(z7XFN(z)) = idFN(z)z =Fn(z)=1.
This finishes the proof of the Lemma. (I

Suppose that v € C(S!, N) is a periodic Reeb orbit of period 7. Abbreviate
by

#h:C* = C% teR
the flow of the vector field X, . Because 7 is a periodic Reeb orbit we have in view
of Lemma 0.38 for every t € R

N (1(0) = (1)
For t € [0,1] consider the smooth path of symplectic matrices
(127) Ul = doy (7(0)): C* — C*.
Lemma 0.39. The path \I/f/ has the following properties
(i): \Ilg =id,
(ii): W! satisfies the ODE
OV, = JrHpy (1(6) W,

where J: C? — C2 is multiplication by i and Hp, is the Hessian of Fy
which is positive definite by Lemma 0.35,

(ii): WL (R((0))) = R(3(0)) and ¥} (7(0)) = +(0).

Proof: Properties (i) and (ii) are immediate. To explain why the first equa-
tion of property (iii) holds note that because the Hamiltonian vector field Xp,, is
autonomous (time independent) its flow satisfies

N =dhoN
and therefore

d st d

Xeyodh = | o8'= | ook = don(Xr)

Because + is a periodic Reeb orbit of period 7 we have

on(7(0)) = ~(0)

and therefore

R(7(0)) = Xry (7(0)) = do (7(0)) (X ry (7(0))) = ¥ (R(7(0)))-
This explains the first equation in property (iii).

It remains to check the second equation in property (iii). We first recall that be-
cause Fiy is homogeneous of degree 2 Euler’s formula (125) holds for every z € C.
Differentiating once more we obtain

d’Fn(2)z 4+ dFn(z) = 2dFy(2)
which implies that
d’*Fn(2)z = dFn(2).
In particular, we have
Hpy(2)z =VFn(z)
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and therefore

(128) JHp, (2)z = JVFN(2) = Xpy (2).
We claim that
(129) doly(2)z = ¢ly(2) € C?, ¥V z € C2

To check this equation we fix z € C? and consider the path
w: R — C?,  ts doly(2)z — ¢ly(2).

Note that
(130) w(0) = dp¥ (2)z — ¢X(2) =2 — 2 = 0.
Moreover,
181)  Gwl) = Tdsh()z - Soh(e)
= JHpy($y(2)doy (2)z = Xpy (¢ (2))
= JHp, (¢N(2)doy (2)z — JTHpy (6 (2)) 9 (2)
= JHpy (0 (2)(ddy(2)2 — ¢y (2))
= JHp, (¢ (2)w(t).

Here we have used in the third equation (128). Combining (130) and (131) we
obtain

w(t)=0, VteR.
This proves (129). Setting ¢ = 7 and z = (0) we obtain
V2 (1(0)) = doRy (4(0)) ((0)) = & (7(0)) = +(0).
This finishes the proof of the Lemma. O

For the next Lemma recall from Lemma 0.9 that if L € A the Lagrangian Grass-
mannian we have a canonical identification

i) — S2(L), L~ QF

where S%(L) are the quadratic forms on L. Recall further that if ¥ € Sp(n) is
a symplectic transformation then its graph I'y is a Lagrangian in the symplectic
vector space (C" @ C", —w ® w). We can now state the next Lemma.

Lemma 0.40. Suppose that ¥: (—e,€) — Sp(n) is a smooth path of symplectic
matrices. Then for

4
dt
the corresponding quadratic form
Q"' © € S*(I'y (o))
is given for (z,¥(0)z) € 'y gy where z € C" by
Q" (2,T(0)2) = (¥(0)z, STy2)

Lyt) € Try (o MC" 0 C", —w @ w)
t=0

Ty o) =

where
S = —Ju'(0)¥(0)" "
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Proof: We choose as Lagrangian complement of I'y(g) the Lagrangian

I_g() = {(z,—¥(0)z) : 2 € C"}.
If 2 € C™ and t € (—¢,€) we define w,(t) € C™ by the condition that
(2,9(0)2) + (w.(t), —¥(0)w.(t)) € Ty
or equivalently
(z +w.(t), ¥(0)z — ¥(0)w.(t)) € Ty).
This implies that
U(t)z + W(H)ws(t) = U(t)(z + w:(t) = ¥(0)z — W (0)ws(t).
Differentiating this expression we get
W' (t)z 4+ W' (t)w. (t) + W (t)wl(t) = =T (0)w ().
Because w,(0) = 0 we obtain from that
U'(0)z + U (0)w(0) = —¥(0)w(0)
implying
W, (0) = —%W(O)—qu’(op.
By definition of the quadratic from we compute taking advantage of the fact that
¥(0) is symplectic

Qo (2,W(0)z) = —w@w<(z,\11(0)2),( () (O)U}Q(O))
(

= —w(zwl(0)) - w(B(0)z, T(0)uL(0))
= —w(zwl(0)) - w(z,wl(0))
= —2(z,w(0)

w(z, ¥ (0)710(0)z)
w(T(0)z, ¥'(0)z)
w(P(0)z, JST(0)z)
= (U(0)z,ST(0)z).

This finishes the proof of the Lemma. O

Corollary 0.41. Assume that U: [0,1] — Sp(n) is a smooth path of symplectic
matrices satisfying W' (t) = JS(t)W(t) with S(t) positive definite for everyt € [0, 1].
Then the crossing form C(T'y, A, t) is positive definite for every t € [0, 1].

Proof: Be definition of the crossing form we have
C(F‘IM A7 t) = QFW/U) ‘Aﬂf‘\p(t) .

The Corollary follows now from Lemma 0.40 and the assumption that S is positive
definite. |

Corollary 0.42. Assume that N C C? is a strictly convex hypersurface and -y
is a periodic Reeb orbit of period T on N. Then

paTw,) >3+ %dimker (d*¢%(7(0)) —id) >3
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Proof: Using the definition of the Maslov index for paths (106),Corollary 0.41
and assertion (i) and (iii) in Lemma 0.39 we estimate

1 1
paCy,) = osignC(Ly, A,0)+ ) signC(Lu,, A t) + ssignC(Ty,, A1)
o<t<1
1
= Sdim(ANTy (0) + > dim (ANTy (1))
o<t<1
1.
+§ dim (ANTy (1))
1 .
= 3 dim (A) + Z dim (A NTy, (t))
o<1
1 _ ‘o .
+§ (2 + dimker (d*¢%((0)) — 1d))
1
= 3+ ) dim(ANTy (1) + 5 dimker (d°¢%(7(0)) — id)
0<t<1
> 3+ dimker (¢} ((0)) —id).
This proves the Corollary. O

Proof of Theorem 0.37: It follows Lemma 0.36) that N bounds a star-shaped
domain. Therefore N is diffeomorphic to the sphere S3. In particular, mo(N) = {0}
and therefore the homomorphism I, : mo(N) — Z vanishes for trivial reasons. As-
sume that ~ is a periodic orbit on N of period 7. Because N is simply connected
~ is contractible so that we can choose a filling disk for +, i.e., a smooth map
~: D — N C C? satisfying 7(e?>™") = ~(t) for every t € S'. Note that the vector
bundle 7*C? — D splits as

(132)

TC =7 DT

where we abbreviate

n= <X7R>

where the vector field X is defined as

X(z)==2z, =zeC2

Note that we have a canonical trivialization

T 7'n—>DxC, aX+bR— a+ib, a,beR.

It follows from Lemma 0.38 and Lemma 0.39 that the map \Iltvz C? = C2 for
t € [0, 1] respects the splitting (132), i.e.

Indeed, we have

and

T &0 = &y 5t M) = (-
Ul |e = d 9% (v(0))

—1 s
gﬂvW(t)\ijysn,'y(O) =id: C— C.

Choose in addition a symplectic trivialization

Te: 7€ — D xC.
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Hence we obtain a symplectic bundle map
T=F.®%F,: DxC* - D xC%

Because the disk D is contractible the map % is homotopic as a bundle map to
the identity map from D x C? to itself. In particular, if we introduce the path of
symplectic matrices

T,
WT: [0,1] — Sp(2)
defined for ¢ € [0, 1] as

(\Ilg)t = ‘Ly(t)\lfif‘l :C% - C?

7(0) "
we obtain by homotopy invariance of the Maslov index and Corollary 0.42
(133) /JA(F\IG) = pa(T'y,) > 3 + dimker (d£¢71—%(7(0)) —id).

If (Vi,w1) and (Va,wq) are two symplectic vector spaces, Ly C Vi, Lo C Vs are
Lagrangian subspaces, A;: [0,1] = A(Vi,w;) is a path of Lagrangians in V;, and
A2: [0,1] = A(Va,ws) is a path of Lagrangians in V2 we obtain a Lagrangian

Li®Ly; Vi xVy
and a path of Lagrangians
AL D A2 [0,1] = AV & Vo, wy ®ws).
The Maslov index satisfies
BLi@L, (A1 © A2) = pp, (A1) + pr, (A2)-

In view of the splitting
T T T
\I"y = \I/'y|f@\l"y‘7l

we obtain

(134) palys) = paTys)) + palys),).
Because |, (t) = id for every ¢ € [0,1] we conclude that
(135) pa(Tys),) = 0.

Combining (133), (134), and (135) we obtain the inequality
(136) pa(Tys)) > 3+ dimker (d°¢%(7(0)) - id).

We distinguish two cases
Case l: The periodic orbit v is non-degenerate.

In this case it follows from Definition of the Conley-Zehnder index that
pez(y) = pales).
It now follows from (136) that

pez(v) = 3.
Case 2: The periodic orbit v is degenerate.

In this case we consider for € > 0 a smooth path of symplectic matrices W: [0,1+
€] — Sp(1) with the property that W (t) = W3|¢(t) for every t € [0,1] and there
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are no further crossings of I'y, with the closure of the Maslov pseudo-cocycle E
in (1,1 + ¢]. It follows from the definition of the Maslov index for paths that

1.
(137A(Tw,) = palez) + 5signC(lez), A1)

— pa(Tys) + %dim ker (d6%,(~(0)) — id)
> 3+ % dimker (d*¢7(v(0)) —id) + % dimker (d*¢7(v(0)) — id)
= 3+ dimker (d*¢}(v(0)) —id).

Here we have used in the second equation Lemma 0.40 together with the assumption
that N is strictly convex and for the inequality we used (136). Because the path
I'y, is non-degenerate we have by Definition of the Conley-Zehnder index

(138) pa(Te,) = poz(Ve).
In view of the continuity of eigenvalues we have
(139)ch(\113) Z lim ,UCZ(\IIE) — dim ker (A\I,‘:)
e—0 Rl
ez (W) — dimker (d€¢5(1(0)) — id)

3+ dimker (d°¢%(7(0)) — id) — dimker (d¢%(v(0)) — id)
= 3

v

where for the second inequality we have used (137) and (138). Because ucz(vy) =
pez(P) inequality (139) finishes the proof of the theorem. O

0.1. Connected sum revisited: Hamiltonian flow near a critical point
of index 1. In this section we will see how a connected sum can give a dynamical
obstruction to convexity.

Consider a symplectic manifold (M*,w) with Hamiltonian H : M — R. We
consider a non-degenerate critical point gy of index 1, so we can write

H(z) = Q(z,x) + R(x),

where R(z) = o(|z|?), so lim,_o % =0.

We first investigate the Hamiltonian Hg : ¢ — Q(z,z), and then argue that
the results continue to hold qualitatively when R is sufficiently small.

Lemma 0.43. We consider a quadratic Hamiltonian Hg with a non-degenerate
critical point of index 1. Fiz c > 0. Then every level set Hg = ¢ has a unique simple
periodic orbit y. (up to reparametrization). This periodic orbit is transversely non-
degenerate and its Conley-Zehnder index equals 2.

Proor. By Proposition 6.1, we can find symplectic coordinates such that Hg
has the form

(&1, 25m1,m2) — —2amn2 + b(E] + €3)

with a,b > 0. The symplectic form is given by dn; A dns + d&1 A d€s, so the
Hamiltonian vector field is given by

XHQ = Qac?m — 2&8772 + *bfga& + b§1852.
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This is linear, so we obtain its time-t flow by exponentiating

€2at 0 0 0 1

. . B 0 e 2t 0 0 M2
Prig (M15712: €1, &2) = 0 0 cos(bt) —sin(bt) &1
0 0 sin(bt)  cos(bt) &2

Clearly, if 71 or 12 at time ¢ = 0 are non-zero, then the solution cannot be periodic:
|n1] is strictly increasing when non-zero and |nq| is strictly decreasing when non-
zero. This leaves initial conditions with 71 = 72 = 0. The solution is clearly
periodic in the latter case with period 27 /b. If we fix s, = (0,0;,/%,0) as initial
point, then we find

Yelt) = \/E (0, 0; cos(bt), sin(bt).
To see that this orbit is transversely non-degenerate, we note that
T,.%. = span((1,0,0,0),(0,0,1,0), X (sc))-

The linearized time-t = 27 /b flow sends (1,0, 0,0) — (¢***/* 0,0, 0) and (0,1,0,0) —
(0, e—4ma/b 0), which clearly does not have any eigenvalue equal to 1.

That leaves the Conley-Zehnder index. Rather than explicitly trivializing the
contact structure over a disk, we use the following standard trick. First note that
the linearized flow extends to a path of symplectic matrices on (R*,wg). Namely,
with respect to the standard symplectic basis of R* we have

e2at 0 0 0
0 e 2t 0 0
0 0  cos(bt) —sin(bt)

wR‘L t— (
0 0 sin(bt)  cos(bt)

For later use, let us call the path of abstract (not depending on basis) linear sym-
plectic maps the extended linearized flow and denote this path by . Note each
symplectic matrix 1ga(t) has the direct sum decomposition

2at :
(e 0 cos(bt) —sin(bt)
Vs (t) = < 0 e 2t > @ ( sin(bt) cos(bt) )
We compute the Maslov index of the former path with the crossing formula. There
is only one crossing at ¢ = 0, and its signature is zero, so we have

e2at 0 1
M(( 0 e—2at 7t_0a727r/b)_50
We use the following lemma to compute the Maslov index of the latter path.

Lemma 0.44. Consider a path of symplectic matrices of the form

Bt < cos(t) —sin(t) )

sin(t)  cos(t)
with t ranging from 0 to T. Then

T T

p(®) =[5+ [

1.
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PROOF. We use the crossing formula to compute the index. First note that
there are crossings at every integer multiple of 2w. At each crossing the crossing
form is defined on all of R? and we have

d
sign wo(-, a‘ﬁ') =signwo(-, Jor) = 2,
so every interior crossing, meaning a crossing ¢t with ¢ €]0,T, gives a contribution
of 2, and the crossings at t = 0 and ¢ = T (if there is one) contribute 1. We now
count the crossings.

First we assume that T is not divisible by 2w. Then the number of interior

crossings equals |T'/2x]. There is a crossing at ¢ = 0, and none at t = T, so

w®)=1+2-|T/2x| = |T/2r| + [T/2r].

To see the last step, we just need to observe that |T/27| is 1 smaller than [T/27]
since T is not divisible by 27. The case when T is divisible by 27 can be handled
similarly by taking care of an additional crossing at the end of the path of symplectic
matrices. (]

Applying this lemma we find that p(¢rs) = 2.

On the other hand, we want to compute the Conley-Zehnder index. Take a
spanning disk d, : D? — X, capping off 7.. Choose a symplectic trivialization €¢
of the contact structure ¢ along the disk d.(D?). Furthermore, we fix the following
symplectic trivialization of the symplectic complement of ¢ in TR* with respect to
wo,

€ewo : D? X R? — digwo
(2101, a2) — (de(2); (Z 0 de(2), R o de(2)).
Here Z and R are the Liouville and Reeb vector field, respectively.

We write ¢ with respect to the trivialization e @ €cwo, and obtain a path of

symplectic matrices

Ve ® Yewo.
Since ¢;(TR*) = 0, the Maslov index of the extended linearized flow ¢ does not
depend on the choice of the trivialization of TR* along d.(D?), so we see that

(e @ Pewo) = p(yra) = 2.
On the other hand, we know by the direct sum axiom that

(e ® thewo ) = p(te) + p(tewo).
We compute the effect of extended linearized flow ¥ on vector fields Z and R. We
find

T¢ly,Z 07:(0) = Zovel(t), and Tl Ro7e(0) = Rolt),
which means that 1)¢wo is the constant path. A constant path of symplectic matrices
has vanishing Maslov index, so knowing that v, is non-degenerate, we conclude that

2 = p(e ® hewo ) = p(the) + p(ewo) = p(ve) = poz(e) = poz(ve)-
0
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FIGURE 1. Orbits in the tube



CHAPTER 11

Finite energy planes

1. Holomorphic planes

We assume in this section that (N, \) is a closed, oriented 3-dimensional positive
contact manifold, i.e., the contact form \ € Q!(V) satisfies

ANdN>0

, or in other words A A d\ is a volume form on N inducing the given orientation.
The hyperplane distribution

E=ker\C TN
is referred to as the contact structure. The Reeb vector field R € T'(TN) is implicitly
defined by the conditions

A(R) =1, (rdXA=0.

The line bundle (R) over N spanned by the Reeb vector field together with & leads
to a splitting

TN =D (R)
of the tangent bundle of N. By abuse of notation we extend the contact form A to
a one form A € Q}(N x R) which at a point (p,r) € N x R is given by

Apr =€ Ap.

Its differential w = d\ is a symplectic form for N x R. At a point (p,r) it is given
by

wpr =€e"d\, +e"dr A Ap.
The noncompact symplectic manifold (N x R,w) is called the symplectization of
the contact manifold (N, ). The vector field 9, is a Liouville vector field on the
symplectization, indeed, the Lie derivative of w with respect to 0, is given by
Cartan’s formula by

Lo.w=digw+ty.dw=d\=w
where we used tg,w = A and dw = 0. By abuse of notation we extend the Reeb
vector field to I'(N x R) by
R(p,r) = R(p) € T,N CT,N x R=Ty, (N xR), (p,r) € N xR,
Similarly we extend the rank-2 bundle £ C T'N to a rank-2 subbundle £ C T'(N xR)
by
Epr) =&p CTRN CT,N xR C T, (N x R).

We have the splitting
(140) T(N xR)=¢® (0, R).
Note that this splitting is symplectic, i.e., both subbundles are symplectic subbun-
dles of TN and they are symplectically orthogonal to each other. Moreover, the

133
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symplectic form on £ is up to the conformal factor e” just the restriction of d\ to
¢. Choose J € End(§) a d\-compatible almost complex structure on ¢ invariant
under the natural R-action

RXxNxR—=NXxR, (s,pr)—(ps+r).

Again by abuse of notation we extend J to an w-compatible almost complex struc-
ture on T(N x R) given for v € £ and a,b € R by

J(v+ ad, +bR) = Jv — b0, + aR.

Note that the extension is still R-invariant and respects the symplectic splitting
(140). We refer to such an almost complex structure J € End(T(N x R)) as an
SFT-like almost complex structure. Here SFT stands for Symplectic Field theory
[31].

We now fix an SFT-like almost complex structure J on T(N xR). A (parametrized)
holomorphic plane

u:C— N xR
is a solution of the following nonlinear Cauchy-Riemann equation
(141) Ou+ J(w)oyu=0

where z = x + 7y. Recall that the group of direct similitudes is the semidirect
product

¥=C"xC
with multiplication defined as

(p1,71)(p2, 72) = (p1p2, 172 + T1).
It acts on C by
(pym)z=pz+71, (p,7)€C*xC, zeC.

Geometrically this amounts to a combination of a rotation, a translation, and a
dilation of C. Every biholomorphism of C to itself is of this form. The group of
direct similitudes acts on solutions of (141) by reparametrization

(b, 7)wu(z) = upz + 7).

Note that this is actually a right action. We refer to an equivalence class [u] of
a holomorphic plane @ under the action of the group of direct similitudes as an
unparametrized holomorphic plane.

While the group of direct similitudes acts on the domain of a holomorphic plane
there is an action of the group R on the target as well. For a holomorphic plane
write

u=(u,a), u:C—-N, a:C—R
Because the SFT-like almost complex structure J is R-invariant it follows that for
a solution @ of (141) and r € R the map
r«(u,a) = (u,a+7r): C—> N xR

is still a solution of (141). Note that the actions of the group ¥ and R on solution
of (141) commute so that we obtain an action of the group ¥ x R on solutions of
(141). In particular, the group R still acts on unparametrized holomorphic planes.
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2. The Hofer energy of a holomorphic plane
In order to describe the energy of a holomorphic curve we abbreviate
Ii={p e C=(R,[0,1)) : ¢/ > 0}.
For ¢ € I' we define \? € Q'(N x R) by

Mopwy = 01X (p.7) €N xR.
The following notion of energy of a holomorphic plane is due to Hofer [51]
el JC

Note that the energy is invariant under the action of ¥ x R on solutions of (141).
For the R-action this follows from the fact that R acts on I' as well by

rep(s) =¢(s—r), seR

for r € R and ¢ € I'. The following lemma tells us that the energy of a holomorphic
plane is never negative.

Lemma 2.1. Assume that u is a solution of the nonlinear Cauchy-Riemann
equation (141). Then its energy satisfies

E(u) € [0, o0].

Moreover, E(u) = 0 if and only if u is constant.

Proof: Pick ¢ € T'. At a point (p,r) € N x R the exterior derivative of \? is

given by
dX?

(p,r

) = B(r)dX, + ¢ (r)dr A Xp.
Abbreviate by
m: TN — &

the projection along (R). By definition of the Reeb vector field we obtain
Oru = mOpu + N(Ozu)R
and therefore
0, U = mOpu + A(Ozu) R + 0,00,
Using (141) we conclude
Oyt = JO, U = JmOyu + OgaR — A(Dpw)0,.
Putting this together we end up with the formula
(143)  dX?(0, @, Oytt) = B(a)dA\(m0pu, Jmdpu) + ¢ (a) ((92a)* + (MOxu))?).

Since the restriction of J to & is dA-compatible it follows that dA(7d,u, JTd,u) > 0.
By definition ¢(a) > 0 and ¢’(a) > 0 so that it holds that

d\? (9,1, 0,1) > 0.
We showed that
/awﬂzm Vel
C

and therefore
E(u) > 0.
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Now assume that u is not constant. That means that there exists z € C such that
du(z) # 0.
Since u satisfies the Cauchy Riemann equation (141) it follows that
O0,u(z) # 0.
It follows from (143) that we can choose ¢ € T" such that
d\? (9,1, 0,7)(2) > 0.

Hence the energy satisfies
E(u) > 0.
This finishes the proof of the Lemma. O

The following Definition is due to Hofer [51].

Definition 2.2. A holomorphic plane u: C — N X R is called o finite energy
plane if
0 < E(u) < oc.

The motivation of Hofer to study finite energy planes came from its close re-
lation to the Reeb dynamics on the contact manifold (N, A). In the following let
S1 =TR/Z be the circle and R, = {r € R : r > 0} the positive real numbers. Recall
from Section 1 the following definition.

Definition 2.3. A (parametrized) periodic orbit of the Reeb vector field R is
a loop vy € C®(SY, N) for which there exists T € Ry such that the tuple (v,T) is a
solution of the problem

oy(t) = TR(y(t), te S

Because 7 is parametrized the positive number 7 = 7(v) is uniquely determined
by v and is referred to as the period of . The following Theorem is due to Hofer.
To state it we introduce the following notation. If u: C — N is a smooth maps and
s € R we abbreviate

w:S* > N, t— u(ez’r(””)).

Theorem 2.4. Assume that & = (u,a): C = N x R is a finite energy plane.
Then there exists a periodic Reeb orbit v and a sequence s — oo such that the
sequence u®* converges in the C*°-topology to ~.

For a proof of this fundamental theorem also referred to as the main result of
finite energy planes we refer to [51, Theorem 31] or [1, Chapter 3]. The original
interest in this result came from the fact that it enabled Hofer in [51] to deduce
from it the Weinstein conjecture for a broad class of three dimensional contact
manifolds. The Weinstein conjecture [107] asks if every closed contact manifolds
admits a periodic Reeb orbit. The paper by Hofer [51] was one of the important
breakthroughs concerning this conjecture. Later on Taubes [105] proved the Wein-
stein conjecture in dimension three completely using quite different methods than
finite energy planes, namely Seiberg-Witten invariants. In higher dimensions the
conjecture is still open in general, we refer to the paper by Albers and Hofer [7] and
the literature cited therein for partial progress in higher dimensions. The question
how far the Weinstein conjecture generalizes to noncompact manifolds is an active
topic of research as well. The interested reader might consult the paper by Berg,
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Pasquotto, and Vandervorst [15] or the paper by Suhr and Zehmisch [102]. An
intriguing point is that without the contact condition the conjecture might fail for
a general Hamiltonian system, see the paper by Ginzburg and Giirel [41] and the
literature cited therein.

3. The Omega-limit set of a finite energy plane

Theorem 2.4 does not claim that the asymptotic periodic Reeb orbit v is unique.
Although we are not aware of an explicit example it is conceivable that asymptot-
ically a finite energy plane starts spiraling around a whole family of periodic Reeb
orbits. Let us introduce the Omega-limit set ((u) of the finite energy plane u as
follows. Namely (u) consists of all periodic Reeb orbits 7 for which there exists
a sequence s going to infinity such that «®* converges to v in the C"*°-topology.
Note that

Q(u) € C>=(S*, N)
and we topologize it as a subset of the free loop space of N. As the notation suggest
Q(u) only depends on the projection of the finite energy plane u to N. In particular,
the Omega-limit set is invariant under the R-action on finite energy planes. Hofer’s
theorem tells us that the Omega-limit set is never empty.

Lemma 3.1. Assume that @ = (u,a) is a finite energy plane. Then its Omega-
limit set Q(u) is compact and connected.

Proof: To prove the lemma we use a statement stronger then the one provided
by Theorem 2.4. Namely for a given sequence s; going to infinity there exists a
subsequence sy, and a periodic Reeb orbit v such that u**/ converges to . However,
this improved statement can be shown along the same lines as Theorem 2.4, see [1,
Theorem 6.4.1]. Armed with this fact we are in position to prove the Lemma.

We first show that Q(u) is compact. The free loop space C*°(S!, N) is metriz-
able. Therefore it suffices to show that Q(u) is sequentially compact. Choose a
metric d on C*°(S*, N) which induces the given topology of the free loop space.
Let v, for v € N be a sequence in Q(u). Since 7, € Q(u) for every v € N there
exists a sequence {s} }ren going to infinity with the property that

lim u’ = ~,.
k—o0

Set k1 := 1 and define inductively for v € N

v 1
kyi1:=mink: st >s" +1,d Sk“, v < .
+1 mm{ s Z s, FLd(u ) < v+1

For v € N define

oy =5y -
It follows by construction that the sequence o, goes to infinity. By the improved
version of Hofer’s theorem discussed above there exists a subsequence v; and a
periodic Reeb orbit v such that

lim «°"
‘]%OC

i = .
We claim that
(144) lim ~,, =~.

j—o0
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To see that pick € > 0. Choose jo = jo(€) with the property that

2 O, € .
Vio Z e’ d(u uja’Y) < bR Y i 2> Jjo.

We estimate for every j > jo

1 1
d(’YVj7’y) S d(uﬂyj,,yuj> + d(ug”j,'y> S J— _|_ E S T + g €.
Vj 2 Vjo

[N e}

This proves (144) and hence (u) is compact.

It remains to show that Q(u) is connected. We assume by contradiction that
Q(u) is not connected and hence can be written as

Qu) = Qy(u) U Qa(u)
where both €4 (u) and Q9(u) are nonempty, open and closed subsets of Q(u) sat-
isfying Q1(u) N Q2(u) = @. Since we already know that Q(u) is compact the
sets Q1 (u) and Qo(u) are compact as well and therefore there exist open sets
Vi, Vo € C°°(S1, N) with the property that
Vlﬂngw, Ql(u)CVl, QQ(U)C‘/Q

Since Q4 (u) and Q3(u) are nonempty there exist v; € Q1 (u) and v2 € Qa2(u). By
definition we can find sequences s;. and s} going to infinity such that

. 1 . 2
lim u’ =, lm u’t = ~s.
k—00 k—o0

Set k1 = 1 and define inductively for v € N
min{k; D852 > s } v odd
k1= : el 2"
min {k 18, > sku} v even.
Note that the sequence k,, goes to infinity. For any v consider the path
Sk, s Skyir] = C(SY,N), s u’.

One of the endpoints of this path lies in €;(u) while the other one lies in Qa(u).
Therefore there exists 0, € [sg,, Sk, +1] with the property that

u® € C°(S',N)\ (V1N Va).

Observe that the sequence o, goes to infinity since si, goes to infinity. By the
improved version of Hofer’s theorem there exists a subsequence v; and a periodic
Reeb orbit such that
lim "
j—}OO
By definition of the Omega-limit set we have
v € Qu).

On the other hand V; and V5 were open subsets of the free loop space of N and
therefore

v € C®(SY,N)\ (V1 UVy) € C®(SY, N)\ (1 (u) UQ(u) = C®(S*, N)\ Qu).

This contradiction shows that Q(u) is connected and the lemma is proved. O

j:f‘y.

There is a free action of the group S' on the set of parametrized periodic Reeb
orbits by time-shift. Indeed, if v € C°°(S!, N) is a periodic Reeb orbit and r € R/Z
the loop 7.y defined as

ry(t) = +1), tes
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is again a periodic Reeb orbit. We refer to an orbit of this action as an un-
parametrized Reeb orbit, namely

Definition 3.2. An unparametrized Reeb orbit [y] = {r.y : r € S} is an
equivalence class of a parametrized Reeb orbit v under the equivalence relation given
by time-shift.

We say that a periodic Reeb orbit v is isolated if [v] is isolated in the space
of unparametrized loops C>°(S*, N)/S!. Note that a parametrized Reeb orbit can
never be isolated in the free loop space C°°(S!, N) since it always comes in a circle
family. If an isolated periodic Reeb orbit « lies in the Omega-limit set of a finite
energy plane U = (u, a) it follows from Lemma 3.1 that

Q(u) C [].

Therefore we abbreviate for an isolated periodic Reeb orbit ~y
(145) M(y) == M(p]) = {@ = (u,a) finite energy plane, Q(u) C [y]}

the moduli space of finite energy planes asymptotic to the unparametrized periodic
orbit [7]. Recall that the group of direct similitudes ¥ = C* x C acts on finite energy
planes by reparametrization. If (p,7) € ¥ with p = |p|e?™® € C* and u = (u, a) is
a finite energy plane it follows that

Q(p; 7)) = 0.0(u).

We conclude that the moduli space M (7) is invariant under the action of ¥ and
we abbreviate by

M(y) == M(7)/%
the moduli space of unparametrized finite energy planes asymptotic to [y]. Note
that since the R-action on finite energy planes given by r.(u,a) = (u,a + r)
commutes with the Y-action we still have a R-action on the moduli space of un-
parametrized finite energy planes.

4. Non-degenerate finite energy planes

The situation becomes much nicer if we assume that the periodic Reeb orbit is
non-degenerate. To explain this notion let us abbreviate by ¢%: N — N for t € R
the flow of the Reeb vector field on N defined by

d
0% =1id, %ﬁR(x) = R(¢%(z)), €N, teR.
Note that the contact form A is invariant under the Reeb flow. Indeed, the Lie
derivative of \ with respect to R computes by Cartan’s formula to be
LrA = trd\+digA =10
by the defining equation for the Reeb vector field. It follows that the differential of
the Reeb flow
dd)%(l’) T.N — Tti);?(x)N
keeps the hyperplane distribution £ = ker A invariant so that we can define
A ()1 €& = oty A°OR(w) = ddp(w)]e,
Again by the fact that A and therefore dA as well are invariant under the Reeb flow
we conclude that the map d‘fqﬁﬁ%(x) is a linear symplectic map from the symplectic
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vector space (£z,dA) to the symplectic vector space ({4t (2),dA). In particular, if
is a periodic Reeb orbit of period 7 we obtain a symplectic map

d*67(7(0): & 0) = &(0)-
Definition 4.1. A periodic Reeb orbit v of period T is called non-degenerate if
det(d*¢R(+(0)) —id) # 0.

Note that if  is non-degenerate and [r] € S' = R/Z the reparametrized pe-
riodic orbit [r],y is still non-degenerate. Indeed, since ¢% is a flow we have the
relation

A 9T (y(r)) = d*¢™" (7(0))d*¢™ (4(0))d* ™" (+(0)) .
Therefore it makes sense to talk about a non-degenerate unparametrized periodic
orbit.

Definition 4.2. A finite energy plane @ = (u,a) is called non-degenerate, if
there exists a non-degenerate periodic orbit vy such that v € Q(u).

A non-degenerate periodic orbit v is isolated and therefore by Lemma 3.1 it
holds that (u) C [y]. However, more can be shown [54]

Lemma 4.3. Assume that u = (u,a) is a non-degenerate finite energy plane,
then Q(u) = {v}, i.e., the Omega-limit set of a non-degenerate finite energy plane
consists of a unique parametrized non-degenerate periodic orbit.

How a non-degenerate finite energy plane converges to its by the above Lemma
unique asymptotic orbit has been described quite precisely by Hofer, Wysocki, and
Zehnder in [54]. We discuss this in the next section.

5. The asymptotic formula

Assume that v € C*°(S!, N) is a periodic Reeb orbit and J is an SFT-like
almost complex structure. Denote by I''2(y*€) the Hilbert space of Wt2-sections
in & and by I'%2(y*¢) the Hilbert space of L2-sections in &. Consider the bounded
linear operator

Ay = A, 5 TH(yE) = T2 (7€)
which for w € TH2(y*€) is given by

Ay (w) () = =T (/1) d 88 (1(0))r (a0 (v(®)w(®)), ¢ € [0,1];
Suppose that
Ty = S xC
is a unitary trivialization, i.e., an orthogonal trivialization, where orthogonality
refers to the bundle metric w(-,J-) on & and the standard inner product on C,
which interchanges multiplication by J on v*¢ with multiplication by ¢ on C. The
trivialization T gives rise to a Hilbert space isomorphism
Og: TH2(y*¢) = WH(SHC), w— Tw
which extends to a Hilbert space isomorphism
Og: I92(y7¢) — L*(S1,C)
by the same formula. Hence we obtain an operator
(146) AS =g AL WH(SH,C) — L*(S1,C).
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To describe Af we write Jy for the standard complex structure on C given by
multiplication with ¢. For ¢ € [0, 1] we further abbreviate

U(t) = T, Al (1(0)) T3, € Sp(1)
as well as
S(t) = —Jod, U (t)¥(t)~ € Sym(2).
Assume v € WH2(S1 C) and t € [0, 1]. We compute
0 (1(D)d B (1(0)2s (A 65 (V)T u())
—JoT O (4(0)2 (07 (V)T (1))
I (A0 ((0) T, 01 (T @ R ()T (1))
— oW (1)d, (\I’(t)_lv(t)>
—Jo0pv(t) + Jodr T (t)T(t) 1o (t)
= —Jodu(t) — S(t)u(t).
That means that

(A7)v(t)

AS = Ag

where Ag is the operator defined in (109). Since the operator A, is conjugated
to the operator A,? it has the same spectral properties as Ag, in particular, its
spectrum is discrete and consists of real eigenvalues of finite multiplicity.

The following notion is due to Siefring [100].

Definition 5.1. Assume that u is a non-degenerate finite energy plane with
asymptotic orbit vy of period T and U: [R,00) x S' — ~*€ is a smooth map such
that U(s,t) € &y for all (s,t) € [R,00) x S*. The map U is called an asymp-
totic representative, if there exists a proper embedding ¢: [R,o0) x ST — R x S1
asymptotic to the identity such that

U(e?=0) = (expyyU(s, ), 7s)

where exp is the exponential map of the restriction of the metric w(-,J-) to N =

N x {0} C N xR.

The following result is due to Mora [85] based on previous work by Hofer,
Wysocki, and Zehnder [54].

Theorem 5.2. Assume that u is a non-degenerate finite energy plane with
asymptotic orbit v. Then u admits an asymptotic representative. Moreover, there
exist a negative eigenvalue n of A, and an eigenvector ¢ of A, to the eigenvalue n
such that the asymptotic representative can be written as

(147) U(s,t) = €™ (¢(t) + K(s, 1))

where k decays exponentially with all derivatives in the sense that there exist for
one and hence every metric constants M; j for 0 <i,j < oo and d > 0 such that

IViVik(s, t)] < M e~
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In view of the requirement that the coordinate change of an asymptotic rep-
resentative is asymptotic to the identity an asymptotic representative is unique up
to restriction of the domain of definition. In particular, the eigenvalue 1 and the
eigenvector ¢ are uniquely determined by the finite energy plane u. We denote the
eigenvalue by

Na € 6(“47) n (_0070)
and refer to it as the asymptotic eigenvalue and similarly we denote the eigenvector
by
G el(v"¢)
and refer to it as the asymptotic eigenvector.

Recall that if @ = (u,a) is a finite energy plane then the group R acts on it by
r«u = (u,a + r). For later reference it will be useful to now how the asymp-
totic eigenvalue and the asymptotic eigenvector transform under this action. To
compute this let U be an asymptotic representative of u for a proper embedding
¢: [R,00) x ST — R x St asymptotic to the identity. As usual 7 stands for the
period of the asymptotic Reeb orbit. For r € R define
Ut [R+Z,00) x St = "¢, (s,t) = U(s— Z,t)

and

¢t [R+L,00)x ST 5 Rx S (s,t) = (s — L,t).
‘We compute

T*ﬂ(e¢r(svt)) — T*a(eﬂs—f,t))

= (expv(t) U(s—Z,t),7(s =) +7)

(exp'y(t) Ur(sa t)v TS).

Using (147) we compute for U,
Ur(s,t) = U(s—Z,t)
ens=%) (C(t) tR(s— T, t))
= P (e*gC(t) +e 7 R(s— ;,t)).

That means that the asymptotic eigenvalue is unchanged under the R-action while
the asymptotic eigenvector gets scaled by a factor e~ * . We summarize this com-
putation in the following lemma.

Lemma 5.3. Assume that @ = (u,a) is a non-degenerate finite energy plane
with asymptotic orbit v of period T. The asymptotic eigenvalue only depends on the
projection u, i.e.

Nu = T
while the asymptotic eigenvector transforms under the R-action on u as
—Num
CGna=¢€¢ 7 Ca

An important Corollary of Theorem 5.2 is the following result.

Corollary 5.4. If v is a non-degenerate Reeb orbit, then the action of R on
the moduli space M(7) of finite energy planes asymptotic to vy is a free action.
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Proof: Pick a finite energy plane u = (u,a) € M\(’y) In view of the fact that
u admits an asymptotic representative, it follows that the infimum of the function
a: C — R is attained and we set

a:=min{a(z): z € C} € R.
Now suppose that r € R satisfies r.@ = @. Since r.u = (u,a + r) we obtain
atr=a

implying that r = 0. This proves that the R-action on M (7) is free. O






CHAPTER 12

The index inequality and fast finite energy planes

We first define the Conley-Zehnder index of a non-degenerate finite energy
plane © = (u,a) with asymptotic orbit « of period 7. Consider the symplectic
bundle u*¢ — C. Since C is contractible there exists a symplectic trivialization

T:u*¢—>CxC.

In view of the asymptotic behavior of u explained in Theorem 5.2 we can arrange
the trivialization such that it extends asymptotically to a symplectic trivialization

Ty — St xC.

Recall that d*¢%(v(0)): &(0) — & (1) denotes the restriction of the differential of the
Reeb flow to the hyperplane distribution which turns out to be a linear symplectic
map. Hence we obtain a smooth path ¥: [0,1] — Sp(1) of symplectic maps from
C to itself by

U(t) = T om0 (1(0)) 5

Note that ¥(0) = id. Moreover, due to the assumption that the asymptotic Reeb
orbit 7 is non-degenerate, the path of symplectic maps ¥ is non-degenerate in the
sense that

ker(¥(1) —id) = {0}.
We define the Conley-Zehnder index of u as

(148) pez(u) = pez(¥).

Note that since every two symplectic trivializations over the contractible base C are
homotopic it follows that the Conley-Zehnder index does not depend on the choice
of the trivialization €. Moreover, it depends only on the projection u so that we
can write as well

pez(u) = poz(u).
The following index inequality is due to Hofer, Wysocki, and Zehnder [53]

Theorem 0.5. Assume that u = (u,a) is a non-degenerate finite energy plane.
Then its Conley-Zehnder index satisfies the inequality

poz(u) = 2.

Before starting with the proof of this theorem let us explain how this theorem
can be interpreted as an automatic transversality result. Denote by v the asymptotic
Reeb orbit of u. Then we can think of © as an element of the moduli space M () as
explained in (145). The unparametrized finite energy plane [u] is then an element
of the moduli space M(y) = /T/l\(fy)/E where ¥ = C* x C is the group of direct

145
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similitudes which acts on M (7) by reparametrizations. We will see later in (210)
that the virtual dimension of the moduli space M () at [4] is given by

virdim[g]/\/l(v) = ncz(u) —1.

Here the virtual dimension of the moduli space M(v) is given by the Fredholm
index of a Fredholm operator L which linearizes the holomorphic curve equation in
normal direction of w. If the Fredholm operator L is surjective locally around [u]
the moduli space M(7) is a manifold and the tangent space of M(7) at [u] equals

TiagM(7) = kerL.
Hence if L is surjective we have
virdimg M () = indL = dimkerL = dimTjz M ().

Recall that the group R acts on finite energy planes by r.(u,a) = (u,a + r). Since
this action commutes with the reparametrization action of the group ¥ the group
R still acts on the moduli space M(~y). Moreover, by Corollary 5.4 this action is
free. Therefore still assuming that L is surjective we get the inequality

dimT[a]./\/l(’y) > 1.

Combining these facts we end up with the inequality pcz(u) > 2 claimed in Theo-
rem 0.5. However, we point out that this reasoning only works under the assumption
that L is surjective. Geometrically the linearization operator L can be thought of
as follows. One interprets the moduli space M(~) as the zero set of a section

s:B—=E&, M) =s10).

of a space B into a bundle £ over B. The Fredholm operator L then arises as
the vertical differential of the section s at [u] and the question if L is surjective
can be rephrased geometrically as the question if the section s is transverse to the
zero section at [u]. That explains why one refers to Theorem 0.5 as an automatic
transversality result.

We mention that many transversality results for moduli spaces are so called
generic transversality results which hold for a generic choice of datas. In our set-up
the data is the SFT-like almost complex structure J. It is therefore highly remark-
able that Theorem 0.5 holds for any SFT-like almost complex structure J and not
just for a generic choice of it.

We now start with the preparations for the proof of Theorem 0.5. We assume
that @ = (u,a) is a non-degenerate finite energy plane. We choose a trivialization

T:u'¢ - CxC.
We further denote by
m: TN =@ (R) = ¢
the projection along the Reeb vector field R. The major ingredient in the proof of
Theorem 0.5 is the map
(149) Troyu: C — C.

Here we denote by z = x+1iy the coordinates on C. This map is smooth interpreted
as a real map from C = R? to itself. Moreover, due to the fact that u is holomorphic
the map above is ”almost holomorphic” in a sense to be described more precisely
below.
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We first recall some facts about winding for a general smooth map f: C — C.
We denote the regular set of f by

Ry :={2€C: f(z) #0}.

For a continuous loop y: ST — R ¢ the map ¢ — % is a continuous map from

the circle S' to itself. Hence we can consider its degree

L F(x(t)
(150) wy(f) = deg(t = m) €Z.

We refer to w.,(f) as the winding number of f along the loop «. It has the following
properties.

Homotopy invariance: If v: S' x [0,1] — Ry is a continuous map, then
Yo = ¥(+,0) and v, = (-, 1) are two homotopic loops in Ry and its winding numbers
are unchanged

w’Yo(f) = w%(f).

Concatenation: Suppose that v;: S — Ry and vy2: S' — Ry are two con-
tinuous maps satisfying 71 (0) = ~2(0). Denote by 1 #, its concatenation. The
winding number is additive under concatenation

Wy #y2 (f) = Wr, (f) + Weyy (f)

These two properties have the following consequences. Assume that the singular
set

Sp={2€C: f(2) =0} =C\ Ry
is discrete. Pick zg € Sy. Because Sy is discrete, there exists € > 0 such that the
intersection of Sy with D.(z9) = {z € C : ||z — 20|| < €}, the closed e-ball around
zp, satisfies
Sy N De(20) = {20}
Consider
Voo : S' 5 Ry, ter 2o+ e

Define the local winding number of f at the singularity zg by
Wi (f) = 1, (f):

Because of homotopy invariance of the winding number the local winding number
is well defined, independent of the choice of e.
Suppose that R > 0 and that f(Re?™™) # 0 for every t € S1, i.e., we get a loop
in the regular set of f
YRS 5 Ry, t Re*™
We set

(151) wr(f) = w,r(f).

In view of the homotopy invariance and the concatenation property of the winding
number we can express this winding number as the sum of local winding numbers

(152) wr(f)= D w(f)

z€DRr(0)NS¢
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Suppose now that f: C — C is holomorphic and does not vanish identically. We
claim that if f(zp) = 0 the local winding number satisfies

(153) Wy (f) > 1.

To prove this inequality we can assume without loss of generality that zo = 0. Since
f is holomorphic it is given by its Taylor series

f(z)= Z anz".
n=1

Abbreviate

£:=min{n : a, # 0}
the order of vanishing of f at zero. Since f does not vanish identically ¢ is finite.
We can write f now as

f(z) = Z U Zn,-
n=~

Choose € > 0 such that

oo
> anle™ < agl.
n=~0+1
Abbreviate
oo
g(z) := Z anz"

n=0+1
so that we obtain
f(2) = a2’ + g(2).
Consider the map from S! to S*
azefe%rité —l—g(ee%riw)
|lagele2 it 4 g(ee2mitl)||"

This map is homotopic to the map from S* to S* given by

£ 2mith
ape"e __2mitl

" lagere] -
This implies that

wo(f) =/ > 1.
In other words the local winding of a holomorphic function at a zero is given by
the order of vanishing of the function at this point. In combination with (152) we
have established the following lemma.

Lemma 0.6. Assume that f: C — C is holomorphic and R > 0 such that
f(Re*™) £ 0 for every t € S*. Then wr(f) > 0 and wr(f) = 0 if and only if
f(z) £ 0 for every z € Dg(0).

We cannot apply Lemma 0.6 to the map Tnd,u: C — C from (149) because
this map is not actually holomorphic despite the fact that u was a holomorphic
plane. However, €m0, u is close enough to be holomorphic that the reasoning which
established Lemma 0.6 still applies. This is made precise by Carleman’s similarity
principle. We first examine how far the map ¥nd,u deviates from being holomor-
phic. We first recall Darboux’s Theorem for contact manifolds which roughly tells
us that a contact manifold has no local invariants, see [40]
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Theorem 0.7 (Darboux). Assume that (N, \) is a three dimensional contact
manifold and p € N. Then there exists an open neighborhood U of p and a diffeo-
morphism

®:U—VCR?

such that ®(p) =0€ V and
O (dg1 + gadgs) = A.

In particular, the contact form A looks locally like dq; + godgs the standard
contact form on R3. Since the question if the local winding numbers of the map
Tmdu are positive is a local problem we can assume in view of Darboux’s theorem
without loss of generality that

A =dgq1 + godqs, dX\ = dga Ndgs.
In these coordinates the Reeb vector field is given by
R=20,.
Moreover, a basis of the hyperplane distribution & = ker\ is given by the vectors
e1 =0qy, €2=—q20q4 + Oy,.
Note that
dX(ey,es) =1
so that the basis {e1,e2} is a symplectic basis of £. If we write
wz,y) = (a1 (z,y), e2(2,y), a3(2,y))
we have
Ozu(@,y) = (0uq1(,y), 0sa2(2,y), 0243(2, y))
and therefore
Tu@aOet(T,y) = (= q2(2,9)00q3(2, 1), xq2(2, ), Ouqs(z,y))
= Ouaz(z,y)er (u(e,y)) + oas(z, y)ez (ulz, y)).

Because all trivializations on a ball are homotopic we can in view of the homotopy
invariance of the winding number choose an arbitrary local trivialization to com-
pute the local winding number. We choose as local trivialization the symplectic
trivialization

Tu: & — C,  (vey +yes) — v +iy.
In this trivialization we obtain
Tt = Opqo + 10,q3.

Because u is holomorphic the projection to the hyperplane distribution satisfies the
equation

(154) mOzu+ J(u)mdyu = 0.
As we computed above m,0,u we get
TuOyt = Oygaer (u) + Oygzea(u).

Abbreviate by J(z,y) the 2x2-matrix representing J(u(z,y)) in the basis {e1 (u(z, y)), e2(u(z,y))}.
In particular, it holds that
J(z,y)? = —id.
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With this notation (154) translates into
0rq2 9yq2 >
+ J(x, Y =0.
( 0243 ) () < 0yqs

82
O (Tndpu) = ( 653; )

Oyq2 00,42 )
WA (e v
( 8yq3 > ( 8avayq3
8zq2 0, 593612 )
= —(0.J)J —J Y
( ) < azQ?, > ( ayamQS

A=—(8,J)J

This implies

Abbreviating

we can write this as

0z (Tmopu) = —A(Tr0yu) — JO, (Tmou)
or equivalently
(155) 0y (Zm0pu) + JOy (Tmoyu) + A(Trdyu) = 0.
We recall Carleman’s similarity principle from [34].

Lemma 0.8 (Carleman’s similarity principle). Assume that f: B, = {z € R? :
|z| < €} — R? is a smooth map and J,A € C* (B, M2(R)) are smooth families
of 2 x 2-matrices such that J(z)? = —id for every z € B, i.e., J(z) is a complex
structure. Suppose that

Ouf + JO,f + Af =0, f(0) =0.

Then there exists 6 € (0,¢), ® € C°(Bs,GL(R?)), and o: Bs — C holomorphic
such that
f(z) =®(2)o(z), o(0)=0, J(2)®P(z)=P(2)i.

In view of (155) and Carleman’s similarity principle all local winding numbers
of Tnd,u are positive. Therefore the same reasoning which led to Lemma 0.6
establishes the following proposition.

Proposition 0.9. Assume that R > 0 such that n0,u(Re* ) # 0 for every
t € St Then wr(Trd,u) > 0 and wr(Tnd,u) = 0 if and only if TO,u(z) # 0 for
every z € Dg(0).

In view of the asymptotic behavior of a non-degenerate finite energy plane
explained in Theorem 5.2 there exists Ry > 0 such that for all R > Ry it holds
that md,u(Re®™) # 0 for every t € S'. Moreover, again in view of the asymptotic
behavior it holds that

(156) wr(Troru) = w(ny,)

where 7, is the asymptotic eigenvalue of the non-degenerate finite energy plane u.
Because 7, is negative this fact has interesting consequences as we will see soon.
However, let us first discuss how wg(¥7m0zu) and wr(Trd,u) are related. To see
that note that

Tnoyu = (Tndu)0y, Tmoru = (Trdu)o,
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and for each z € C the map Trdu(z) is a linear map from C = R? to itself. In
general, if A € C*(S', GL(R?)) and vy, vy € C°(S!,R?\ {0}) the formula

A(t)va(t A(t)vy(t
(157) deg (t — IAEt;JzEt;I) = deg <t — M) + wind(v1, v2)
holds true, where wind (v, vs) is the winding of vy around v;. Because
wind(0y,0r) =1
we obtain the relation
(158) wr(Troru) = wr(Troyu) + wind(0y, 0,) = wr(Twou) + 1.
Combining Proposition 0.9 with (156) and (158) we obtain

Theorem 0.10. Assume that u = (u,a) is a non-degenerate finite energy plane.
Then the winding number of its asymptotic eigenvalue meets the inequality

w(nu) = 1.
Moreover, w(n,) =1 if and only if mO,u(z) # 0 for every z € C.

Theorem 0.5 is a straightforward consequence of Theorem 0.10.

Proof of Theorem 0.5: Assume that @ = (u,a) is a non-degenerate finite
energy plane. It follows from Theorem 0.10 that the winding number of its as-
ymptotic eigenvalue satisfies w(n,) > 1. Because 7, is negative it follows from the
definition of « from (118) that

a> 1.

Because the parity (119) satisfies p € {0,1} we obtain from Theorem 0.33 that
poz(u) =2a+p > 20 > 2.
This finishes the proof of Theorem 0.5. [

Assume that & = (u, a) is a finite energy plane and w0,u(z) # 0 for every z € C.
Because @ is holomorphic it holds that md,u + J(u)mdyu = 0, hence because
moyu(z) # 0 we have that {md,u(z),70yu(z)} are linearly independent vectors
in &,(;). This implies that

Wdu(z): T.C=C— fu(z)

is bijective. In particular, du(z): T.C — T, N is injective and therefore u is an
immersion. Moreover, since TN = £ @ (R) the Reeb vector field is transverse to
the image of u. On the other hand, if « is an immersion transverse to the Reeb
vector field we must have m0,u(z) # 0 for every z € C. Therefore we obtain from
Theorem 0.10 the following Corollary.

Corollary 0.11. Assume that @ = (u,a) is a non-degenerate finite energy
plane. Then the winding number of its asymptotic eigenvalues satisfies w(n,) = 1
if and only if u is an immersion transverse to the Reeb vector field.

The following definition is due to Hryniewicz [58]

Definition 0.12. A non-degenerate finite energy plane u = (u, a) is called fast
if and only if u is an immersion transverse to the Reeb vector field.
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The reason for this terminology is that in view of Theorem 0.5 the winding
number of the asymptotic eigenvalue satisfies w(n,,) > 1 and as a consequence of the
monotonicity of the winding number from Theorem 0.32 a fast finite energy plane
has a fast asymptotic decay. In view of this notion we can rephrase Corollary 0.11
as

Corollary 0.13. A non-degenerate finite energy plane © = (u,a) is fast if and
only if w(n,) = 1.

If @ = (u,a) is a non-degenerate finite energy plane, then in view of the defini-
tion of v in (118) and Theorem 0.33 the winding number of @ satisfies the inequality

ezl

w(n) < a=
where for a real number r we abbreviate by
7] :=max{n e N:n <r}

the integer part of r. Combining this inequality with Theorem 0.10 we obtain
further the following Corollary.

Corollary 0.14. Assume that © = (u,a) is a non-degenerate finite energy
plane. Then the winding number of its asymptotic eigenvalue satisfies
1< w(n,) < [“C%(“)J

This has the further consequence.

Corollary 0.15. Assume that u = (u,a) is a non-degenerate finite energy plane
such that peoz(u) € {2,3}. Then w is fast.



CHAPTER 13

Siefring’s intersection theory for fast finite energy
planes

1. Positivity of intersection for closed curves

Suppose that (M, J) is a 2n-dimensional almost complex manifold, ie., J €
End(T'M) is an almost complex structure which means that J? = —id. We define
an orientation on M as follows. If x € M we declare a basis of T, M the form
{v1, Ju1,v2, Jua, ..., un, Ju,} to be positive. Equivalently, that means that the
basis {v1,va,..., vy, Ju1, Jvg,... Ju,} is positive if w is even and negative
otherwise. It remains to explain that this notion is well-defined, i.e., independent
of the choice of {v1,...,v,}. To see that suppose that we have another basis
{v], Jui,vh, Jub, ... v, Jvn} of this form. Let B € GL(C") be the basis change

matrix from the complex basis {v1, ..., v,} to the complex basis {v], ..., v, }. Write
B=A; +iA,y

where A; and Ay are real n x n-matrices. It follows that the real 2n x 2n-matrix

(A —A,
=(h )

is the real basis change matrix from the basis {v1,...,v,, Jv1,..., Ju,} to the basis
{vi,..., v, Jvl, ..., Jul}. The determinant of A satisfies
det(A) = det ( 4 _A2 )
Az Ay

= det

1 —As id id
7- 1d —q - 1d Ay Ay 7-id —i-id
—3-id 1 7A2 id id
7-1d 2 A1 i-id  —7-id

A1 - ZAQ 0 )

I

Ay +iAs
= det(B) - det(B
= |det(B)[?
> 0.
This proves that the basis {v1,...,vn, Ju1,..., Ju,} has the same sign as the basis
{v{,..., v, Jvl, ..., Jul}. Consequently, the two bases {v1, Juy,...,v,, Ju,} and
{v}, Jvl,..., v, JU /.} have the same sign as well. This shows that the orientation

of the almost complex manifold (M, J) is well defined. In the following we always
endow an almost complex manifold with this orientation.

153
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Now assume that M = M* is a four dimensional almost complex manifold and
(31,17) and (3g,1) are two closed Riemann surfaces. Suppose that

11,1521—)M4, 1,(,2:22—)M4
are two holomorphic maps, i.e.,
du oi = Jduy, ke {1,2}.

We further assume that
Uy M Uz,

i.e., the two curves intersect transversally, meaning that if (21, 22) € X1 x 3o is such
that Ul(Zl) = UQ(ZQ) it holds that

imdu; (1) + imduz(22) = Ty, ()M = Ty (z0) M.

Because M is four dimensional and Y1 and Y5 are two dimensional this is equivalent
to requiring
imdul(zl) D imdUQ(ZQ) = Tul(zl)M'

We now compute the intersection index at the intersection point (21, 22) € X1 X Xa.
Note that since X1, X9, and M are all almost complex manifolds they are canonically
oriented. Choose a positive basis {v1,iv1} of T,, X1 and a positive basis {va,iv9}
of T,,%9. Using that u; and wuy are holomorphic we get that

{duq(z1)v1, duq(21)(tv1), dug(22)ve, dus(22)(iv2)} =
{dul(zl)vl, Jdul(zl)vl, dUQ (ZQ)’UQ, JdUQ (ZQ)’UQ}

is a positive basis of T, (.,)M. Therefore the intersection index equals one for
every intersection point. In particular, the intersection number of u; and ws is
nonnegative and it vanishes if and only if there are no intersection points. This
phenomenon is referred to as positivity of intersection. It is a nontrivial fact due
to McDuff and Micallef-White that positivity of intersection continuous to hold
for perturbations of non-transverse intersection points. This is explained in [81,
Appendix E]. That means even without the assumption that u; and us intersect
transversally their algebraic intersection number is still nonnegative and it vanishes
if and only if there are no intersection points.

2. The algebraic intersection number for finite energy planes

In the following we consider a closed 3-dimensional contact manifold (N, \)
and fix an SFT-like almost complex structure J on N x R. We assume that 7 is a
non-degenerate Reeb orbit and u and v are two finite energy planes whose common
asymptotic orbit is v and im(%) # im(?). In this section we explain how to associate
to u and v an algebraic intersection number

int(,7) € Ny := NU {0}.

The reason that int(u,v) is nonnegative is because of positivity of intersection for
the two holomorphic curves. Even if u and v intersect transversally it is a priori
not obvious that the numbers of intersection points is finite, since the domain C of
u and v is not compact. The crucial ingredient which guarantees finiteness of the
algebraic intersection number is the following theorem due to Siefring [100].
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Theorem 2.1. Suppose that v is a non-degenerate periodic Reeb orbit which
is the common asymptotic of two finite energy planes u and v. Assume that
U,V:[R,00) x St — 4*¢ are two asymptotic representatives of u and v. If U #V
then there exists n € G(A,)N(—00,0) and ¢ an eigenvector of A, for the eigenvalue
n satisfying

V(s t) = U(s,t) =e€" (C(t) + H(S,t))

and there exist constants M; ;,d > 0 for 0 <1,j < oo such that
ViV k(s t)] < M e~ %.

Corollary 2.2. Assume that u and v are two finite energy planes in N x R
asymptotic to the same non-degenerate periodic Reeb orbit ~v. Suppose that u M v.
Then the number of intersection points between u and v is finite, i.e.,

#{(21,22) € Cx C:u(z1) = 0(22) } < o0.
Proof: We prove the Corollary in 3 steps.

Step 1: There exists a compact subset Ko C C with the property that
{(21,22) € K§ x K§ :u(z1) = 0(22)} =0
where K¢ = C\ K denotes the complement of K in C.
The proof of Step1 is a bit involved since we have to deal with the possibility

that the asymptotic periodic orbit v is multiply covered. We define the covering
number of v as

cov(7y) := max {k EN:q(t+ 1) =7(t), te Sl}.

In view of uniqueness of a first order ODE we conclude that

(159) A0 E ), 1=t s

By definition of an asymptotic representative there exists a compact subset Ko C C
such that there exists a bijection between the following two sets

{(21,2’2) e K§x K§:u(z) = T)(Zg)} =
{((51,151)7(52,152)) € ([R,00) x §') x ([R,00) x S") :
(’}/(h),U(Sl,tl),SlT) = (’y(tg),V(SQ,tQ),SQT)}

where 7 > 0 is the period of the periodic orbit v. Assume that (s1,t;) € [R,00) x S*
and (s2,t3) € [R,00) x St such that

(’}/(tl), U(Sl,tl), 817‘) = (’y(tg)7 V(Sz,tg), 527’).

Because 7 # 0 we conclude that

Z.

S1 = S92
and using (159) we infer that

to =1t + J
C

ov(y)’

0<j<cov(y) — 1L
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Therefore
(160) U(Sl,tl) — V(Sl,tl + #(V)) =0.
For j € {0,...,cov(y) — 1} define

7j: C5> NxR, zw ’17(62mcovj<v) 2).

Note that v; is a finite energy plane and in view of the definition of cov(y) the
asymptotic orbit of v; is v as well. An asymptotic representative for v; is the map

Vii [R,00) x ST = 4*¢, (s,1) '—)V(S,t+¢).

v ()
Equation (160) can be reinterpreted as
U(si,t1) — Vi(s1,t1) = 0.
Because u h v we conclude that
U #Vj.

Hence by Theorem 2.1 there exists n € G(A,) N (—o00,0) and ¢ an eigenvector of
A, to the eigenvalue 7 such that

U(s,t) — Vj(s,t) = " (¢(t) + K(s, 1))

where x decays exponentially with all its derivatives. Because ( is an eigenvector
of A, and therefore a solution of a first order ODE it follows that

C(t)#0, VteSh

Because k decays exponentially we can assume perhaps after enlarging Ky and R
that

sup k(s )] < min {|£(t)] : t € S'}.
(s,t)E[R,00) xSt

Hence we can assume that
U(s,t) — Vi(s,t) #0, V (s,t) € [R,00) x S*, V0 < j < cov(y).
Therefore
u(z1) #0(z2), V (21,22) € K§ x K§.
This finishes the proof of Step 1.

Step 2: There exists a compact subset K C C with the property that
{(21,22) e Cx C:u(z1) = 0(22) } = {(21,22) € K x K : u(z1) = 0(22) }.

If w = (u,a) and ¥ = (v,b) with u,v: C — N and a,b: C — R and Kj is as in
Step 1 we abbreviate

c:=max {a(z),b(z) : z € Ko }.
In view of the asymptotic behavior there exists K O K, compact such that

a(z) >c, b(z) >c VzeK°.
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We decompose

{(z1,22) €ECx C:(z1) =0(22)} = {(21,22) € KX K°:t(21) = 0(22)}
U{ 21,29) € KX K :u(z1) =0 22)}
U{(21,22) € K x K : (2 (22)}
U{ (z1,22) € K X K : u(zl }

=: A11 UA12 UA21 UAQQ.
Since Ko C K we have K¢ C K§ and therefore by Step 1
A C {(21,22) S KS X Kg : 17(2’1) = 5(2;2)} = 0.
The next two sets in the decomposition we decompose further, namely
A12 = {(21,22) € K¢ XKO 17(21):6(22)}
U{(Zl,ZQ) e K¢ x K\Ko : ﬂ(zl) = 5(2’2)}
{(21,22) € K¢x Ko : a(zl) = b(ZQ)}
U{(21,22) € K§ x K§ : u(z1) = 0(22) }
=0

and similarly we obtain

N

A21 = @
This finishes the proof of Step 2.

Step 3:  We prove the Corollary.

Since u M v the number of intersection points of %|x and U]k is finite for every
compact set K. The Corollary now follows immediately from Step 2. (]

In view of Corollary 2.2 if 7 is a non-degenerate periodic Reeb orbit and u and
v are two finite energy plane with common asymptotic v which intersect transver-
sally we define the algebraic intersection number of % and v as

(161) int(w, 0) := #{(21,22) € Cx C: u(z1) = (22)} € No.
If w and v do not intersect transversally however satisfy
(@) # im(?)

we can still define the algebraic intersection number between u and v as follows.
Because u and v have different image the arguments in the proof of Corollary 2.2
together with the fact that the intersection points of two holomorphic curves with
different image are isolated (see [81, Appendix E]) imply that there exists a compact
subset K C C such that if u(z1) = U(z2) we necessarily have (z1, z2) € K x K. Now
perturb # to @' and v to v’ such that there exists a compact subset K’ C C such
that

a/|(K/)c = a|(K/)c, ;{)//|(K/)C == 717|(K/)c7 a/ m :l\)//
We do not require that positivity of intersection continuous to hold for @’ and ¥'.
We define

vi{(z1,22) €ECxC:U(21) =0'(22)} = {-1,1}
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by
1 {00/ (21), 0yt (21), 020 (22), Oy (22) }
v(z1,22) = positive basis of Ty (.,)(IN X R) = T (.,) (N x R)
-1 else.

The algebraic intersection number of u and v is defined as

(162) int(w,7) = Y v(x,2) €L

(z1,22)€CxC

@' (21)=0"(22)
By homotopy invariance the algebraic intersection number is independent of the
choice of the perturbations @' and v’, see [83]. Moreover, if u and v intersect
transversally, then we do not need to perturb the two maps and since the two
maps are holomorphic positivity of intersection implies that (162) coincides with
(161) in this case. In particular, the algebraic intersection number is nonnegative if
w thv. It is a nontrivial fact that this continues to hold if % and v do not intersect
transversally but have just different images. In fact we can choose the perturbations
@’ and v’ such that v(z1,22) = 1 for every intersection point (21, 29) € C x C of @’
and ¥’. This is due to results of McDuff and Micallef-White, see [81, Appendix E].
In particular, we have the following theorem.

Theorem 2.3. Assume that u and v are two finite energy planes with common
non-degenerate periodic Reeb orbit v such that im(u) # im(v). Then the algebraic
intersection number of u and U satisfies

il’lt(ﬂ, ’17) S No.

Moreover, int(u,v) = 0 if and only if © and v do not intersect.

3. Siefring’s intersection number

Assume that © = (u, a) is a non-degenerate finite energy plane with asymptotic
orbit 7. Choose a trivialization T: u*¢ — C x C which extends to a trivialization
T: 4*¢ — S1xC. Such a trivialization gives rise to a nonvanishing section X«¢: C —
u*¢ defined by

Xs(2) = T, 1 € gy
Since ¢ is transverse to the Reeb vector field there exists e = €p(7,%) > 0 such
that for every 0 < € < ¢p it holds that

im(expV eXz)Nimy =0
where exp is the exponential map with respect to the restriction of the metric

w(-,J)to N x {0} C N xR. If u = (u,a) is a finite energy plane with asymptotic
orbit v we set for € € (0, €]
ug,e = exp, Xz, Uz, = (U, a).
Now assume that w and v are fast finite energy planes with asymptotic limit the
same non-degenerate Reeb orbit v. We define Siefring’s intersection number for u
and U as
sief (u, v) = int(uz ., 0) + 1 € Z.

This definition is due to Siefring [101] based on previous work by Hutchings [62]

and [72]. Here int denotes the usual algebraic intersection number obtained by
the signed count of intersection points of 1z . and v, maybe after a small generic
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perturbation which makes the two curves intersect transversally. Note that since
the curves us  and v have disjoint asymptotics after a small generic perturbation
the number of intersection points is necessarily finite. By homotopy invariance
of the algebraic intersection number one observes that sief(w,v) is independent of
the trivialization T and the choice of €. Since the two curves uz . and v have
different asymptotics Siefring’s intersection number is a homotopy invariant which
is not clear for the algebraic intersection number int(w, v). As for the algebraic one
Siefring’s intersection number is symmetric, i.e.,

sief (u, v) = sief (v, u).
4. Siefring’s inequality
The following inequality was discovered by Siefring in [101].

Theorem 4.1. Assume that u and v are fast finite energy planes asymptotic
to the same non-degenerate periodic Reeb orbit v such that im(u) # im(v). Then

0 < int(w, ) < sief(u,v).

Before we embark on the proof of Theorem 4.1 let us make the following re-
marks. Since ug  is not holomorphic anymore it is far from obvious that Siefring’s
intersection number turns out to be nonnegative. Later on we are mostly interested
in the case where sief(u, V) is zero. Then it follows from Siefring’s inequality that
the algebraic intersection number int(w, v) is zero as well which implies by positivity
of intersection that w and v do not intersect. Interestingly, Siefring’s intersection
number is a homotopy invariant. Therefore if it vanishes fast finite energy planes
homotopic to @ and v still do not intersect unless their images coincide.

In [101] Siefring defined as well an intersection number for finite energy planes
which are not necessarily fast such that the assertion of Theorem 4.1 continues to
hold. However, in this case one has to add to the algebraic intersection number
of Uz and v a number bigger than 1. In the proof it will become clear that the
reason why one has to add 1 to fast finite energy planes is that 1 coincides with the
winding number of the asymptotic eigenvalue of fast finite energy planes.

We first prove a proposition which does not yet require that u and v are fast.
Recall that if w and v have the same non-degenerate asymptotic Reeb orbit v but
different images, then there exists by Theorem 2.1 an eigenvalue of the asymptotic
operator A, such that the difference of asymptotic representatives decays exponen-
tially with weight given by this eigenvalue. Because the asymptotic representatives
are unique up to restriction of their domain of definition this eigenvalue depends
only on © and v and we abbreviate it by

Naz = Noa € 6(Ay).
We can now formulate the proposition as follows.

Proposition 4.2. Assume that v is a non-degenerate periodic Reeb orbit and
u and v are two finite energy planes with common asymptotic orbit v such that
im(u) # im(v). Then
int(ﬂ‘lf,ea @ = int(ﬂv N) - w(ﬂa,5)~
Proof: In Step 2 of Corollary 2.2 we proved that there exists a compact subset
K C C with the property that

(163) {(21,22) eCxC: ’17(2’1) = ’17(2’2)} = {(21,22) e K x K: ’17(2’1) = ”17(2’2)}
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If w = (u,a) and v = (v,b) with u,v: C = N and a,b: C — R we set
c:=max {a(z),b(z) : z € K}.

In view of the asymptotic behavior of non-degenerate finite energy planes there
exists a compact set Ko D K such that

a(z),b(z) >¢, VzeK§
where K§ denotes as usual the complement of K in C. Now choose a third compact
subset K1 D Ky with the property that there exists a smooth cutoff function
B € C*>(C,[0,1]) such that
Blk, =0, Bl =1.
Abbreviate
Uz,ep = exp, feXs, Usep = (ug.p,0)

Note that @s ¢ g coincides on the complement of the compact subset K; with uz .
and therefore

(164) int(ﬂg,e,’ﬁ) = int(ﬂg@E, ’1\1)
We write the last intersection number as a sum of four intersection numbers
(165) int(ug g, 0) = int(Usgelre,Vie)+ int(tg g )

+int(af§7[575‘}(7 mKC) + int(ﬂg,g@hﬁ ’17|K)

In order to compute these four terms we decompose as in the proof of Corollary 2.2
the set of intersection points of us g and v into four disjoint subsets

{(21722) eCxC: 55’5,6(2’1) = 17(2:2)} = A;1 UA12U Ay U Agg

where
Ay = {(z1,22) e KX K®: Uz (2 ) ( 2)}
Az = {(21,22) € K X K : i g (1) (22)}
Aoy {(z1,20) € K X K : iz g (1) = U(22) }
Ay = {(21,22) € K X K : Uz g (21) z2)}.

The set Ao we decompose further
Az = {(z21,22) € K§ x K Uiz (1) = 0(22) }

U{(21,22) € Ko \ K x K : Uz g (1) = 0(22)}

= {(21,22) € K§ X K 1 ug g (z1) = v(22), a(z1) = b(22)}
U{(21,22) € Ko \ K x K : u(z1) = 0(22) }

C {(z1,22) € K{ x K : a(z1) = b(22) }
U{(21,22) € K x K : (21) = 0(22) }

= 0.

For the last equality we observed that the second set is empty in view of (163) and
the first set is empty since on the complement of Ky the function a takes values
bigger than ¢ where one K the function b takes values less than or equal to ¢ by
definition of the constant ¢ and the choice of the set Ky. We conclude that

(166) int(ﬂ¢75’5|Kc,'ﬁ|K) =0.
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Since K C Ky and (8 vanishes on K we obtain for the set As;
Aoy = {(21,22) € K x K : (1) = 0(22) } =0

where we used again (163). This implies

(167) int(us g.elx, V| ke) = 0.

We next examine the set Ags. Again taking advantage that 8 vanishes on K and
using (163) we obtain

Agy = {(21,22) € K x K :7(21) = 0(22)} = {(21,22) € Cx C: 0(21) = ¥(22) }
and therefore
(168) int(/’ljfz’g)elK, 5‘[() = int(ﬂ, 5)

It remains to compute int(uz g ¢| ke, 0| k). Let U: [R,00) x ST — v*& be an asymp-
totic representative for w and V' : [R, 00) x St — 7*£ be an asymptotic representative
for v. Because u and v have different images their intersection points are isolated,
see [81, Appendix E| and therefore U # V. It follows from Theorem 2.1 that there
exists 71 = Nz 5 € 6(A,) N (—00,0) and an eigenvector ¢ of A, to the eigenvalue 7
such that
U(s,t) = V(s,t) = e"(C(t) + K(s, 1))

where x decays with all its derivative exponentially with uniform weight. Therefore

maybe after choosing R larger we can assume that for every s > R it holds that
Ul(s,t) — V(s,t) # 0 for every t € S and

T(U(s,t) = V(s,t)) \ B
(169) deg (t — (0.0 = V(5.0) |> = w(%¢) = w(n)

where w(n) is the winding of the eigenvalue 7 as explained in (115). Let v €
C*([R,0),[0,1]) be a smooth cutoff function satisfying

0 s € [R,2R)
v(s) = { 1 s€e2R+1,00)
Define
F:[R,00) x St = C, (s,t) > T(U(s,t) = V(s,t)) +7(s).
Abbreviate by
Z =[R,00) x S*

the half-infinite cylinder which we identify with the zero section in the bundle Z x C.
Abbreviate further
I'r={(z,F(2):z€Z}CcZxC

the graph of F. By homotopy invariance of the algebraic intersection number as
long as boundaries do not intersect we get

(170) int(ﬂg7ﬁ7e|Kc,f17|Kc) = int(Z, FF).
If s € [R,00) meets the condition that F(s,t) # 0 for every t € S! we introduce

the winding number
F(s,t)
ws(F) :=deg| t — €z
< [F (s, t>|>
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Note that because U — V' decays exponentially in the s-variable and + is one for
s large enough, there exists S > R such that F(s,t) # 0 for all s > S and for all
t € S'. By homotopy invariance we have

ws(F) =wg(F), s>8.

By the choice of R and the fact that v(R) = 0 we further have F(R,t) # 0 for every
t € S and therefore the winding number wg(F) is well defined. It follows that

(171) int(Z,T'rp) = wg(F) —wr(F).
Using again that y(R) = 0 we get from (169) that
(172) wr(F) = w(n).

Moreover, because U — V' decays exponentially, the map t — ;Egg‘ is homotopic

to the constant map ¢t — 1 and therefore
(173) wg(F) =0.
Combining (170) and (171) with (172) and (173) we obtain

(174) int(’ljg:ﬁys‘Kc,§|Kc) = —’U.)('I])
The proposition now follows by combining (164) and (165) with (166), (167), (169),
and (174). O

The following Lemma enables us to estimate the winding number of 75 3 for fast
finite energy planes.

Lemma 4.3. Assume that u and U are fast finite energy planes with common
asymptotic Reeb orbit v such that im(w) # im(v).

(a): Assume that the asymptotic eigenvectors of u and U satisfy Cz # G-
Then w(ngz) = 1.
(b): In general, w(ng ) < 1.

Proof: We first prove assertion (a). In this case we have

Nay = maX{UW nv}

Since w and v are fast it follows from Corollary 0.13 that w(ngz ) = 1. This proves
assertion (a).

To prove assertion (b) it suffices in view of the already proved assertion (a) to
consider the case (7 = (3. In this case we have

Ny < Nu = M-
Corollary 0.32 tells us that the winding number is monotone and hence using that
u is fast we get
w(%,a) < w(nu) =1
This finishes the proof of the Lemma. O

We are now in position to prove Siefring’s inequality

Proof of Theorem 4.1: The fact that int(@,v) > 0 is a consequence of positiv-
ity of intersection for holomorphic curves and was already stated in Theorem 2.3.
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To prove the second inequality we combine the definition of Siefring’s intersection
number with Proposition 4.2 and assertion (b) of Lemma 4.3 to get

(175) sief(w,v) = int(ug ¢, v) + 1 = int(w, v) — wngz) + 1 > int(w, v).
This finishes the proof of the theorem. O

In the proof of Theorem 4.1 we did not use assertion (a) of Lemma 4.3. Plug-
ging assertion (a) into (175) we see that in "most” cases Siefring’s inequality is
actually an equality, namely

Theorem 4.4. Assume that u and v are fast finite energy planes asymptotic to
the same non-degenerate periodic Reeb orbit such that their asymptotic eigenvectors

satisfy Cg # (5. Then
int(w, v) = sief(w, v).

Recall that R acts on a fast finite energy plane @ = (u, a) by r«(u, a) = (u, a+r).
Bringing the R-action into play we can give a quantitative statement what me mean
that in "most” cases Siefring’s inequality is actually an equality.

Corollary 4.5. Assume that © = (u,a) and v = (v,b) are two fast finite energy
planes with the same asymptotic Reeb orbit . Then there exists a C C R with the
property that #C < 2 and for every r € R\ C the algebraic intersection number
int(r,u,v) is defined and satisfies

int(r,u,v) = sief(r.u,v) = sief (u, v).

Proof: That sief(r,u,v) = sief(u,v) is an immediate consequence of the ho-
motopy invariance of Siefring’s intersection number and is true for any r» € R. To
prove the first equality we distinguish two cases.

Casel: We assume that im(u) # im(v).

In this case we have

im(r.u) #im(v), VreR.
Therefore the algebraic intersection number int(r.u,v) is defined for every r € R.
Recall from Lemma 5.3 that the asymptotic eigenvector transforms under the R-
action as (.,g = e~ " (3 where 7 > 0 is the period of the periodic Reeb orbit ~.
Therefore if we define

C:={reR:{.a=20_}
we conclude with the fact that asymptotic eigenvector 7, is different from zero that

the set C' consists of at most one point. If » € R\ C Theorem 4.4 implies that
int(r.w, v) = sief(r,u, v). This finishes the proof of the Corollary for Case 1.

Case2: We assume that im(u) = im(v).

We first show that
(176) #{r € R:im(r, ) = im(¥)} < 1.
To see that assume that

im((r1).u) = im(0) = im((r2).a), 71,72 €R.
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We have to show that ry = ry. Without loss of generality assume that r; = 0 and
r9 = r. Abbreviate

a:= ;Ieléa(z).

In view of the asymptotic behavior of the fast finite energy plane u = (u,a) we
conclude that
a=mina(z) < 0.
zeC

Using that the image of @ coincides with the image of r.u = (u,a + 1) we conclude
that

a=atr=a+r
and therefore r = 0. This establishes the truth of (176).

We now set
Co:={r e R:im(r.u) =im(v)}.
By (176) we have
#Co < 1.

Case 2 now follows by applying the reasoning of Casel to the set R\ Cp. (]

5. Computations and applications

Lemma 5.1. Assume that u = (u,a) is a fast finite energy plane with asymp-
totic Reeb orbit v such that im(u) Nim(y) = 0. Then Siefring’s self-intersection
number of u vanishes, i.e.,

sief (w, w) = 0.

Proof: We argue by contradiction and assume that sief(u, ) # 0. By homo-
topy invariance of Siefring’s intersection number we get
sief(r.uw,u) #0, VreR.
It follows from Corollary 4.5 that there exists C C R of cardinality #C < 2 such
that
int(r.uw,u) #0, reR\C.
That means for every r € R\ C there exist 2], 25 € C with the property that
reu(zy) = u(z3).
Equivalently
(177) (=) = u(), a(z}) +7 =a(5), reR\C.

In view of the asymptotic behavior the function a: C — R is bounded from below.
It follows that

o
Jim a(ef) = o

and therefore
(178) Tlin;o |z5] = o0.
In view of Step 2 of the proof of Corollary 2.2 there exists a compact subset K C C

such that
z1 € K, reR\C.

Hence we can find a subsequence r, for v € N and z, € K such that

lim 21" =z, € K.
V—00
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Taking advantage of (177) and (178) this implies that
u(zy) = yli_{rolo u(z]") = yli_}nolo u(z3") € im(y).
In particular,
im(u) Nim(y) # 0.
This contradicts the assumption of the lemma and hence Siefring’s self-intersection
number of u has to vanish. O

The main idea in the proof of Lemma 5.1 was to take advantage of the R-action
on finite energy planes. A stronger result can be obtained by letting  go to infin-
ity and interpreting Siefring’s self-intersection number of a fast finite energy plane
with Siefring’s intersection number of the finite energy plane with the orbit cylinder
of its asymptotic Reeb orbit. This idea strictly speaking goes beyond the part of
Siefring’s intersection theory discussed here, since the orbit cylinder is not a finite
energy plane anymore but a punctured finite energy plane. The reader is invited
to have a look at Siefring’s article [101] to see how Siefring’s intersection theory
works as well for punctured finite energy planes. Using this technology one obtains
the following theorem which has Lemma 5.1 as an immediate Corollary.

Theorem 5.2. Assume that uw = (u,a) is a fast finite energy plane with asymp-
totic Reeb orbit ~v. Then Siefring’s self-intersection number of u can be computed
as

sief (0, @) = #{(z,t) € C x S" 1 u(z) =~(t)}.

Proof: Abbreviate by 7 > 0 the period of the periodic Reeb orbit 7. For
r € R define

u.: C— N xR
by
ar(e%r(s-i-it)) _ (u(eQﬂ'(S-‘r’l'-‘rit))’ a(627r(s+7-+it)) _ TT‘), (S, t) ceR x Sl
and
u,-(0) = (u(O),a(O) - TT) = (—77),u(0).

Then in view of the asymptotic behavior of @ the restriction of @, to C* = C\ {0}
converges in the C}y.-topology to the orbit cylinder

F:C* = N xR, e¥6H o (4(t),75)

as r goes to infinity. In view of the homotopy invariance of Siefring’s intersection
number we have

sief (u, u) = sief(u,,u), VreR.
Hence by letting r go to infinity we obtain
(179) sief (w, w) = sief (¥, w).
Observe that the map

(z,1) — (z,eQT’(af)“t))
gives rise to a bijection between intersection points

{(z,t) e Cx S ru(z) =v(t)} 2 {(21,22) €Cx C:u(z1) =F(22)}.
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Because u is fast w is an immersion transverse to the Reeb vector field R and
therefore

u 7.
Since both % and % are holomorphic by positivity of intersection we obtain for the
algebraic intersection number

(180) int(@,7) = #{(2,t) € C x S' 1 u(2) = v(t)}.

The asymptotic eigenvector (5 of the orbit cylinder vanishes while the asymptotic
eigenvector (z does not vanish. Therefore it follows from (4.4) that

(181) int(w,7) = sief(u, 7).
Combining (179, (180), and (181) the Theorem follows. O

One reason why the vanishing of Siefring’s self-intersection number of a fast fi-
nite energy plane u = (u,a) is so useful is the fact that it implies that w is an
embedding.

Theorem 5.3. Assume that u = (u,a) is a fast finite energy plane with as-
ymptotic orbit v such that im(u) Nim(y) = 0. Then u: C — N is an embedding.

Proof: Since u is fast the map u is already an immersion and hence it remains
to prove that it is injective. Hence assume that z, 2z’ € C such that

(182) u(z) = u(z).
We first show that
(183) a(z) = a(?)

In order to prove (183) we argue by contradiction and assume a(z) # a(z’). Set
c=a(z') —a(z). It follows that

eti(z) = (u(z),a(2) + ¢) = (u(2'), a(2)) = u(z").
But since ¢ # 0 the maps @ and c,u have different images. Therefore their alge-
braic intersection number int(w, c,.u) is defined and by positivity of intersection we
conclude that
int(u, c,u) > 1.
Therefore by Theorem 4.1 we obtain
sief (w, ue) > 1.
Since Siefring’s intersection number is a homotopy invariant we get
sief(u,w) > 1.
However, by assumption of the theorem we have im(u) Nim(y) = 0 and therefore
by Lemma 5.1 it follows that Siefring’s self-intersection number of % vanishes. This

contradiction proves (183).
It follows from equations (182) and (183) that

u(z) =u(z).
A point z € C is called an injective point of @ if and only if =1 ((z2)) = {z} and
du(z) # 0. Abbreviate
I := {z € C: z injective point of u}
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the set of injective points and let

S:=C\1I
be its complement, i.e., the set of non-injective points. For a finite energy plane the
following alternative holds. Either the set .S of non-injective points is discrete, or the

finite energy plane is multiply covered in the sense that there exists v: C - N x R
a finite energy plane and a polynomial p satisfying deg(p) > 2 such that

u=7vop.
For a proof of this fact we refer to [53, Appendix]. We also recommend to look
at the analogue of this fact in the closed case, see [81, Proposition 2.5.1,Theorem
E.1.2]. We next explain that if a finite energy plane u = (u, a) is fast it cannot be
multiply covered. To see that suppose by contradiction that there exists a finite
energy plane v = (v,b) such that W = v op for a polynomial of degree at least 2. It
follows that

U=vop.
Since the polynomial p has degree at least 2 it must have a critical point, i.e., there
exists a point z € C such that

dp(z) = 0.
It follows that

du(z) = dv(p(2))dp(z) = 0
contradicting the fact that u is an immersion, since it is fast. We have shown that u
cannot be multiply covered and therefore its set S of non-injective points is discrete.
In order to finish the proof of the theorem let us now assume that there exists

z # 2z’ € C such that u(z) = u(z’). For € > 0 let us abbreviate by D(z) = {w € C:
[|lw — z|| < €} the closed e-ball around z. Because the set S of non-injective points
of @ is discrete we can find € > 0 such that the following condition holds true

im(abDE(z)) n im(a‘ape(z,/)) =0.
In view of this fact the algebraic intersection number
int(u|p,(z), ulp. (=) € Z
is well defined. Because u(z) = u(2’) it follows from positivity of intersection that
int(17|DE(z), E|D€(z’)) 2 1.
< ¢p it holds that

Choose ¢y > 0 such that for every |c
im(a‘aDe(z)) M im(c*ﬂbDe(z/)) = (Z)
By homotopy invariance of the algebraic intersection number we conclude that
int(lp,(z), c+lp (2r)) = 1.
Hence by positivity of intersection if 0 < |¢|] < ¢y we obtain
int(u, c,u) > 1.

Again this implies that sief(u,@) > 1 in contradiction to the assumption of the
theorem. This finishes the proof of the theorem. O

We will see later in Lemma 6.3 that the converse of Theorem 5.3 is true as well.
With the help of this Lemma we can give now the following characterization of fast
finite energy planes with vanishing Siefring self-intersection number.
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Theorem 5.4. Assume that ©w = (u,a) is a fast finite energy plane with as-
ymptotic orbit v. Then the following assertions are equivalent.
(i): sief(u,u) =0,
(ii): im(w) Nim(y) = 0,
(iii): w is embedded,
(iv): @ is embedded.
Proof: The equivalence of (i) and (ii) follows from Theorem 5.2. That (ii)
implies (iii) is the content of Theorem 5.3. The implication (iii) = (iv) is obvious.
Finally the implication (iv) = (i) is proved in Lemma 6.3 below. O

A further important contribution of Siefring’s intersection number is that it can
be used to make sure that two fast finite energy planes do not intersect.

Corollary 5.5. Assume that uw = (u,a) is a fast finite energy plane with as-
ymptotic orbit y such that im(u) Nim(y) = 0. Assume that v is a fast finite energy
plane which is homotopic to u and such that im(v) # im(u). Then

im(z) Nim(v) = 0.

Proof: By Lemma 5.1 we have

sief(u,w) = 0.
Hence by homotopy invariance of Siefring’s intersection number we obtain
sief (@, v) = 0.

Because im(w) # im(v) the algebraic intersection number int(u,v) is well-defined
and by Theorem 4.1 we have

0 < int(w,v) < sief(u,v) =0
so that we get
int(w,v) = 0.
By positivity of intersection from Theorem 2.3 we conclude that
im(u) Nim(v) = 0.
This finishes the proof of the Corollary. O



CHAPTER 14

The moduli space of fast finite energy planes

1. Fredholm operators

Before explaining the class of operators we are interested we make some general
remarks about Cauchy-Riemann operators. Consider C with its standard complex
structure ¢ but with a measure g maybe different from the Lebesgue measure,
namely

W= pp:=hdx Ndy
where h: C — R is a smooth positive function. Abbreviate by
d: C*(C,C) — C*=(C,C)
the standard Cauchy-Riemann operator on C which is given for ¢ € C*°(C,C) by
¢ = 0, +1i0,C.
Then we define the Cauchy-Riemann operator with respect to the measure p as

8, = %5: C>(C,C) - C=(C,C).

Of course

keréu = ker0.
The reason why it is natural to consider the operator 5u s, that if we endow
the target C with its standard inner product the norm ||0,(|| has an intrinsic
description, i.e., a description which only depends on pu, the complex structure ¢ on

the domain C, and the inner product on the target C but not on the coordinates
on C used to define 9. Why this is true is explained in the following lemma.

Lemma 1.1. Assume that z € C and z # 0 € T.C = C is an arbitrary
nonvanishing tangent vector, then

[ld¢(2)= + idg (2)iz]|

5# 2= —
10uC(2)] )

Since Z is arbitrary, the right hand side is intrinsic.
Proof: For Z # 0 € T.C we abbreviate

£z = G2+ idc)iz)
W 2)

By definition we have
10uC(2)| = f(1).

169



170 14. THE MODULI SPACE OF FAST FINITE ENERGY PLANES

Therfifore it remains to show that the function f is constant. For 2 = T + iy =
7cosf + irsinf = re’? £ 0 € T,C = C we compute
d¢(z)z 4 id((2)iz d((2)x + d((2)iy + id((z)iz — id((=)y
= dC(2)F + idC(x)iT — i(dg(z)y— idC(z)i@)
- (T-i) (dg(zn + id((z)i)
= ?e_iggg(z)

and therefore
|1d¢(2)Z + 1dC(2)iz]| = 7I|0C(2)][-
Moreover,
h(z)(dzx A dy)(Z + iy, —y + iZ)
h(2)(@* +77)
= 72h(2).
Combining these expressions we conclude that

o _ el
16 ="

is independent of Z. This proves the lemma. |

n(=)(3,1%)

Choose a function v € C*°(]0, ), (0, 00)) satisfying
1 r<i
— =3
’Y(T) - { 1 r 2 1.
Define the function hy, € C*°(C,R}) by

hy(2) = ~(I2])-

In the following we endow the complex plane C with the measure yu = pp . The
measure p has the following properties. If D, = {z € C : ||z|| < r} denotes the ball
of radius r centered at the origin we have

2

Moreover, if ¢: R x St — C\ {0} is the biholomorphism
B(s,t) = 2HD (5 1) e R x S,
then we obtain
¢* ptle\p, = ds A dt.
That means on the cylindrical end C\ D; the measure u coincides with the standard

measure on the cylinder.
Denote by Ms(R) the vector space of real 2 x 2-matrices. Let

S e C>(C, M3(R))
be a smooth family of 2 x 2-matrices parametrized by C. Suppose that there exists

S € C(SY, Sym(2))
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a smooth loop of symmetric 2 X 2-matrices such that uniformly in the C'*°-topology
it holds that '
lim 2me?™S(e2mH) = §_(¢).
§— 00
We abbreviate by
(184) H, == WH2(C, u;C)

the Hilbert space of W1 2-maps from C to C where the domain C is endowed with
the measure p and the target with the standard inner product and similarly for the
L?-space

(185) Hy := L*(C, i;C).

We consider the bounded linear operator

L (0C + S¢) = 0,¢ + LSg.

Vi Vi
From the assumed behavior of S we also get an asymptotic operator
Ag: WH3(SY C) — L*(S*,C), ¢+ —Jp0:¢ — Suol.
Associated to the loop of symmetric matrices S, is the path of symplectic matrices
W= Wy € C=(0,1],5p(1))

(186) Ls: H — Ho, C —

defined by
0V (t) = JoSoo ()T, ¥(0) =id.
The following Theorem is due to Schwarz [97]

Theorem 1.2 (Schwarz). Assume that kerAg_ = {0}, i.e., the path of sym-
plectic matrices Ug_ is non-degenerate. Then Lg is a Fredholm operator and its
index computes to be

indLS = ﬂcz(\ysm) + 1.

Remark 1.3. The theorem of Schwarz is very reminiscent of the theorem of
Riemann-Roch. Indeed, by noting that the Fuler characteristic of the complex plane
is one, the index formula of Schwarz can be interpreted as indLg = pcz(Vs., ) +
1-x(C). We refer to the thesis by Bourgeois [18, Section 5.2] for a derivation of
Schwarz theorem out of the Riemann-Roch formula.

We do not prove Schwarz theorem in detail, however, we next illustrate it for
a family of examples.

Illustration of Theorem 1.2: Pick a cutoff function g € C*(R,|[0,1]) sat-
isfying

Choose further
u € R\ 27Z.

Define S = S¥: C — Sym(2) by

S 2m(s+it)y B(S)M :
(e ) ome2rs
We first examine the kernel of the operator Lg. Suppose that ¢ € kerLg and set

n=Co¢: Rx S — C.
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It follows that 7 is a solution of the PDE
(187) Osn +i0em + Bun = 0.

Write n as a Fourier series

oo

n(s,t) = Y muls)e® .

k=—oc
It follows from (187) that each Fourier coefficient is a solution of the ODE
Osni(s) — 2mknk(s) + B(s)une(s) =0, k€ Z.
Since f(s) =1 for s > 1 we get
me(s) = (eG5> 1,

Because 1][p,00)x st € L*([0,00) x S*,C) we conclude
(188) =0, k>2
Since f(s) = 0 for s <0 we conclude that

1(s) = e (0)e”™, s < 0.

Because ¢ € W2(C, u; C) it is continuous and the limit lims_, o (s, t) = ¢(0)
exists. Therefore,

(189) me=0, k<O0.

Denoting by | 4-] = max{n € Z : n < -} the integer part of - we conclude from
(188) and (189) that

2(L5)+1) L=l =0

(190) dim(kerLg) = { 0 mlse.

We next compute the dimension of the cokernel of Lg. Suppose that n € cokerLg =
(imLg)+#o. That means that n € Hy satisfies

(191) <LSCan>Ho :07 v€€ H1~
We introduce the function
fEC®R,R,), s 2me®™/v(e2ms).

Note that f satisfies
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We compute using the coordinate change z = x + iy = e27(s+it)

0 = [ (oo (2 0,0+ 5. Dty

B // <27re27rs S )<8 Cﬂ&tg) > 2617 (27) dsdt

/R/O 85C+Z'8tC,77 f(s)dsdtJr//1 mlC,T] f(S)stdt
/R/01<85C+i8t§77 dsdt+// Fs)dsdt

1
- / / (0.C +10C + Buc, ) f(s)dsdr
R JO
From (191) and (192) we obtain

//1 <asC+i3tC+5MCﬂ7>f(S)dsdt:O, V (¢ € Hy.
R Jo

By elliptic regularity for the Cauchy Riemann equation this implies that the L2-
function 7 is smooth and therefore using integration by parts 7 is a solution of the
PDE

—0sn + 10 + (ub’— a}f>n =0

or equivalently
—0sn + 0 + (uB — ds(In f))n =
By introducing the function

geC®R,R), s+ ufl—9:(Inf)
this can be written more compactly as
(193) —0sn + 10 + gn = 0.
Note that the function g satisfies

We again write 7 as a Fourier series

H(S,t): Z nk(s)e%rikt.

k=—o0
By (193) we obtain for each Fourier coefficient the ODE
—0sny — 2mn + gk =0, k€ Z.
Since g(s) = p for s > 1 we obtain
() = e (1e2m6D 551,
Because 1|[p,0)x st € L*([0,00) x S*,C) we conclude from this that

1
194 = k< —
(9) Nk Oa _271_
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Using that g(s) = —27 for s < —1 we get
Mk (s) = mi(—1)e "2k s 41 = gy (—1)e 27 (RFD (D)

and because n as a smooth function on C has to converge when s goes to —oco we
must have

(195) =0, k>0.
Combining (194) and (195) we get for the dimension of the cokernel of Lg the

formula

(196) dim(cokerLg) = { 2(- L%J - 1) Lﬁejlszf1

Combining (190) and (196) we obtain for the index of Lg
indLg = dim(kerLg) — dim(cokerLg) = 2 ( bﬁJ + 1) =poz(Us, )+ 1.
T
This finishes the illustration of Theorem 1.2. [l

2. The first Chern class

In this section we explain the first Chern class of complex vector bundles over
the two dimensional sphere. Suppose that E — S2 is a complex vector bundle,
satisfying tkc E = n. We decompose the sphere S? = {(x1,z2,23) € R : 22 + 23 +
22 = 1} into the union of the upper and lower hemisphere
(197) S?=53uU82
where

S% = {(x1,19,73) € R®: £23 > 0}.
Note that both the upper and the lower hemisphere are diffeomorphic to a closed
disk. Therefore there exist complex trivializations

Ty E‘Si *)S:zt x C".

By endowing the vector bundle F with a Hermitian metric we can assume that T4
are actually unitary trivializations. Let

S=82ns%cs?
be the equator which we identify with the circle S* = R/Z via the map t
(cos 27t, sin 27t, 0). If t € S, we obtain a unitary linear map

T3 e
i.e.,

T_T L eUn).
We define the first Chern class of E as
c1(E) = deg(t — det(T.ht‘I:}t)) €Z.

Note that since S% are contractible any two trivializations over the upper or lower
hemisphere are homotopic and therefore the first Chern class is independent of the
choice of 1. The first Chern class has the following properties

(i): If E = S? x C" is the trivial bundle, it holds that ¢;(E) = 0.
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(ii): If By — S? and F; — S? are two complex vector bundles, the first
Chern class of their Whitney sum satisfies

(198) c1(Ey @ E) = c1(Er) + c1(E2)
and similarly for their tensor product
(199) Cl(El (9 Eg) = Cl(El) + Cl(EQ).

(iii): If L — S? is a complex line bundle, then ¢; (L) = e(L) the Euler num-
ber of L. In particular, ¢;(L) does not depend on the complex structure
of L.

To see why (198) is true choose unitary trivializations
Th: Eilgz = S xC™M, 3% Bygz — ST xC™
with ny = rkcE1 and ny = rkgFE5. We obtain unitary trivializations
TLoTi: (B0 E)lss — ST x Cmtre,
For t € S' we get
det((Th, 0% )T, 0T )7

det(‘flﬁt(il,yt)*l @ Iiyt(g:%,t)il)
det (T} (TL )71) - det (T2 (T2 )7").
Therefore the first Chern class of the Whitney sum F; ® F5 satisfies

(B @ Ey) = deg(mdet(z;t(@_,t)—l) ~det(T%ﬁt(‘ZQ_7t)_1))

= deg(t — det (T}ht(‘fi’t)_l)) + deg(t — det(‘Ii,t(rS:t)_l))
= c1(Er) + c1(Es).
This proves (198) and (199) is proved similarly.

The first Chern class can be associated as well to a symplectic vector bundle
(E,w) — S2, ie., each fiber (E,,w.) for z € S? is a symplectic vector space.
In fact the space J(F,w) consisting of all w-compatible almost complex structures
J: E — FE is nonempty and contractible. In particular, J(E,w) is connected.
Hence we set

c(B,w):=c(E,J), JeJ(FEw)

and this is well defined by homotopy invariance of the first Chern class, since
J(F,w) is connected.

Assume that E — S? is a symplectic vector bundle. As usual we identify the
equator of S? with the circle S' = R/Z. Suppose that for ¢t € [0,1] we have a
smooth family of symplectic linear maps

(I)t: E[o] — E[t]

such that

dy =id: E[(J] — E[O]
and for ®1: Ejg — Ej;) = E|g) the non-degeneracy condition
(200) ker(®; —id) = {0}
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holds true. In this set-up we can associate to the path ¢t — ®; two Conley-Zehnder
indices. Namely, if
‘I+:E|S<2F —>S_2~_ XC”, QHZI'k]RE

is a symplectic trivialization we define the smooth path

UF[0,1] = Sp(n), ¢ Ty @Sy

and set

1G7(®) = ez ()
which is independent of the trivialization ¥, by homotopy invariance. Similarly we
define g, (®) for a symplectic trivialization over S2.

Lemma 2.1. The difference of the two Conley-Zehnder indices satisfies
17 (®) = poz (@) = 2¢1(B).
Proof: Choose J € J(F,w) and choose unitary trivializations T4 : Elgz —
S% x C™ with respect to J and w(-, J-) such that
Tro0=F_9=%y: By —» C".
For t € [0,1] abbreviate
U[t] = ‘I+,[t]3:}[t] e U(n)
so that we get a loop
U: S* = U(n), [t]— Upy.
We obtain

UH([H) = T4 0 ®eT g = T Ty T @ L = U ()Y ([1]).

In particular, the path U is homotopic with fixed endpoints to the concatenation
(201) Ut = U (1)#U .

In view of the non-degeneracy condition (200) we have by definition of the Conley-
Zehnder index

(202) (55 (®) = pez(¥h) = pa(Ty+)
where A is the diagonal in the symplectic vector space (C" x C", —w @ w) and I'g+
is the graph of . By homotopy invariance and the concatenation property of the
Maslov index we conclude

paTy,) = pa(lw-) + pa(lye- (1))

Since U is a loop we can write this equation as

(203) paTe,) = pez(P7) + p(Ty) = poy(®) + pu(Ty).

Since
U 0
FU(O m)A

the Maslov index for the loop I'yy computes as
(204)

2
w(ly) = deg (det ( g i(c)l ) ) = deg(det(U)?) = 2deg(det(U)) = 2¢1(E).

Combining (202), (203), and (204) the Lemma follows. O
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3. The normal Conley-Zehnder index

Assume that u: C — N xR is an embedded non-degenerate finite energy plane.
Set
C:=u(C)Cc N xR.
Since u is an embedding C' is a two dimensional submanifold of N x R. Because
w is holomorphic the tangent bundle T'C' is invariant under the SFT-like almost
complex structure J. The fiber of the normal bundle

NC —C

at a point ¢ € C is given by N.C := (T,C)* where the orthogonal complement is
taken with respect to the metric w(-,J-). Because the almost complex structure .J
is w-compatible the normal bundle NC' is invariant under J as well. Because C is
contractible we can choose a symplectic trivialization

ITy:u*NC — CxC.

Moreover, in view of the asymptotic behavior of u explained in Theorem 5.2 we can
arrange that Ty extends smoothly to a symplectic trivialization

Ty E—= St xC

where ~ is the asymptotic Reeb orbit of u. We define the normal Conley-Zehnder
index of u as

(@) = ez (¢ = Tnad ST (GO)TRY ).

Recall from (148) that the usual Conley-Zehnder index for w is defined as follows.
Choose a symplectic trivialization

Ty e — St xC
which extends to a symplectic trivialization
Ty — S xC
and set
poz(@) = poz (t - Tead o (1(0)T, 4 ).

Note that both the usual Conley-Zehnder index and the normal Conley-Zehnder
index are independent of the trivializations chosen, because over the contractible
space C all trivializations are homotopic. On the other hand although ¥y and
T¢ trivialize v*¢ there is no need that the two Conley-Zehnder indices agree, since
over the circle two trivializations do not need to be homotopic, in view of the fact
that the circle has a nontrivial fundamental group. The following theorem tells us
how the two Conley-Zehnder indices are related. It is due to Hofer, Wysocki, and
Zehnder, see [57].

Theorem 3.1. Assume u is an embedded non-degenerate finite energy plane.
Then

1oz (@) = poz(@) - 2.
As preparation for the proof of Theorem 3.1 we associate to an embedded
non-degenerate finite energy plane u two complex vector bundles over the two

dimensional sphere 52
51 — 52, 52 — S2.
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Abbreviate by

n:= (0, R) CT(N xR)
the subbundle of T'(N x R) spanned by the Reeb vector field R and the Liouville
vector field 0,.. Note that this gives rise to a complex splitting of vector bundles

TR x N)=ne¢.

We decompose the sphere S? into upper and lower hemisphere 5% = 3 US? as in
the discussion about the first Chern class in (197). If

gi = {(.’El,xg,l'g) € 52 0< £23 < 1}
denotes the interior of 53 we get diffeomorphisms

/2 2
a:1+a>2

o ko
Yy Si —=C, (x1,z2,23) — g2marctan 2 (z1 + ix2).

Note that ¢ is orientation preserving, while ¢_ is orientation reversing. In view
of the asymptotic behavior of @ explained in Theorem 5.2 we get a complex vector
bundle ¢; over the sphere S? which is characterized by

Note that if we identify the equator S = S% N S? with the circle S* by mapping
t € St to (cos 27t,sin 27t, 0) we obtain

llst=7"n
where 7 is the asymptotic Reeb orbit of the finite energy plane w. Similarly, we
define a complex line bundle £, over the sphere S? by

ngSi :’(/Jiﬂ*NC, £2|§3 :wiﬂ*f
Over the equator this vector bundle satisfies
o] = "¢.

Lemma 3.2. The first Chern classes of the two complex line bundles {1 and {y
over S? satisfy

1= 01(61) = —Cl(fg).

Proof: We define two more vector bundles ¢} and ¢, over the sphere S2. The
vector bundle ¢} is characterized by the conditions

flg =03, Al =viam
and therefore satisfies over the equator
£11|51 = ’y*n.
The vector bundle ¢, is determined by
bl =9Lu"¢, Olg = Prutg
and therefore meets
6/2|51 = ’}/*g
In view of
WTCOu NC =a"T(N xR)=u"¢@u'n
we obtain
Ol = @l



4. AN IMPLICIT FUNCTION THEOREM 179

Using the additivity of the first Chern class under Whitney sum (198) we get the
formula

(205) 01(51) + 61(62) = 61(41 D gg) = 61(6/1) + 01(5,2)
We next claim that
(206) C1 (3/1) =C (5/2) =0.

To see that c;(¢4) = 0 we first choose a nonvanishing section o: S' — 4*¢. We
extend o to a transverse section o: C — u*¢. We define a section s € I'(¢}) by

o(s(@) @ e
s(r) =4 o(_(z)) xeS?
o(t) te St

By construction all of the zeros of s lie in Si US? and they appear in pairs. Namely

to each zero z of s in S_%_ corresponds the zero -1 (z) € 52 and vice versa. Be-
cause 14 is orientation preserving and v _ is orientation reversing the signs of the
two zeros cancel and therefore the Euler number of ¢, vanishes. Because the first
Chern class of a complex line bundle is just its Euler number we have shown that
¢1(¢5) = 0. The same argument proves that ¢;(¢]) = 0 as well. However, the van-
ishing of ¢1 (¢}) can be understood even easier by noting that the Reeb and Liouville
vector fields R and 9, give rise to a trivialization of ¢}. Formula (206) is established.

Combining (205) and (206) we conclude that

(207) c1(l) = —c1(l2)

and it suffices to show that c;(¢1) = 1. To see that we construct again a section
s € I'(¢1) in order to compute the Euler number of ¢;. Since {1]g. = 9 u*n we
define s|g> as the pullback of the Liouville vector field 9,. Note that therefore s|g2
has no zeros. Using that u*T'C = T'C we have to find for the extension to the upper
hemisphere a vector field on C which points outward asymptotically. For example
the vector field 0, + yd, meets this requirement. Note that this vector field has
one positive zero at the origin. Since 14 is orientation preserving we conclude that

there exists a section s € I'(¢1) which has precisely one positive zero. That means
that the Euler number of ¢; is one and therefore

(208) 01(61) = 6(@1) =1.
Equations (205) and (206) prove the lemma. O

Proof of Theorem 3.1: By construction of {5 we have by Lemma 2.1
ud (@) — poz () = 2¢1(4s).

The Theorem now follows from Lemma 3.2. O

4. An implicit function theorem

Assume that v is a non-degenerate periodic Reeb orbit. Recall that by M (v) we
denote the moduli space of (parametrized) finite energy planes with unparametrized

asymptotic orbit [y]. The group of direct similitudes ¥ = C* x C acts on M (7)
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by reparametrization and its quotient M(y) = M(7)/E is the moduli space of
unparametrized finite energy planes asymptotic to [y]. We denote by

I M(y) = M(y), @ — [d]

the projection. Suppose that u € /\//\l(’y) is embedded and set C' = @(C). Choose
a unitary trivialization € = Ty : NC — C x C, i.e., a trivialization which is com-
plex with respect to the SFT-like almost complex structure J and orthogonal with
respect to the inner product w(-,J-) and such that it extends to a trivialization
T: y*¢ — S x C. Define a smooth path
¥ =T*:[0,1] — Sp(1)

by setting for ¢ € [0,1]

V(1) = Ted* o (1(0)Tp -
Note that W(0) = id: £y0) — &y(0) and ¥ is non-degenerate in the sense that
ker(¥(1) —id) # {0} because + is non-degenerate. Let

Soo = 8% € C*([0,1],Sym(2))

generate the path ¥ by

OV = JpSo V.
In [57] Hofer, Wysocki, and Zehnder construct a smooth map
(209) S =55:C— MyR)

which has the property that 2me?™S(e?7(5+%)) uniformly converges in the C'°-
topology to S (t), when s goes to infinity. Recall the Hilbert spaces Hy and Hy
from (184) respectively (185). Then the map S gives rise to a bounded linear
operator

Lg: Hi — Hj

as defined in (186). One should think of the operator Lg as the linearization of the
holomorphic curve equation modulo the action of the group of direct similitudes
Y. by reparametrization. That we mod out the reparametrization action is due to
the fact that we only consider variations in the normal direction. The importance
of the operator Lg lies in the following implicit function theorem proved by Hofer,
Wysocki, and Zehnder in [57].

Theorem 4.1. Assume thatu € M\(’y) is embedded and the operator Lg: H; —
Hy is surjective. Then locally around [a] the space M(Y) is a manifold and there
exists U C ker(Lg) an open neighborhood of 0 and a map

F:u — M(>v)
satisfying .7?(0) = u, such that the map
F=1F: U — M(v)

defines a local chart around [u]. Moreover, if ( € U the intersection points of U and

F(C) are related by
{(2,2") €Cx C:u(z) = FO)(2)} = {(2,2) : 2 € C, () =0}.
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Using Theorem 1.2 and Theorem 3.1 we can under the assumptions of Theo-
rem 4.1 compute the local dimension of the moduli space M(7) at [a] by

(210) dimpM(y) = dimkerLg

indLs = pcz (Vs )+ 1
= uog(u)+1

= pez(w) -1

5. Exponential weights
Suppose that v is a non-degenerate Reeb orbit. Abbreviate by

M\fast (’Y) C M\(V)

the subspace of fast finite energy planes asymptotic to 7. Assume that @ = (u,a) €

M\fast(’}/) is embedded. Recall that if U(s,t) € () is an asymptotic representative
of & we can write

Uls,t) = " (C(t) + k(s 1))
where £ decays with all its derivatives exponentially, n = 7, € &(A,) N (—o0,0)
is a negative eigenvalue of the asymptotic operator and ¢ = (G € T'(y*¢) is an
eigenvector of the asymptotic operator A, to the eigenvalue 7. Pick further a
unitary trivialization

Te:uE—=>CxC
which extends to a trivialization
Te:v*E— St x C.
In particular, T¢¢ € C*°(S?,C) and the winding of the eigenvalue 7 is defined as

_ _ Te((t)
w(n) = w(%Te() = deg(t — TgC(t))

Because u is fast we have by Corollary 0.13

w(n) = 1.

Recall further from Corollary 0.32 that the winding is monotone, i.e., if n < 7/,
then w(n) <w(n'). If pez(u) > 3 choose & < 0 such that

max {n € 6(A,) : w(n) =1} <6 <min{n € S(4,) : w(n) = 2}.

That a non-positive § with this property exists is guaranteed by Theorem 0.33 in
view of the assumption that pcz(u) > 3. If uoz(u) < 2 it follows from Theorem 0.5
that poz(u) = 2 and we set in this case 6 = 0. Because @ is embedded we set
C =u(C) € N x R and choose in addition a unitary trivialization

In:u*NC —-CxC
which extends to a trivialization

Tn:vE— St xC.
This trivialization gives rise to a smooth map

S =SN:C — My(R)
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as mentioned in (209). Recall that ¢: Rx S1 — C\ {0} denotes the biholomorphism
(s,t) = 2™+ For § < 0 we introduce the Hilbert space

HY = {C € Hy: 6755<O¢‘[0,Oo)><51 € W1’2([O,oo) X Sl,(C)},

i.e., the subvector space of functions in H; introduced in (184) which decay on the
cylindrical end exponentially with weight |§|. Similarly, we introduce

HY = {¢ € Hy: e7%*C o gl apst € L*([0,00) x 5%,C) }.
We define the bounded linear operator

- 1
Ly: HY — HS, ¢+ 0,¢ +——=5C.

NS

Note that L% is given by the same formula as the operator Lg introduced in (186),
however, its domain and target differ form the ones of Lg. This fact can be ex-
pressed with the following commutative diagram

L3
HY —— Hj

|

S

H1*>H0

where the vertical arrows stand for the inclusion maps.

The analogue of the implicit function Theorem (Theorem 4.1) in the fast case
can now be formulated as follows.

Theorem 5.1. Assume thatu € M\fast('y) is embedded and the operator L‘;: Hf —
HQ is surjective. Then locally around [u] the space Mg () is a manifold and there
exists U C ker(L%) an open neighborhood of 0 and a map

Fil = Mt ()
satisfying ]?(0) =, such that the map
F=TF: U = M (7)

defines a local chart around [u]. Moreover, if ( € U the intersection points of U and
F(C) are related by

{(z,2") €eCx C:a(z) = FO)(2)} = {(2,2) : 2 € C, () =0}.

Note that if w is an embedded fast finite energy plane and both Lg: Hy — Hy
and L% : H) — H{ are surjective, then locally around [a] both M(v) and Mg (7)
are smooth manifolds and we have

ker(LY) = TimMiast () € TimgM () = ker(Ls).
Our next goal it to compute the Fredholm index of the operator Lg. The following
result is due to Hryniewicz [58].

Theorem 5.2. Assume that u = (u,a) is an embedded fast finite energy plane.
Then the Fredholm index of the Fredholm operator L‘f; satisfies

) 2 pez(u) >3
dLd =
indLg { 1 poz(u)=2.
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Proof: If ucz(u) = 2 we have chosen § = 0 and hence in this case we have
L‘SS = Lg. Hence by Theorem 1.2 and Theorem 3.1 we obtain

indLg = pez(Vs,) + 1= pgz(w) + 1= poz(u) —1=1.
Therefore we can assume in the following that
poz(u) > 3.

In order to compute the Fredholm index of the operator Lés in this case we first
choose a smooth function p: R — R satisfying

s s>1
pls) = { 0 s<O0.
We define a Hilbert space isomorphism
Ts: HY — H,
which is given for ¢ € H? by
Ts¢(e2m(Fi)) = e70r() (27 (H)) (5, 8) e R x ST, T5¢(0) = ¢(0).
The isomorphism Ts extends by the same formula to an isomorphism
Ts: HS — Hy.
Note that its inverse is given by

Ty =T Hi— H), ic{0,1}.

We consider
TsLYT 5: Hy — H.
To describe this map we introduce Ss € C*°(C, M3(R)) by
, , 50
Sé(eQw(s—Ht)) — S(e2ﬂ(s+lt)) + P (5) -id, (S,t) ceR x S'.

Qrers
If ( € H; we compute
TsLT_s(e*" 1) = TsLy (77 (e27 1))
1

= Tam(&u +i0y + S) (2P (2m 50

= T (e 000+ 5) ()

- i (s 5 L Yo
= 7(16%5) (27“12” (0s +1i0;) + S + 2575;(22 ) C(e2m(stin)

# ; 5/)/(8) 27 (s+it)
Dl (895 +i0y + S+ 5 (e )
1 »
= gy O it S5) (e?mH)

_ LS(Sg(eQTr(erit))'
‘We showed
TsL3T 5 = Lg,.
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Note that
sli{go 2me?™ S5 (27 (i) = slggo 2™ §(e2m(+Fit)) 1§ . id
Seo(t) +0-id
= S2(t).

From Theorem 1.2 we obtain
(211) ind(LY) = ind(Ls,) = pcz(Tss ) + 1.

It remains to compute the Conley-Zehnder index of the symplectic path Wgs .
Recall that the linear operator Ag_ = —J0;— S0 : WH2(S1,C) — L2(S?, C) equals

Ag = AN = AV
where the operator A:f” as explained in (146) is conjugated to the asymptotic
operator A : I'2(y*¢) — T%2(y*¢) via the trivialization Ty. Because the winding

numbers of the eigenvalues of A, are computed with respect to the trivialization
%¢ we also need to consider the operator

AS = ATE

Since both operators AN and A¢ are conjugated to A, they are conjugated to each
other as well. To see how A" and A¢ are conjugated we consider the loop of unitary
transformations ¢ SN,tTg% from C to itself. Because a unitary transformation of

C is just multiplication by a complex number of norm one we can think of QN,tTgtl

for each t € S! as a unit complex number. Recall from Lemma 3.2 that ¢y (¢3) = —1
which implies that

deg(t > TnaTet) = 1.

Therefore by replacing the trivializations T and T¢ by homotopic ones we can
assume without loss of generality that

TN Ty = e 2
Consider the Hilbert space isomorphism
o: Wh2(8t, C) - wt?(st,C)
which is given for v € WH2(S1, C) by
®(v)(t) = ™ u(t), te St
with inverse
Ot Wh2(SH C) — Wh2(S1,C), @ tu(t) =e T u(t), t € St
Note that both ® and ®~! extend to Hilbert space isomorphisms
®, &1 L2(S,C) — L*(Sh,C).
Note that if v € W2(S, C) we have
ANy = TN AT = INT T ART T 0 = T T AN (TN Te) e

so that we obtain
AN = 1A,
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Now if € &(A%) is an eigenvalue of A and v is an eigenvector of A% to the
eigenvalue 7 it follows that ® 'v is an eigenvector of AN to the eigenvalue 7.
However, note that the winding number changes under this transformation, namely

w(® 'v) = w(v) — 1.

Therefore although the spectra of the conjugated operators A¢ and AN agree if
n € G(A%) = G(AN) the corresponding winding numbers differ by

w(n, AN) = w(n, A%) - 1.
Because S2_ = S, +  we have
Ags = As,, — 0 = AN —6I = AY
where I: W12(S1 C) — L?(S1,C) is the inclusion. We further abbreviate

AS = AS — 41
Note that
AY = o7 ASD.
Therefore
(212) a(S8) = max {w(n,Af;V) ne&UAN)N (—oo,o)}

= max {w(n,Ag) in € G(Ag) N (—00,0)} —1.
Note that we have a bijection
S(AS) = &(45), nen—0.

Indeed, v is an eigenvector of the operator A¢ to the eigenvalue 7 if and only if v is
an eigenvector of the operator Ag to the eigenvalue n — d. In particular,

w(n, AS) = w(n — 5, A3).

Hence

(213) max {w(n, Ag) in e G(Ag) N (—oo,O)}
= max {w(n +6,A%) :ne G(Ag),n < 0}
= max{w(n,AE) :7766(A§),17<6}
=1

by the choice of §. Combining (212) with (213) we obtain

(214) a(8%)=1-1=0.

Recall that the parity is defined as
’ 0 Ine&(AY)N[0,00) such that a(SS) = w(n, SS)
p(Ss) =19 4

else.
By the choice of § we have
(215) p(s%,) = 1.
Combining (214) and (215) with Theorem 0.33 we obtain
(216) pon(Wss ) = 2a(S%) + p(S,) = 1.
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In combination with (211) equation (216) implies
ind(L%) = 2.
This finishes the proof of the theorem. (I

6. Automatic transversality

We first explain the following local version of automatic transversality for fast
finite energy planes.

Lemma 6.1. Assume that © = (u,a) is an embedded fast finite energy plane
with asymptotic orbit v satisfying poz(uw) > 3. Then locally around [a] the moduli
space Miast(y) is a two dimensional manifold.

To prove Lemma 6.1 we need the following result, see also [58].
Lemma 6.2. Assume that pcz(Vs. ) =1, then Lg is surjective.

Proof: Because pcz(¥s, ) = 1 we obtain from Theorem 1.2 that
ind(Lg) = 2.
Hence it suffices to show that
dimkerLg < 2.

Suppose that v # 0 € kerLg. In view of the asymptotic behavior there exists
Ry > 0 such that for every R > Ry

deg (t — %) = w(n)

where w(n) is the winding of a negative eigenvalue n € G(Ag_) N (—o0,0). By
Theorem 0.33 we have

1=pcz(¥s.) =20(Sx) + p(Sx)
where the parity satisfies p(So) € {0,1}. Therefore
0= a(Se) = max{w(n) : n € &(As_) N (—00,0)}.
Therefore

,U(R627rit)
d t —— | < 0.
%<vaww|—°

On the other hand since v € kerLg it follows form Carleman’s similarity principle
in Lemma 0.8 that all local winding numbers of the map v: C — C are positive so

that ot
v(Re*™")
d t ———— | >0
%<me&m0—

and equality holds if and only if v(z) # 0 for every z € C. We conclude that if
v € kerLg does not vanish identically we necessarily have

v(z) 20, VzeC.

Now suppose that vy, vq,v3 € kerLg. It remains to show that the set {vy,vo,v3} is
linearly dependent. Pick z € C. Then v(z),v2(2),vs3(2) € C and therefore there
exist a1, as,as € R such that

a1v1(2) + agve(2z) + agvs(z) = 0.
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Because a1v; + agve 4+ azvsz € kerLg we conclude that
ai1v1 + asvs + azvy = 0.

This proves that {vy,vs,vs} is linearly dependent and hence dimkerLg < 2. This
finishes the proof of the lemma. O

Proof of Lemma 6.1: By Theorem 5.1 and Theorem 5.2 it suffices to show
that the operator L%: HY — HY is surjective. By (216) we have pez(Vss ) =1
and hence the Lemma follows from Lemma 6.2. (]

The proof of Lemma 6.2 actually reveals more. Namely, if ( # 0 € kerLg it
follows that ((z) # 0 for every z € C. Therefore, if ®: U — Mgt () is the local
chart from Theorem 5.1 the assertion of the Theorem implies that
{(z,2/) e CxC:a(z) =2()(2")} ={(2,2) : 2 € C: ((2) =0} = 0.

Therefore the algebraic intersection number of & with ®(¢) satisfies

int(w, ®(¢)) = 0.
Hence in view of Siefring’s inequality (Theorem 4.1)

sief (@, ®(¢)) = 0.

Because Siefring’s intersection number is a homotopy invariant we proved the fol-
lowing result.

Lemma 6.3. Assume that u is an embedded fast finite energy plane. Then its
Siefring self-intersection number satisfies

sief (w, w) = 0.

We mention that Lemma 6.3 was already used to prove Theorem 5.4. In combi-
nation with the local automatic transversality result obtained in Lemma 6.1 we are
now in position to prove the following global automatic transversality statement.

Theorem 6.4. Assume that (N, \) is a closed three dimensional contact man-
ifold satisfying mo(N) = {0} whose symplectization is endowed with an SFT-like
almost complex structure. Suppose further that v is a non-degenerate periodic Reeb
orbit with the property that there exists [u] € Miast(y) such that © = (u,a) is
embedded and poz(u) > 3. Then Miast(y) is a two dimensional manifold.

Proof: Suppose that [0] € Migsi(y). Because ma(N) = {0} the fast finite
energy plane v = (v,b) is homotopic to u. In particular,

poz(v) = pcz(u) >3
and

sief (v, u) = sief(w, ).
Because u is embedded it follows from Theorem 5.4 that v is embedded as well.
In particular, we can apply the local automatic transversality result Lemma 6.1
to conclude that locally around [0] the moduli space Mist(7y) is a smooth two
dimensional manifold. Because [0] was an arbitrary point in My, (y) the theorem
is proved. ([l






CHAPTER 15

Compactness

1. Negatively punctured finite energy planes

Assume that (N, ) is a closed three dimensional contact manifold. A punctured
holomorphic plane is a smooth map

u=(u,a): C\P— N xR

where P C C is a finite subset, such that u satisfies the nonlinear Cauchy Riemann
equation (141) at every point z € C\ P. In particular, if P = @ the map u is
just a holomorphic plane. As in the unpunctured case the energy of a punctured
holomorphic plane is defined as

E(u) := sup/ NS
per Jc

A puncture p € P is called removable if there exists an open neighborhood of p in
C such that the restriction of a to this neighborhood is bounded. The reason for
this terminology comes from the fact that if the energy of w is finite, then by the
Theorem on removal of singularities [45, 81] the map @ can be smoothly extended
over a removable puncture. If a puncture p € P is not removable, then it is called
a non-removable puncture.

If one thinks of S? = CU {00} then one can interpret a punctured holomorphic

plane u as a map

u: S*\ (PU{cc}) = N x R.
In particular, we might think of u as a punctured holomorphic sphere with the point
{0} € 5% an additional puncture.

Assume that @ = (u,a): C\ P — N x R is a punctured holomorphic plane
whose energy F(u) is finite and all of whose punctures are non-removable. It is
shown in [54] that for each puncture p € P there exists an open neighborhood U
of p such that the restriction of a to U is either bounded from below or above. Of
course, since p is assumed to be a non-removable puncture in the first case a is
unbounded from above and in the second case a is unbounded from below. This
fact allows us to write the set of non-removable punctures of a holomorphic plane
of finite energy as a disjoint union

P=P,UP_

where P, is the subset of punctures on which a remains bounded from below in a
small neighborhood and P_ = P\ P, is the subset of punctures on which a remains
bounded from above in a small neighborhood. Elements p € P are called positive
punctures, while elements p € P_ are called negative punctures. Interpreting u
as a punctured holomorphic sphere the same classification applies to the point at
infinity, so that {co} is either a removable, positive or negative puncture.

189
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A special instance of a punctured holomorphic plane of finite energy is an orbit
cylinder. Namely if «y is a periodic Reeb orbit of period 7 define 7: C\ {0} - N xR

(D) = (4(t),75),  (5,8) ER x SV,
We are now in position to define

Definition 1.1. A negatively punctured finite energy plane u: C\ P — N xR
is a punctured holomorphic plane satisfying

(i): 0 < E(u) < oo,

(ii): All punctures p € P are non-removable and negative.

(iii): If one interprets u as a punctured holomorphic sphere, the point at
infinity becomes an additional positive puncture.

(iv): @ is not a reparametrization of an orbit cylinder, i.c., there does not
exist (p,7) € ¥ = C* x C and a periodic Reeb orbit vy such that (p, 7).t =
.

Remark 1.2. We mention that condition (iii) in the Definition of a negatively
punctured finite energy plane follows from condition (ii) and the mazimum principle
for a holomorphic curve u = (u,a). The mazimum principle says that the function
a does not attain a local mazimum. Indeed, using that the almost complex structure
J is SFT-like one shows using the nonlinear Cauchy Riemann equation that the
Laplacian of a satisfies

Aa >0

which establishes the mazrimum principle.

2. Weak SFT-compactness

Assume that @ = (u,a): C\ P — N x R is a negatively punctured finite energy
plane. Hofer’s theorem (Theorem 2.4) can still be applied in the case where u is
punctured and we conclude that there exists a periodic Reeb orbit v and a sequence
sk going to infinity such that

lim wu(e2 () = ~(¢)

k— oo

uniformly in the C'*°-topology. If v is non-degenerate we refer to the negatively
punctured finite energy plane as a non-degenerate negatively punctured finite energy
plane. If w is a non-degenerate negatively punctured finite energy plane it still
admits an asymptotic representative. This asymptotic representative U can either
be chosen to decay exponentially like in (147) or to vanish identically. In particular,
we can associate to a non-degenerate negatively punctured finite energy plane u =
(u,a) with asymptotic period orbit v an element

N = T € [_0070)

where either 7, is a negative eigenvalue of the asymptotic operator A, such that
the asymptotic representative decays exponentially with weight n, or n, = —oo
and the asymptotic representative vanishes identically.

Theorem 2.1 (Weak SFT-compactness). Assume that 7 is a non-degenerate
Reeb orbit and w, = (uy,a,) € M\('y) for v € N a sequence of finite energy planes
with asymptotic Reeb orbit v. Then there exists a subsequence vj, a sequence of
gauge transformations (r;j, (p;,7;)) € Rx X and a negatively punctured finite energy
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plane & = (u,a): C\ P — N x R with positive asymptotic orbit v as well such that
(15, (pj, 7))+, converges in the Cfx,-topology to w. Moreover,

(217) My < Ny, » jeN.

This result is a special case of the SFT-compactness theorem, see [19, 52, 55].
We make the following remarks.

Remark 2.2. The fact that @, € /T/l\(*y) implies that
E(w,)=r1

where T is the period of the periodic orbit y. In particular, the energy of the sequence
u, s constant and therefore uniformly bounded.

Remark 2.3. That in the limit no positive punctures occur follows from the
mazximum principle mentioned in Remark 1.2.

In view of Theorem 2.1 in order to show that the moduli space /\//\l(v)/R X3 =
M(7)/R is compact it suffices to show that the limit has no negative punctures,
i.e., is a honest finite energy plane.

3. The systole
Assume that (N, ) is a closed contact manifold. Denote by
R =R(N,\) C C*(S* N)

the set of all periodic Reeb orbits of IV, i.e., the set of all loops v € C*°(S!, N) for
which there exists a positive number 7 = 7, referred to as the period, such that
the tuple (v,7) is a solution of the ODE 0,y = 7R(y). The systole of (N, \) is
defined as
sys(N,A) =inf{r, : v € R}

Here we use the convention that infimum of the empty set equals infinity. However,
in view of Weinstein’s conjecture the systole of every closed contact manifold is
expected to be finite. In view of the result by Taubes [105] this is definitely true in
dimension three. Moreover, because our contact manifold is assumed to be closed
it follows from the Theorem of Arzela-Ascoli that if a periodic Reeb orbit exists
the infimum is actually attained so that for a three dimensional contact manifold
we can define the systole as well as a minimum

sys(N,A) = min{7, : v € R}.
We further point out that if the contact manifold (N, A) satisfies in addition
Hi(N;Q) = {0}
then the systole only depends on the Hamiltonian structure (N,d\) and not on
the choice of the contact form A. Indeed, if A\ and X are two contact forms on N
satisfying
d\ = dN
then since the first rational homology group of N vanishes there exists a smooth
function f € C*°(N,R) such that

A=\ +df.
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Now in view of Stokes theorem and the definition of the Reeb vector field we

compute for v € R
T’Y:/ ’y*)\:/ fy*)\/
51 51

This proves that if the first rational homology group vanishes the systole only de-
pends on the Hamiltonian structure (N, dM).

If v € R satisfies 7, = sys(/N,\) we say that the periodic Reeb orbit v repre-
sents the systole of (N, \). Note that the systole in general does not have a unique
representative. However, each representative of the systole necessarily has minimal
period among all periodic Reeb orbits.

Theorem 3.1. Assume that (N, \) is a closed, three dimensional contact man-
ifold and v is a non-degenerate Reeb orbit of (N, ) which represents the systole.
Then the moduli space M(7y)/R is compact.

Proof: In view of Theorem 2.1 it suffices to show that each negatively punc-
tured finite energy plane u = (u,a): C\ P — N X R has no punctures, i.e., P = {).
We argue by contradiction and assume that P # (). Hence suppose

P:{ph"'upf}

for £ € N. Hofer’s theorem (Theorem 2.4) can as well be applied to negative
punctures. For a negative puncture at p; with j € {1,...,¢} it asserts that there
exists a sequence sj, going to —co and a periodic Reeb orbit ~y; such that

(218) lim w(e?™ ) 4 p)) = (1)

k—oco

uniformly in the C°°-topology. Because the puncture at infinity is positive there
exists moreover a sequence s; going to infinity such that

(219) lim u(eQﬂ(s’“Ht)) = (1)
k—o0
uniformly in the C'°°-topology. Because w is holomorphic as a special instance of
(143) it holds that
(220) u*d\ = ||7m0,ul|? > 0.

Abbreviate by Dr(p) = {z € C: ||z — p|| < R} the disk of radius R centered at p.
There exists kg € N such that for every k > kg and every 1 < 5,7 < ¢ satisfying
j # j' we have

De%s{c (pj) n Degﬂsi’ (p;) = (2)7 De%s{c (pj) C Dezm‘k (0)

In view of Stokes theorem we conclude for every k > kg

V4
05/ u*d)\:/ u*A—Z/ uF.
Dz O\Ufza D 5, (2s) 0D 27y, (0) =700 g )

Since this is true for any k > ko we obtain in view of (201) and (202)

14 L
(221) og/ W*A—Z/ VA=Ty =Y 7,
st j=17/5" j=1

27ms
e
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where 7, are the periods of the periodic orbits ;. Because 7 represents the systole
the following inequalities hold true

(222) 7, >7, 1<j<Cl
From (203) and (204) we conclude
t=1, 71, =1,
In view of (220) we further get
mOu(z) =0, ze€C
and because u is holomorphic we get as well
moyu(z) =0 zeC.

In particular, u is an orbit cylinder up to reparametrization, in contradiction to
assertion (iv) in Definition 1.1. This finishes the proof of the Theorem. (]

Corollary 3.2. Suppose the assumptions of Theorem 3.1. Then the moduli
space Miast () /R is compact.

Proof: Recall from Corollary 0.13 that a non-degenerate finite energy plane
u = (u,a) is fast if and only if the winding number of its asymptotic eigenvalue
satisfies w(n,) = 1. By Theorem 0.5 the inequality w(n,) > 1 holds. If u is the
limit of fast finite energy planes it follows from (217) that w(n,) < 1. Therefore,
it follows that w(n,) = 1 and w is fast. We have shown that the moduli space
Mieast () /R is closed in M(7)/R. Now the Corollary follows from Theorem 3.1. OJ

4. Dynamical convexity

Recall that a periodic Reeb orbit v € C*°(S, N) of period 7 is called non-
degenerate if det(d¢¢T,((0)) —id) # 0.

Definition 4.1. A contact manifold (N, \) is called non-degenerate, if all pe-
riodic Reeb orbits on (N, \) are non-degenerate.

After a small perturbation we can always assume that a closed contact manifold
is non-degenerate. To make this statement precise, recall that if f € C*(N,R;)
is a smooth positive function on N, then the one form \f := fA € QY(N) is still
a contact form on N. Note that the contact structure & = ker A\ = ker Ay remains
unchanged under this procedure, although the Reeb vector field and therefore the
dynamics on N might change dramatically. The following result is due to Robinson
[96].

Theorem 4.2. Assume that (N, ) is a closed contact manifold. Then there
exists a subset F C C°(N,Ry) which can be written as a countable intersection of
open and dense subsets of C°(N,R,) such that for every f € F the contact form
At 1s non-degenerate.

Since F is a countable intersection of open and dense subsets it follows from
Baire’s theorem that F is dense itself. This explains why after small perturbation
we can assume that the contact manifold is non-degenerate.

Suppose that « is a contractible closed Reeb orbit in a contact manifold (N, \)
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of period 7. Since 7 is contractible there exists a filling disk for +, i.e., a smooth
map ¥: D ={z € C:|z] <1} — N such that
() = A(t), teSh
Choose a symplectic trivialization
T:7¢—- D xC.
We define the Conley-Zehnder index of the filling disk 7 as

poz () = nez (1 Taned 8 (1(0)T1).

The Conley-Zehnder index is independent of the choice of the symplectic trivializa-
tion and depends only on the homotopy class of the filling disk 7. If 7 is another
filling disk for -y, one obtains a sphere ¥# (')~ by gluing 7 and (7')~, the filling disk
7' with opposite orientation, along 7. In view of Lemma 2.1 the Conley-Zehnder
indices with respect to the two filling disks are related by

(223) noz(3) — nez(7) = 20 ((T#F)7)€).
The first Chern class gives rise to a homomorphism
I, : m(N) = Z, [v]+— c1(v*E).

Suppose now that the homomorphism I, is trivial. This for example happens
if mo(N) = {0}. Then it follows from (223) that the Conley-Zehnder index is
independent of the choice of the filling disk 7 and only depends on the periodic
Reeb orbit . Hence under the assumption that I, = 0 we can set

pez(y) = pez()
where 7 is any filling disk for the contractible Reeb orbit +.

Definition 4.3. A closed three dimensional contact manifold (N, \) is called
dynamically convex if I., = 0 and every closed contractible Reeb orbit v of N
satisfies

pcz(y) > 3.

If 7 is a periodic Reeb orbit recall that the covering number of v is defined as
cov(y) = max{k EN:qy(t+1)=1(t), Vte Sl}.

Moreover, a periodic Reeb orbit « is called simple if cov(y) = 1. The following
theorem is due to Hryniewicz [58].

Theorem 4.4 (Hryniewicz). Assume that (N, X) is a non-degenerate, dynam-
ically convex closed three dimensional contact manifold and ~y is a simple periodic
Reeb orbit of N. Then the moduli space Migast () /R is compact.

Proof: Suppose that @, = (u,,a,) is a sequence of fast finite energy planes
which asymptotic orbit v which converge to a negatively punctured finite energy
plane @ = (u,a): C\ P — N x R with asymptotic orbit 7 in the C2.-topology. It
remains to show that the set of negative punctures P is empty and that u is fast.
We first rule out the danger that w is a so called connector, namely a negatively

punctured finite energy plane satisfying

1
mdpull® = 5 (llw0uul 2 + |imd,ul?) = 0



4. DYNAMICAL CONVEXITY 195

where m: T'N — £ is the projection along the Reeb vector field. If % is a connector
it follows that

i=7op
where 7~’ is the orbit cylinder over a periodic Reeb orbit v/ and p: C — C is a
holomorphic map, which has to be a polynomial because the energy of w is fi-
nite. Because v is simple it follows that v = + and p has degree one, i.e., U is

a reparametrization of an orbit cylinder which is forbidden by condition (iv) in
Definition 1.1. Therefore w is not a connector.

We now suppose by contradiction that the set of punctures is not empty, so that we
can write P = {p1,...,pe} for £ € N. Because (N, \) is non-degenerate and w is not
a connector the asymptotic description from Theorem 5.2 can now be applied to the
negative punctures as well. Namely for each 1 < j < £ there exists a periodic Reeb
orbit 7, , a positive eigenvalue 7; of the operator A, and an eigenvector (; of A,
to the eigenvalue n; such that the puncture p; admits an asymptotic representative
of the form

Uj(s,t) = €"*(G(t) + k5 (s, 1))
where r; decays with all derivatives exponentially with uniform exponential weight.

For negative punctures asymptotic representative means that there exists proper
embeddings ¢;: (—oo, R;] x ST — R x S* asymptotic to the identity such that

a(6¢j(5’t) _|-p]) = (eXpw(t) Uj(S, t)v TjS)

where exp is the exponential map for some Riemannian metric on N and 7; are the
periods of the periodic orbits v;. Because w is the limit of the finite energy planes
u,, it follows that the periodic orbits v; are contractible. Hence we can pick for each
periodic orbit v; a filling disk 7;. Pick unitary trivializations ¥;: 7;*¢ — D x C,
i.e., trivializations which are complex with respect to the complex structure J
on ¢ and orthogonal with respect to the metric w(-,J-) on . The restriction of
the trivializations to the periodic Reeb orbits y; gives rise to the bounded linear
operators

T . 2ol 2/ 0l
AT W (S, C) - L3(SY,C)

as in (146). Because the operator Agj is conjugated to the operator A, the eigen-
value 7; of the operator A, can also be interpreted as an eigenvalue of the operator

Asj. As an eigenvalue of the operator Agj it has a winding number
w(nj7 7]) € Z.

As the notation indicates the winding number is independent of the choice of the
trivialization ¥;. A priori it depends at least up to homotopy on the choice of the
filling disk 7;. If 7 is another filling disk then the winding numbers are related by

wng,77) — wing 75') = e ((G#))E).

Because the contact manifold (N, A) is dynamically convex by assumption the ho-
momorphism I, : m2(N) — Z is trivial and therefore the winding number is inde-
pendent of the choice of the filling disk, so that we can set

w(n;) = w(n;,75)-
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Using again that (N, A) is dynamically convex it holds that
pez(y) >3, 1<j<U{.
Because 7); is positive we conclude in view of Theorem 0.33 and the monotonicity
of the winding number from Corollary 0.32 that
(224) w(n;)>2, 1<j5<L.
By gluing the filling disks 7; to u along v; for 1 < j < ¢ we obtain an open disk

¢
j=1
whose closure is a filling disk for v. Choose a trivialization
T u¢— (C\P)xC

which extends at the positive puncture to a trivialization T: y*¢ — S! x C and
coincides at the negative punctures with T;: y7¢ — S 1 x C. Inspired by the proof
of Theorem 0.5 we consider the smooth map

Trdyu: C\ P — C.

In view of (224) there exists € > 0 such that for the loops

E St —scC, t — Dy + ee?mi

where 1 < j < ¢ the winding number as defined in (150) of the map ¥70,u along
these loops satisfies
Wy (Tr0ru) > 2.

In view of (157) we conclude that
Wy (Tm0yu) > 1.

Because u is not a connector it follows that 7, is finite and therefore an eigenvalue
of the asymptotic operator A,. Because u is the limit of fast finite energy planes
it follows from (217) and the monotonicity of winding established in Corollary 0.32
that

w(nu) < 1.

Hence there exists R > 0 such that
wr(Troru) <1

where we recall from (151) that wg denotes the winding number of the loop ¢ —
Re?™. Again using (157) we conclude that

wgr(¥ndu) < 0.
On the other hand since u is holomorphic we conclude using Carleman’s similarity
principle as in the proof of Theorem 0.5 that
¢
0> wr(Trdyu) > Zw,y;_ (Twou) > L.
j=1
This implies that ¢ = 0. Hence u has no negative punctures and is therefore a

finite energy plane. In view of Theorem 0.10 the winding number of its asymptotic
eigenvalue satisfies w(n,,) > 1 and because w is the limit of fast finite energy planes
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it follows from (217) that w(n,) = 1. This shows that @ is fast and the theorem is
proved. ([

5. Open book decomposition

The following theorem due to Godement can be found for example in [3, The-
orem 3.5.25].

Theorem 5.1. Assume that M is a manifold and R C M x M is an equivalence
relation. Denote by p1: M x M — M the projection to the first factor. Suppose
that the following conditions hold

(i): RC M x M is a closed submanifold.
(ii): The restriction of the projection pi|r: R — M is a submersion.

Then the quotient space M/R is a manifold and the quotient projection w: M —
M/R is a submersion.

Remark 5.2. All manifolds in the theorem are assumed to satisfy the Hausdorff
separation axiom. If one does not require in assertion (i) that R C M x M is closed,
then M /R is still a (not necessarily Hausdorff) manifold and the quotient projection
a submersion.

In the special case where G is a Lie group action on a manifold M and the
equivalence relation is the orbit relation, then

R={(z,gx): 2 € M,g € G}.

If G acts freely on M, then R C M x M is a manifold and assertion (ii) holds.
Hence we obtain the following Corollary.

Corollary 5.3. Assume that a Lie group G acts freely on a manifold M and
{(z,g9z) :x € M,g € G} is closed in M x M. Then the quotient M/G is a manifold
and the orbit projection a submersion.

5.1. Global surface of section to open book. Suppose that d : D? — $3 is
a global disk-like surface of section for a Reeb vector field X. Let v := d|y : S* — S3
denote the periodic orbit that bounds the surface of section.

Proposition 5.4. Assume that 7y is transversely non-degenerate and that pcz(v) >

3. Then there is an open book on S° with binding v whose pages are transverse to
X.

Proof: First of all, note that it is enough to exhibit for every point y €
int(D?) a return time t(y) depending smoothly on y such that the return map
yr—dto ngt)?d(y)d(y) extends continuously to the boundary.

Step 1: We claim that there is a neighborhood v(7) of v together with coordinates
¥ : ST x D? — v(y) such that

Y (v(y) Nd(D)) = {(¢;2,0) € S* x D?) | ¢ € S*, and = > 0}.

The tubular neighborhood theorem gives us a neighborhood v(y) that is dif-
feomorphic to S! x D2. We need to be a little more explicit here. We choose a
trivialization of the contact structure along v, so a map S' x R? — 4*¢ with the
property that the vector U, the image of (1,0) is tangent to d along v and pointing
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inward. Let V denote the image of the vector (0,1). Extend the vector field U, V
to a neighborhood of +. To find suitable coordinates, define the map

Y St x D* — v(y)
(¢;2,y) — Eapyy o ¢f; o d(e').

Put y = 0 and take a sequence €, converging to 0. We get a curve ¢ o d(e'?) to
which we apply the map ¢%. This is the curve

¢’ o iy 0 d(e)
whose equivalence class at € = 0 is by definition
T (Ug(eie))-
This is the time-¢ linearized flow of X acting on U.
Step 2: Bounding the return time Let 6 denote the rotation number of v with
respect to a trivialization of d*¢. By a standard formula for the Conley-Zehnder
index due to Long, pucz(7y) equals 2L%J + 1 if v is elliptic and % if v is hyperbolic.
As pez(y) > 3, the rotation number is more than 2.
If 7 is the period of v we see the return time of the linearized flow is less than
7. Since the actual flow ¢l o ¢ o d(e'?) converges to the linearized flow as e
converges to 0, we find for every y € D? with d(y) € v(7y) a minimal positive time
0 < #(z) < T + 4 such that
'Y od(y) € D.
Let D; denote the set of points y € D? with d(y) ¢ v(y). Then D; is compact,
so by smooth dependence on initial conditions we find for all ¥y € D; a minimal
positive time ¢(y) such that
63" od(y) € D.
We conclude that t : D? — R is a continuous function that is smooth in the interior.
Define the return map

rt: D?* — D?
r—d o (bggz) od(z).

We see that rt is homeomorphism that is smooth on the interior with the
property that it is conjugate to a map preserving the d*da-area. 0
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